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Preface 


Here is a book that attempts to explain the quantum theory 
without mathematics. 

Of course, I agree that quantum theory has an inescapable 
mathematical structure; I agree that the full precision of the 
theory, and its richness, can be conveyed only in the language 
of mathematics; I also agree that to make substantial con¬ 
tributions to quantum theory one needs a firm grasp of its 
mathematical basis. Nevertheless, I also believe that math¬ 
ematical precision is not what everyone is after—not everyone 
has that kind of interest, nor indeed that amount of time. 

Most of us have our pictures of the concepts of quantum 
theory—we have some way of visualizing orbitals, transitions, 
etc.—and those of us who do research are more often than not 
guided in broad outline by some visualizable model of the 
system we are trying to describe. This book contains my ways 
of thinking about the concepts of quantum theory. The 
pictures, like all analogies and models, are only a partial 
representation of the true situation; but I hope they contain 
the heart of the matter, and enable the reader to understand 
each idea at a physical, rather than mathematical, level. 

I hope that a broad selection of people will find the book 
useful. I have had In mind both the student of chemistry who 
at all levels of his studies encounters unfamiliar, little- 
understood, or ha If-forgotten concepts, and his teacher who 
is pressed for an explanation. I hope that by reference to this 
book all will be provided with just enough Information to 
make the concept clear and perhaps even to be stimulated to 
find our more. If my explanation is inadequate, my bibli¬ 
ography will direct the dissatisfied along a trail of others' 
explanations. 

Each entry is intended to explain, in plain language, the 
physical content of Its topic. Most are illustrated by examples, 
and, where appropriate, counter examples. Where the entry 
draws on information contained elsewhere in the book, or 
where further development of a topic is desirable, or where the 
reader might be felt to require more background, I have 
labelled a word with an unobtrusive ® to signify that it is in 
the book. For a good reason I cannot now remember, the 


label precedes the Indicated word; the labelled word does not 
always correspond to an exact entry, but its sense should be 
sufficient to indicate the appropriate entry without ambi¬ 
guity. Unlike most dictionaries this has an index: some 
concepts are buried inside others. 

Where I feel It desirable that some mathematics be intro¬ 
duced (for example when It seems helpful to have a collection 
of formulae to hand, e.g. in ^perturbation theory), I have used 
a system of Boxes and Tables. A Box is part of the text, and 
contains handy formulae: these are confined to Boxes in order 
that they be present but held away from the description in the 
text. A Table contains more detailed Information (sometimes 
of mathematical expressions not required for a reading of the 
text) which I judge It helpful to have in a volume of this kind 
(so that it can be used at more than just its principal level of 
qualitative description), and which I judge would have intruded 
too vigorously into the main text. These Tables, which are 
collected at the end of the volume, also contain a selection of 
experimental data. I think it important that one has an idea of 
the size of physical quantities, and their trends, and so these 
numbers are included to sketch out the range of experimental 
data. The Tables are by no means exhaustive: they simply peg 
out the terrain. 

Nearly every entry Is followed by Questions. These are set 
with a double purpose and are graded from the trivial to the 
slightly tough. The early parts of each are intended to focus 
the reader's mind on key points made in the preceding entry. 
Most of these simple questions can be answered by referring to 
the entry. The second purpose is to bring a tiny amount of 
mathematics into the book in an unobtrusive way: the harder 
parts of the questions (which when they occur are often 
labelled 2) invite the reader to make his own mathematical 
exposition of the entry, and contain hints and guidance to that 
end. The answers to the questions are mostly in the text, in a 
Box, or on a Table; if that is not so. Further information points 
the way. 

Each entry contains a section headed Further information. 
This is a guide to the literature, and in it will be found refer- 








ences to books and articles where the reader can turn for more 
information, the development of the topic, and the absent 
mathematics. This section is not exhaustive (it contains works 
I have found helpful) but once a trail is indicated the literature 
is more easily penetrated. In this section I have attempted to 
list the books in order of complexity so that the reader can 
make a progression through difficulty. There are however, 
two important exceptions to this organization. The first is the 
reference to MQM. This is my Molecular quantum mechanics 
(Clarendon Press, 1970); many of the topics are treated in 
more detail in that book, and a reference to the appropriate 
section is included at the head of each Further information. 

The second exception reflects the fact that this book is a part 
of the Oxford Chemistry Ser/e^—although its size makes it a 
sport—and I have made a point of directing the reader to the 
other books In the series where the topics are developed: these 
are denoted OCSn and listed together at the start of the bibli¬ 
ography. OPSn books are the first few of the analogous 
Oxford Physics Series, and are listed likewise. 

In a few places I have aimed at a higher level of exposition 
than the rest, especially when I have been unable to give what 
I consider to be a satisfactory explanation at the low, quali¬ 
tative level at which in general I have aimed. Let me stress, 
however, that I do not use the word 'low' pejoratively: it is, I 
believe, as important for a chemist to have a physical intuition 
about the behaviour of submicroscopic phenomena as it is for 
him to be able to manipulate the mathematics of the descrip¬ 
tion. In my 'low' level descriptions I am attempting to train 
this intuition. I shall not draw attention to the entries I con¬ 
sider to be at this higher level: if they are not noticed, so much 
the better. If they are noticed, and found bewildering, the ® on 
keywords will guide the reader to quieter waters. In this con¬ 
nexion, however, I must draw attention to one distressing 
feature of Nature. As In a conventional dictionary, where the 
unlikely concepts of aardvark, aasvogel, and ablet bring con¬ 
fusion and difficulty in unnatural proportion into A, so by the 


same quirk does Nature concentrate difficulty into the A of 
Quanta. I find the entries of A more difficult than the entries 
of B; perhaps you will too. (My message Is that reading A-^as a 
browser might feel inclined—gives, I think, a false impression 
of the overall level of the entries.) 

Two other points are worth making. The first is an excuse. 

In an attempt to keep the price of the book low (at least by 
the standards we are being trained to expect) all the diagrams 
are my own sketches. All were done on a balcony in Italy one 
summer, and each jolt, smudge, or splash tells its story of 
inquisitive mosquito, local ant, or homing wasp. Please forgive 
their generally amateur appearance. The second point concerns 
those to whom notes (such as these entries) are anathema, 
those who want material for more books, or those who 
seek an essay. Each should notice that the approximately 
200 entries can be permuted in some 10^^ different ways: 
surely out of these some decent books can be wrought? 

The real purpose of writing a preface is to come to the part 
that gives most pleasure: the thanking of all those who have 
contributed to the production of the book and easing its grim 
labour. A quite outstanding contribution-beyond the call of 
duty and reasonable expectation—has been made by the 
Clarendon Press and its anonymous officers. Their assistance 
ranged from advice and help from the drawing office, 
through detailed and lengthy discussion of presentation, 
to careful and ingenious production. Two of my research 
students deserve my thanks: Michael Clugston bent his per¬ 
ceptive eye on the proofs and saved me from much shame, and 
John Roberts spent time coaxing contours out of computers; 
to both am I most grateful. To the others I express my thanks 
for accepting neglect without overt complaint. The typing of 
the whole obscure manuscript (as my own typed original is 
better regarded) was done briskly and efficiently by 
Mrs. E. Price and Mrs. M. Long, both of whom deserve at 
least what immortality this page can provide. 


P.W.A. 







ab initio. Not the whole of quantum chemistry is conducted 
in Latin; the small portion to which it has by convention been 
confined, as an ironic meeting of cultures, belongs to those 
whose business is computers, initio, roughly translated, 
means from scratch, and is applied to the molecular-structure 
computations that abhor the inclusion of empirical data and 
attempt to calculate from first principles, which for our pur¬ 
pose are the “Schrodinger equation arxi the method of ^If- 
consistent fields. 

Further information. Richards and Horsley (1970) have 
prepared a short, simple guide to ab mitio calculations, and 
work through a number of examples. They also discuss the 
relation of such calculations to the semhempiricaf methods in 
which approximations and empirical data are introduceo into 
‘^self-consistent field calculations, 

adiabatic process. The term adiabatic is used in both thermo¬ 
dynamics and quantum mechanics, and the uses are analogous. 
In the former it signifies that the process is occurring without 
exchange of heat with the environment (as this implies that 
there is no change of entropy, the process Is often called 
isentropic]^ In the latter it signifies that a change is occurring 
so that the system makes no transition to other states. 

Consider, for example, a hypothetical "^hydrogen atom 
with a variable nuclear charge. If the atom is initially in its 
ground state, and the nuclear charge is increased extremely 
slowly, the electron will be sucked in closer to the nucleus; 
but the atom remains in Its ground state, and by the time 


that Z = 2 the system is a ground state He"^ ion: this is there¬ 
fore an adiabattc process. Conversely, if the nuclear charge of 
an atom is changed suddenly (for example, by the emission of 
an electron in jS-decay), the bound electron finds itself in a 
different nuclear potential but with \x% originai spatial distri¬ 
bution: this distribution can be expressed as a mixture of 
^avefunctions of the new atom, and so in this impuisive or 
nonadiabatic transition the system is knocked into a range of 
states of the final system. The slow compression of a “particle 
confined in a square well is another example of an adiabatic 
transition, for if the system is in the ^th level of the original 
box it will be in the nth level of the new, smaller box if the 
compression is infinitely slow. 

Further information. See MQM Chapter 7. An account of 
adiabatic transitions in terms of ‘^perturbation theory will be 
found in §76 of Davydov (1965), who derives the condition 
that a motion is adiabatic if the perturbation \/(f) changes so 
slowly that d Wdf is much smaller that the energy separations 
in the vicinity of the initially occupied state: |d Wdr| ^ 
(AE)^/h, See also §50 of Bohm (1951) for a pleasing discussion 
with straightforward mathematics. Recent review articles on 
adiabatic and nonadiabatic processes in molecules have been 
published by Ko/os (1970) and Nikitin (1970) respectively. 

See mon-crossIng rule. Thermodynamic adiabaticity is dis¬ 
cussed by Smith inhls Basic chemical thermodynamics 
(OCS S) and entropy is related to the distribution of particles 
among energy levels in Gasser and Richards' Entropy and 
energy ieveis (OCS 19), This is the key connexion between 
the thermodynamic and quantum-mechanical uses of the term 
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alternant hydrocarbon 


adiabatic: an unchanged distribution of particles among states 
is an isentropic situation, 

alternant hydrocarbon. A chain of carbon atoms in a 
hydrocarbon that can be labelled alternately by a star, no star, 
a star, and so on, such that no two stars are neighbours nor 
two unstarred atoms are neighbours when the labelling Is 
complete, is an alternant hydrocarbon. An example is propene, 
which could be labelled C*, or C"C*^; another 

example is benzene (1), and an example of a non-alternant 
hydrocarbon is azulene 

+ 


(2). Alternants are distinguished by 
several electronic characteristics: 

(aJTo every bonding orbital of energy —E there is a conr>p- 
lementary ^antibonding orbital of energy +E: the bonding 
and antibonding orbitals are arranged symmetrically about 
zero energy {Fig. A1). 

(b)ln an even-aitGrnant the number N of carbon atoms is 
even, and usually the number n* of starred atoms is equal to 




FIG. Ah Energy levels of a typical alternant (benzene) and a typical 
non-alternant (cvclopentadienyl). Note the symmeiric disposition of the 
levels in the fornner. 




the number r? of unstarred. In this case there are ^A/ bonding 
orbitals and -A/ antibonding orbitals. If n* and n are unequal 
there are In*—/?! nonbonding orbitals inserted between a 
symmetrical array of n bonding and n antibonding orbitals 
(for < /?*). In an odd-alternant the number of carbon atoms 
is odd, and usually there is one more starred atom than un¬ 
starred (n* — r?+1), and one nonbonding orbital is inserted 
between the symmetrical array of n bonding and n antibonding 
orbitals {/7+r?* = N). 

[c)The distribution of electrons is more uniform in altern¬ 
ant hydrocarbons than in non-alternants. This property is 
expressed quantitatively by the Couhon-Ru^brooke theorem 
which states that the TEelectron “charge density on every atom 
in the ground state of an alternant hydrocarbon ts unity {each 
carbon has just one iT-electron associated with it). 

{d) In odd-alternants the electron density of the correspond¬ 
ing cation or anion may be deduced very simply by considering 
the form of the nonbonding orbital, for it is this orbital from 
which an electron is taken to form the cation, or to which one 
is added to give the anion, and in the neutral hydrocarbon the 
charge^ distribution is uniform. The form of the non bonding 
orbital may also be deduced, virtually by inspection, by rely¬ 
ing on the following device. Star the atoms in such a way as to 
get the maximum number of non-neighbour stars, then the 
amplitude of the orbital on each unstarred atom is zero. 
Furthermore, the sum of the coefficients of orbitals on starred 
atoms attached to a given unstarred atom is zero. This gives 
the relative size of all the coefficients; to get their absolute 
size the orbital is normalized. The charge density on each 
atom is obtained by squaring the coefficients. 

The stability of even-alternants (such as “benzene) can be 
understood in terms of the preceding properties. In particular, 

in an N-atom even-alternant each atom provides one Tf-electron; 

1 

each of the bonding orbitals may accommodate two 
electrons (“Pauli principle), and so only the bonding orbitals 
are occupied. This structural stability is further protected from 
reactive attack by the uniformity of the charge distribution, 
which provides no centres of attraction for potential reagents. 

Questions. How is an alternant hydrocarbon distinguished 
from a non-alternant? Which of the following hydrocarbons 
are alternant: ethylene (ethene), butadiene (buta-1,3-diene), 
























cyclobutadiene/benzene, naphthalene, anthracene, azulene, 
cycJo-octatetraene, phenylinethyl (the benzyl radical), 
cyclopentedienyl? What properties can you predict for the 
alternant hydrocarbons of this list? State the Coulson- 
Rushbrooke theorem. Use the form of the ‘^benzene molecular 
orbitals {p. 20) to confirm that the charge density In benzene 
is uniform and in accord with the theorem. Evaluate the form 
of the nonbondlng molecular orbital in the phenylmethyl 
radical by the method described In note (d). (You should find 
the coefficients 2//? on CH 2 , and a collection of ±l//7 and 
0 elsewhere.) Deduce from this the charge distribution in the 
cation 0 CH 2 and the anion 0CH2* Can you deduce anything 
about the chemica! reactivity of phenylmethyl? 

Further Information. See Coulson's The %hape and structure of 
molecules {OCS 9), A helpful account of alternant molecules 
will be found in Chapter 9 of Roberts (1961b), in §2^6 of 
Streitweiser (1961), in Pilar (1968), and in Salem (1966). A 
book devoted to them is that of Pauncz (1967). The spectro¬ 
scopic properties are described by Murrell (1971) and reviewed 
by Hail and Amos (1969), who furnish further directions to 
the literature. The calculation of the electronic structure of 
alternants has been described by Parr (1963), whose book 
includes reprints of some of the original papers, by Dewar 
(1969), Popie and Beveridge (1970), and Murrell and Harget 
(1972). Tables of molecular-orbital coefficients and energies 
have been prepared by Coulson and Streitweiser (1965). For 
a proof of the Coulson-Rushbrooke theorem see Coulson and 
Rushbrooke (1940) and a review article by Coulson (1970). 

angular momentum. The angular momentum of an object 
in classical mechanics is /cu, where / is its moment of inertia 
and CO its angular velocity (in radians per second): a big object 
(with a big moment of inpftia) need rotate only slowly (have 
small angular velocity) in order to achieve the same angular 
momentum as a small object rotating rapidly. In classical 
mechanics an object may rotate with any angular momentum; 
but in quantum theory the magnitude of the angular 
momentum of any body is ""quantized and limited to the 
values iy{/+1)]'^h, where/ is a non-negative (zero or positive) 

integer or half-integer (0, 1_), Only one component of 

this angular momentum may be specified (that is, we may 


angular momentum 


3 


state the angular momentum of a body about only one axis), 
and its values are limited tomh, where m = /,/“!,. . , 

This implies that, contrary to the classical situation, a rotating 
body may take up only a discrete sequence of orientations 
with respect to any one selected axis: the quantization of 
orientation is called space quantlzatlor^. 

A convenient representation of the angular momentum is as 
a vector of length [/(/+1)]^, see Fig. A2, which may take up a 
discrete series of orientations as depicted in Fig. A3 for a body 
with/=2; this is the basis of the “vector model of the atom. 



FIG. A2. The classical angular momentum and its representation by a 
vector of specified projection on the z-axis. 

Since only one component of this vector can be specified (and 
conventEonally this is taken to be the z-component) the 
azimuth of the vector (its orientation in the xj/-plane) is inde- 
terminate; the cone of possible orientations represents the 
property of “precession. 

The value of the quantum number for ^orbital angular 
momenta (the momenta arising from the spatial distribution 
of the particle) is confined to integers; it is convention to use 
the letter to denote the orbital angular momentum quantum 
numberf and so perforce £ is confined to non-negative Integral 
values. The intrinsic angular momentum of a particle, its “spin, 
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angular momentum 



classical trajectory 


FIG. A3, An angular momentum with / = 2 can take only five + 1S 
orientations in space according to quantum mechanics, but all orien¬ 
tations according to classical mechanics. The discrete orientations are 
illustrated. 


is described by a quantum number that may.have either 
integral or half-integral values, and which is normaHy denoted 
5 (or / for nuclei). 

If a system contains two sources of angular momentum its 
total artgular momentum is also quantized and restricted to 
magnitudes [/(/+1 with/ confined to the values/i +/2 , 

/] 472 “1,, ,, l/j I, where/ j and are the quantum 

numbers of the component momenta.. This sequence of 
numbers is known as the Clebsch-Gordon sBriBs. As an 
example, an electron with spin s — ^ and in an orbital with 
ft = 1 constitutes a system with two sources of angular 
momentum. The total angular momentum of the electron 
may take on the values given by / ~ 1-f^, or and 

depending on the relative orientation of the two momer^ta: 
if the individual momenta are parallel the total momentum is 
high (y—§)i if they are opposed it is low When the 

system contains several sources of momentum the overall 
angular momentum is quantized and constructed by coupling 
/i and/ 2 , ^hen /3 to their resultants, and so on, each step 
being in accord with the Clebsch-Gordon series. 

In quantum mechanics an angular momentum can be de¬ 
fined in terms of a set of “commutation rules of the appro¬ 
priate ^operators; any set of operators that satisfies the 
commutation rule is called an angular momen* 

turn, and the properties outlined above are common to all 


such creatures. In this way the theory of angular momentum 
expands to embrace intrinsic properties of systems, such as 
their “spin and their charge. 

Questions. What are the features of quantized angular momen¬ 
tum? What magnitudes of angular momentum correspond to 
quantum numbers equal to 1, 2,10^ ? Draw a vector rep¬ 
resentation of an angular momentum and take ft = 1, m = 1, 

0, —1; also draw the classical motion of a particle correspond¬ 
ing to the three values of m. Consider the vector representation 
of the angular momentum of a bicycle wheel: is it possible to 
ride a bicycle strictly perpendicular to the road? At what 
velocities would this quantum wobble be intolerable? The spin 
of a “photon is 1: what is the magnitude of its intrinsic angular 
momentum? What angular momenta can arise from coupling 
the spin of an electron with its “orbital momentum in a 
d-orbitai (ft = 2)? What states of total orbital momentum can 
be obtained by coupling the momenta of two p-electrons, two 
d-eiectrons, a p- and a d-electron, three p-electrons? 


Further informstion. See MQM Chapter 6 for a detailed dis¬ 
cussion of angular momentum. An interesting account which 
emphasizes the connexion between classical and quanta! 
angular momenta is given by Kauzmann {1957). Books dealing 
specifically with the quantum theory of angular momentum, 
and ranging from the moderately accessible to the very 
difficult, include those by Brink and Satchler (1968), Rose 
(1957), Edmonds (1957), Judd (1963), and Beidenharn and 
van Dam (1965); the last contains a number of important 
original papers. The relation of angular momentum to the way 
a system changes as it is rotated is described In MQM Chapter 
6, in Tinkham (1964), which is a good introduction to the 
connexion between the symmetry of a system and its angular 
momentum, and in angular momentum books. The wavefunc- 
tton for a state of coupled angular momentum may be ex¬ 
pressed as a combination of the wavefunctions of the 
contributing uncoupled states; the coefficients of the combi¬ 
nation are the “Wigner coefficients. The formal relation of 
angular momentum to other properties of a system, such as 
its charge, is described qualitatively by Lipkin (1965) and in 
more, but not excessive, detail by Lichtenberg (1970). 















anharmonfcity. There are two types of anharmonicity; 
mech a n i ca I a n d e I ectrica I, Mechanhai anharmoniclty (co m - 
monly referred to simply as anharmonictty) occurs when an 
oscillator is in a potential that is not purely parabolic, so that 
the restoring force is not strictly proportional to the displace¬ 
ment. The energy levels in such a case are no longer strictly 
those of a “harmonic oscillator, and if the nature of the anhar* 
monicity is to lower the potential at large displacements the 
levels converge at high quantum numbers, as shown in Fig. A4. 
The lines in a “vibrationaf spectrum in the presence of anhar¬ 
monicity are therefore no longer evenly spaced. Another effect 
of mechanical anharmonicity is to ruin the “selection rules for 
a harmonic oscillator: if the molecular vibration Is enharmonic 
it is unreasonable to expiect rules developed for a harmonic 
oscillator to be applicable. Therefore some forbidden tran¬ 
sitions become allowed, and harmonics of the fundamental 
transitions are observed (corresponding to changes in the 
oscillator quantum number by +2, +3, etc.). These tran* 
sitions increase in intensity with the extent of anharmonicity 
in the potential. 

The intensity of transitions, and the failure of the harmonic 
oscillator selection rules, are also affected by the efectricai 
anharmonicity^ which is the name applied when the dipole 
moment of the molecule depends non-linearly on the displace¬ 
ment. The selection rules are normally calculated on the basis 
of the assumption that as the molecule is stretched the dipole 
moment changes linearly with the displacement (that is, the 
change in dipole moment is directly proportional to the dis¬ 
placement): if this is not so it is possible for the non-linear 
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anharmonicity 
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term In its true dependence, and in particular the term 
quadratic in the displacement, to induce transitions by 
Ap= ±2. Thus electrical anharmonicity can intensity 
changes in the vibrational spectrum of a molecule similar to 
those caused by the mechanical anharmonicity; but in con¬ 
trast to the latter it does not affect the energy levels them¬ 
selves. 

A further effect of anharmonicity on the Intensities in a 
vibrational (infrared) spectrum of a molecule arises from its 
ability to mix together vibrations of various symmetries. In 
the harmonic approximation one encounters the '^normal 
modes of vibration: these constitute a set of independent 
vibrational motions of the molecule. When anharmonicity is 
present the normal modes are no longer independent, and 
vibrational energy in one may leak into others. Interpreted 
quantum-mechanicafly, we say that the wavefunction for a 
normal mode mixes with, and therefore acquires some of the 
characteristics of, some of the other normal modes. An import- 
ant case in which normal modes mix as a result of anharmon- 
jcity is Fermi resonance, which is a mechanism whereby the 
simultaneous excitation of two vibrational modes (which 
appears in the spectrum as a combination band) is permitted 
because nearby (in energy) there is a fundamental excitation 
frequency of another, allowed vibrational mode. The anhar¬ 
monicity in the molecular motion endows the mixture of 
vibrational modes with some of the characteristics of the 
allowed fundamental, and so the transition to the combin¬ 
ation becomes allowed. The extent to which it becomes 
allowed depends on the amount of anharmonicity and the 



FIG. A4, Anharmonic potentials 
(shown in colour) distort the even 
spacing o1 the levels in a harmonic 
potential (black). In (a) a broader 
potential reduces the separation 
by different amounts; m (b) a 
narrow potential separates the 
levels further; and in (c) the 
complicated anharmonicity 
typical of a chemical bond is 
illustrated. 
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closeness in frequency of the combination and fundamental 
energies, and is greatest when they are in ^resonance. 

Yet another manifestation of anharmonicity is through its 
effect on the moment of inertia of a molecule, and through 
that on the molecule's “rotational motion and spectrum. A 
harmontcaliy vibrating molecule has the same mean size what¬ 
ever its vibrational state; but an anharmonic molecule would 
tend to swell slightly, and to change its moment of inertia, as 
it is excited to higher vibrational states {see Fig, A4c)* The 
dependence of the moment of inertia on the vibrational state 
affects the structure of the ^branches in the vibratton*rotation 
spectrum. 

Questions, 1. What types of anharmonicity exist, and what do 
they affect? Discuss the effect of replacing a harmonic oscil¬ 
lator poter^tral by one that is almost parabolic, but (a! gets 
broader, (b) gets narrower as the displacement increases. What 
is expected to be the form of the anharmonicity for a typical 
bond stretch? Discuss the vibrational potential for the out-of- 
plane vibration of a planar molecule, with special reference to 
the anharmonicity. What previously forbidden transitions 
become allowed in the presence of anharmonicity? What tran¬ 
sitions does electrical anharmonicity permit? What effect does 
electrical anharmonicity have on the energy of an oscillator? 
What effect does the presence of anharmonicity have on the 
symmetry selection rules? What is the group-theoretical inter* 
pretation of this? What is a combination band, and why does 
Fermi resonance endow it with intensity? What effect is there 
on the intensity of the allowed fundamental when it takes part 
in Fermi resonance? What happens to the latter's energy? What 
group-theoretical reason accounts for our stressing the role of 
a combination band in Fermi resonance rather than simply 
another fundamental? (Consider the symmetry of the anhar* 
monic part of the molecular energy.) 

2. Consider a potential of the form + ax. Sketch the 
form of the potential on the assumption that a is small, and 
apply second-order perturbation theory to the calculation of 
the effect of the linear anharmonicity on the potential. Show 
that the electric dipole moment may depend both linearly and 
quadratically on the displacement of the molecule from 
equilibrium (use a Taylor expansion) and that the quadratic 
term can induce transitions disallowed in a harmonic oscillator. 


Use the properties of the “harmonic oscillator in Table 11 on 
p. 273, 

Further information. See MOM Chapter 10 for a discussion of 
anharmonicity, and a discussion of the role of symmetry in 
governing what vibrations Fermi resonance may mix together. 
Woodward (1972) has a helpful qualitative discussion in §18*5 
and §22*10; so too do Brand and Speakman (I960) in §6*7 
and King (1964) in §5*5, See also Barrow (1962), Whiffen 
(1972), Cans (1971), and Wilson, Decius, and Cross (1955). 
Extreme anharmonicity leads to dissociation: the extrapolation 
of anharmonicity to this limit ts discussed in Chapter 5 of 
Gaydon (1968). 

antibonding. An antibonding orbital is one that, when occu¬ 
pied, tends to induce dissociation. Imagine the 1s-atomic orbitals 
on two “hydrogen atoms which are being brought together, 
and suppose that the signs of the amplitudes of the two wave- 
functions are opposite. The effect of bringing the atoms 
towards each other is to slide the region of positive amplitude 
of one wave into the region of negative amplitude of the other, 
and, just as in the case of conventional wave phenomena, the 
waves interfere destructively and the total wave amplitude in 
the region of overlap is diminished. The square of this ampli* 
tude determines the probability of finding the electrons in a 
particular region, and so the effect of bringing the orbitals 
together with opposite phases (signs) is to diminish the 
electron density in the internuclear region. This has an adverse 
effect on the energy of the molecule (because the internuclear 
region is the best place to put the electrons, for then their 
interaction with the two nuclei is the most favourable), and 
the molecule formed in this way will have an energy greater 
than that of the two hydrogen atoms at infinite separation: 
this is therefore a dissociative situation, and the molecule is 
unstable. The orbital responsible for this instability is referred 
to as an antibonding orbital. 

The case of two helium atoms being brought together is a 
good example of the effect of antibonding character. When 
the two nuclei are quite close together the 1s*orbitals overlap 
appreciably: the amplitudes taken with the same phase inter¬ 
fere constructively in the internuclear region to give one 
“molecular orbital, and the amplitudes taken with opposite 





sign interfere destructively to give another, antibonding, 
molecular orbItaL Four electrons have to be added to these 
two composite molecular orbitals: two enter the lower-energy 
orbital and tend to cause the nuclei to stick together; the next 
electron enters the antibonding orbital and so lowers the 
strength of the bond. The fourth '^pairs with the third in the 
antibonding orbital, and the combined effect of this pair is 
sufficient to overcome the bonding of the first pair and to 
disrupt the molecule. Consequently He 2 is an unstable mole¬ 
cular species (even though He^ is weakly stable in the gas 
phase). This description enables one to see why two helium 
atoms collide without sticking together: as the atoms approach 
the bond and antibond are formed, but both are occupied 
simultaneously and the rise in energy as the atoms approach 
appears as a repulsive force. It is quite easy to extend this de¬ 
scription to more complicated atoms and molecules and to 
understand why bulk matter is impenetrable, 

Questhns. 1. What effect does the occupation of an antibond¬ 
ing molecular orbital have on the energy of a molecule? Why 
does the overlap of atomic orbitals with opposite sign lead to 
an antibonding orbital? Why is HeJ less stable than and 
He^ unstable? Why, then, is the world not Uttered with He|*? 
Why do not two neon atoms stick together when they collide 
In a gas, and how may this argument be adapted to account 
for the same property of methane and N^? Why is bulk matter 
impenetrable? 

2, Take a Is-orbital on each of two protons at a separation R, 
and use the mathematical form for the orbitals given on p, 275 
to plot the antplitude of the molecular orbitals that result 
when they are combined first with the same sign and then with 
opposite sign. Plot the electron density corresponding to two 
electrons in the bonding orbital and then to two in the anti- 
bonding orbital, and then plot the difference density (obtained 
by ignoring interference effects, calculating the electron 
density when each electron is confined to its own nucleus, and 
subtracting this density from the density calculated for the 
bonding and antibonding cases). Do this calculation for about 
three judiciously chosen nuclear separations, and reflect on 
the connexion of these results with the discussion in the text. 

A proper calculation should use normalized orbitals, but a 
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simple one is sufficient for illustration. What effect does 
normalization have on the difference densities? 

Further information. Antibonding effects are of considerable 
importance in determining molecular structure: see CouIson's 
The shape and structure of mofecuies (OCS 9) and Coufson 
(1961). A long essay on the importance of anti bonding 
orbitals has been written by Orchin and Jaffe (1967), Further 
details will be found in MQM Chapter 9, and helpful advice on 
the calculation of overlap integrals is given by McGlynn, 
Vanquickenborne, Ktnoshita, and Carroll (1972) Chapter 2 and 
Appendix C. A compilation of molecular energies has been 
published by Richards, Walker, and Hinkley (1971). Difference 
density maps are given by Coutson (OCS 9) and by Deb 
(1973), and the latter gives references to many other sources. 

antisynnnrietry^ A function f(x) is antisymmetrical (or 
antisymmetric) if is equal to —fix). A wavefunction of a 
system containing N indistinguishable particles hantisym- 
metricai under partfcfe interchange if it changes sign when the 
coordinates of any pair of particles are interchanged; that is, if 
J *'1 )* Do not confuse the word with 

^ymmetricai, which means the absence of symmetry. An 
example of the first type of antisymmetry Is the function x, 
because (—x) = —[x); another example is the function sinx, 
because sin(—x) “ —sin x. An example of an antisymmetrical 
wavef unction h (ri )l^^. (r^) — ^ (^ 2 ) ) because inter- 

changing the coordinates ri and r 2 , which by reference to 
Fig. A5 is seen to be equivalent to interchanging the particles, 
changes the sign of the function. 




FIG, A5 Interchaiigmg particles 1 and 2 is aquivslent to interchanging 
tbe vectors rj and r 2 . 
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aromaticity 


The importance of antlsymmetrica! wavefuncttons stems 
from the “Paufi principle, which demands that the total wave- 
function of any collection of electrons must be antisym- 
metrical. The formation of a “Slater determinant is one way 
of constructing a fully antisymmetri^ed function out of a 
collection of functions^ The Imposition of the repuirement of 
antisymmetry on a wavefunction introduces important modi¬ 
fications to the energy: see “exchange energy. 

Questions. State the condition on for it to be an anti sym¬ 
metrical function of x. Which of the following functions are 
antlsymmetrical: , 3x^—2x^, cos x, tan x, ex p x, exp x^ , 

cosec X? Show that any asymmetric function /^(x) can be 
expressed as the sum of an antisymmetrical function and a 
symmetrical function. What is meant by an antisymmetrical 
wavefunction? Which of the following wavefunctions are 
antisymmetrical: ^^(r| sin [A^(ri-“r 2 )] , 

(r^ ) ^. (fa) (fi ) — .. . ? Show that the last can be 
written as a 3 X 3 determinant* What is the importance of 
antisymmetry in quantum mechanics? 

Further in forms thn. See MQM Chapter 8 for the reasons lying 
behind the use of antisymmetric wavefunctions. Helpful dis¬ 
cussions of the reasons and the consequences will be found in 
§29 of Pauling and Wilson (1935), in §3*1 of Slater (1963), 
and §T2 and succeeding chapters of Richards and Horsley 
(1970). The symmetry and antisymmetry of functions can be 
envisaged, and treated, as a problem for “group theory; there¬ 
fore see MQM Chapter 5, Cotton (1963), Tinkham (1964), 
Bishop (1973), and Altmann (1962). The antlsymmetrization 
of wavef unctions is a problem in statistics: see Pauling and 
Wilson (1935), Condon and Shortley (1963), Hamermesh 
(1962), and Judd (1963). This reading sequence will illustrate 
how a simple requirement may have consequences of un¬ 
bounded complexity. 

aromaticity. An aromatic molecule is cyclic, planar, and con¬ 
jugated (possessing alternating single and double bonds) but 
with a stability greater than would be expected for a molecule 
with so many double bonds. The extra stabilization is due to 
“resonance (in “valence-bond language) or delocalization (in 
“molecular-orbital language), and the extra stabilization energy 


is called the “resonance energy or delocalization energy. 
“Benzene is the archetype of such molecules. It has been found 
that aromatic molecules possess 4/^+2 electrons (the Huckef 
4/7+2 rufe), where n is an integer. Thus benzene has /7 — 1, and 
the simplest aromatic molecule of all, which was first prepared 
not long ago, is the cyclopropene cation (n = 0). The large 
molecule [ 18] -annulene, consisting of 18 conjugated carbon 
atoms in a planar ring, is also aromatic In — 4). 

The bas^s^of the 4/?+2 rule may be understood by con¬ 
sidering the energy levels of cyclic hydrocarbons* From A/ 
atoms N molecular orbitals may be formed. The lowest 
energy (most strongly binding) orbital has no “nodes, all the 
Others have nodes, and, except perhaps the uppermost, are 
doubly “degenerate. See, for instance, Fig* A1 on p* 2. (This 
two-fo!d degeneracy may be viewed as a consequence of the 
fact that an electron may run round the ring in either 
direction,) In the case of N being an even number the upper¬ 
most level IS non-degenerate. Into the lowest energy level one 
may insert two electrons, and into each doubly degenerate 
pair one may insert four electrons. Closed-shell molecules 
therefore contain 4fj+2 electrons, where n is the number of 
fully occupied doubly degenerate levels. Achieving a dosed 
shell is an energetically favourable situation, especially as one 
is normally obtained by adding no more electrons than are 
needed to complete the bonding molecular orbitals, and so 
leaving empty the energetically unfavourable “antibonding 
orbitals. 

It has also been found that some molecules of a conjugated 
double-bond nature show an enhanced Instability: they 
contain 4n electrons, and include the cyclopropene anion 
(n = t)* This great instability gives rise to the name 
ant/aromatic. 

Further information. See MQM Chapter 10, Coulson^s The 
shape and structure of molecules (OCS 9), Coulson (1961), 
Streitweiser (1961), Salem (1966), and Pilar (1968). A simple 
account of the preparation and properties of a variety of 
aromatic and antiaromatic molecules has been given by 
Breslow (1972), The analysis of the 4n+2 rule may be carried 
further by referring to Streitweiser (1961), Chapter 10; there 
will be found described the pseudoaromaticity and 

Craig's rules. See Bergmann and Pullman (1971) for the pro- 








ceedings of a conference on aromaticity, pseudoaromaticity, 
and antlaromaticity. 

atomic orbital* An atomic orbital describes the distribution 
of an electron in an atom: it is the “wavefunction for an 
electron in an atom. The classical Rutherford and "Bohr 
theory of the hydrogen atom sought a model of its structure 
in terms of a trajectory of the electron about the nucleus, and 
so the atom was viewed as a central nucleus with an electron 
in one of a variety of orbits. The introduction of quantum 
mechanics, and in particular the impact of the "^uncertainty 
principle, showed that the concept of trajectory was untenable 
on an atomic scale, and so an orbit could not be specified. 
Quantum mechanics replaced the precise trajectory, the orbtX 
of the eJectron by a distribution, an orb/taL An atomic orbital 
is a function 0(r} of the coordinates of the electron, and, in 
accord with the Bom interpretation of the "yvavefunction, the 
probability that the electron may be found in an infinitesimal 
volume element dr surrounding the point r is It 

follows that, if the form of the atomic orbital is known, we 
are able to predict the electron density at any point in the 
atom. 

As an example, the electron in the ground state of the 
hydrogen atom is distributed in an atomic orbital [an s-orbttaf) 
of the form exp (“t/so ), where 3q is a constant, the Bohr 
radius (5*29 X 10“^^ m): this implies that the orbital is 
spherical (the function depends on r but not on 0 or 0), and 
the electron density at any point depends on exp {“2r/ao )* 
Therefore the density is greatest at the nucleus, and then 
declines exponentially with distance. Such an atomic orbital 
can be represented by a spherical boundary surface within 
which there is some probability, let us say 90 per cent, of 
discovering the electron. In this boundary-surf ace represen¬ 
tation, which is depicted in Fig. A6, the s-orbital is drawn as a 
sphere of an appropriate radius; but it must not be forgotten 
that there is some slight probability of discovering the electron 
at points well outside the boundary surface. i 

It is normally sufficient In the discussion of atoms to con¬ 
fine attention to the s-, p-, d% and occasionally the f-orbitals. 
Of these only the s-orbital is spherically symmetrical; the 
others have an increasingly pronounced angular dependence 
correspondmg to the electron being concentrated in particular 
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directions in space. The form of these atomic orbitals will be 
found in the discussion of the "hydrogen atom. 

The amplitude of an atomic orbital depends on the distance 
from the nucleus. It is reasonable to expect the amplitude to 
diminish to zero at targe distances from the parent nucleus, 
and this is found to be so: when r is very large all orbitals 
decay exponentially. The decay is not in general exponential 
at all distances from the nucleus, for in most some incipient 
undulations occur at small radii. This behaviour is examined in 
detail in the case of the "hydrogen atom, and only one point 
need be emphasized here: only for s-orbitals does the 
amplitude not drop to zero at the nucleus itself (see Fig. A6), 



FIG, A6. Boundary surface capturing different proportions of the 
electron in the ground state of the hydrogen atom (in a Is-orbitalL 
denotes the covalent radius (30 pm). 


The number of lobes possessed by an atomic orbital 
(actually the number of angular modes) determines the 
"orbital angular momentum of an electron in the orbital. The 
mean curvature of the orbital, which is determined by the 
number of radial and angular nodes (because the more often 
the wave must pass through zero, the more sharply is it curved), 
determines the "kinetic energy of an electron that occupies It, 
and the mean inverse distance from the nucleus determines the 
potential energy in hydrogen and the attractive part of the 
potential energy in many-electron atoms. In many-electron 
atoms the energy is also influenced by the interelectronic 
repulsions, and these have the further effect of distorting the 
electron distributions from those in hydrogen-iike atoms; these 
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atomic spectra: a synopsis 


effects are calculated by “"self-consistent field methods. 
Although true orbitals of many-electron atoms are complicated 
functions, it is possible to make a fair approximation to them 
by orbitals that have the same angular dependence as those of 
hydrogen, but whose radial dependence is determined by a set 
of simple rules: these are the '"Slater orbitals. 

When atomic orbitals are represented by boundary surfaces 
it must be borne in mind that in many-electron atoms these 
are only a crude representation of the actual electron dis¬ 
tribution, and in fact do little more than designate regions of 
space where the orbital has appreciable amplitude and where 
the electron has a high probability of being found. 

Questions. What is an atomic orbital? What information does 
It contain about the distribution and properties of an electron 
that occupies it? How does an orbital differ from an orbit? 
What is meant by a boundary surface? Calculate from the 
wavefunction given in the text the radios of the boundary 
sphere which captures 50 per cent, 80 per cent, 90 per cent, 
and 99-99 per cent of the electron density in the Is-orbital of 
hydrogen (sq — 53 pm, 0-53 A). What is the effect on the 
shape of atomic orbitals of the interelectronic repulsions in 
many electron atoms, and how may they be taken into 
account? Sketch the boundary surfaces for p*, d% and 
f-orbitals by referring to the pictures in the article on the 
'’hydrogen atom. What is the evidence that electrons are dis¬ 
tributed in atoms in the manner we have described? 

Further information. See MQM Chapter 8. The shape and 
significance of atomic orbitals are discussed in detail in 
Coulson (1961), Herzberg (1944), White (1934), Pauling and 
Wilson (1935), and Kauzmann (1957). Information about 
self-consistent field and Slater orbitals will be found under 
the appropriate headings. The electronic occupation of atomic 
orbitals is determined by the ^aufbau process and the "Pauli 
principle. As vi^ell as determining the structure of atoms the 
atomic orbitals are the basis of descriptions of molecular 
structure: see '"molecular orbitals and "linear combination of 
atomic orbitals. See also '"wavefunction and Tadlal-distribution 
function. Read the section on the hydrogen atom for a 
detailed discussion of its orbitals. 


otomic spectrdi a synopsis. An atomic absorption or 
emission spectrum arises when an atom makes a transition 
between two states (which are often called "terms): the 
combination principle states that ail lines in a spectrum can 
be represented as the difference between two terms (for the 
word Term' is also used to denote the energy of a term). The 
transitions observed can normally be ascribed to "electric 
dipole transitions, and the lines that may appear in the 
spectrum are governed by the "selection rules. Their intensity 
is determined by the magnitude of the transition dipole 
moment. The appearance of the spectrum may be modified 
by the application of a strong magnetic field (the "Zeeman 
effect) or a strong electric field (the "Stark effect), because 
both fields can cause small shifts in the energy levels of the 
atom. On the gross structure of the spectrum is seen a "fine 
structure, which is interpreted in terms of spin-orbit coupling, 
and an even finer "hyperfine structure which is due to the 
interaction of the electrons with the "magnetic dipole and 
electric "quadrupole moments of the nucleus. 

The information of chemical interest that can be obtained, 
or has been obtained, from the spectrum of an atom is as 
follows: 

1 , identification of species. Since every element has a 
characteristic spectrum, atomic spectroscopy may be used in 
analysis: the spectrum is used as a fingerprint for elements. 

2, Evidence for quantization. The study of the spectrum of 
atomic "hydrogen was of profound significance for developing 
the ideas of "quantum theory and quantization. Out of the 
study emerged the idea of "atomic orbitals, and all the other 
paraphernalia of quantum chemistry, 

3. The Pauli principle, From a study of the spectrum of 
helium emerged the puzzling result that not atl the states of 
the atom are allowed. The "Pauli principle was the rational¬ 
ization of these data, and Its discovery was the key that 
enabled the periodic system to be explained. 

4. Atomic energy levels. The study of atomic spectra yields 
information on the energy levels of atoms: we are able to say 
how deeply electrons are buried in inner shells and which 
electrons and states of the atom are likely to be important in 







governing the bonding properties of atoms (their valence, and 
the strength of the "bonds they form)* We need to know the 
energy of atomic energy levels in order to assess the energy of 
the "valence state and the role of "hybridization. Photo¬ 
chemistry depends on a knowledge of the energy levels of 
excited atoms. 

5, ionizBthn potentlah. The energy required to ionize an 
atom (its "ionization potential) can be determined from atomic 
spectroscopy; so too, with more difficulty, can some "electron 
affinities. Both these properties are central to an understanding 
of the structure and reactions of atoms and molecules. See, for 
example, "electronegativity. 

6. Spln-orbkcoupling. From the Tine structure we may 
determine the spin-orbit coupling constant This is of use in 
the discussion of the role of triplet states in photochemistry 
(for example, the heavy atom effect In quenching "phos¬ 
phorescence) because it determines the rate of "sing let-triplet 
inter^system crossing. We also need to know spin-orbit 
coupling constants to evaluate "^r-values in "electron spin 
resonance and to discuss the structure of molecules—see, for 
example, the "Hund coupling cases. 

1. Hyperfine coupling constants. From the "hyperfine 
structure of spectra can be determined the strength of the 
magnetic and electric coupling of electrons to nuclei, and also 
the "Spin of nuclei. Such coupling constants are important for 
the "hyperfine effect in "electron spin resonance and the 
"spin-spin coupling in "nuclear magnetic resonance. 

8, X-ray spectra. Spectra In the short-wavelength "X-ray 
region were the basis for Moseley's determination of the 
atomic numbers of the elements. 

Further information. See MQM Chapter 8 for a description of 
the interactions that lead to the structure of atomic spectra 
and a more detailed description of their form. Introductory 
books on atomic spectra include those by Whiffen (1972), 
Barrow (1962), Herzberg (1944), Woodgate (1970), and 
White (1934). A book with many examples and with compre¬ 
hensive coverage at a slightly more advanced level is that by 
Kuhn (1962). More detailed analysis will be found in Shore 
and Menzel (1968), Candler (1964), who gives much exper- 
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[mental data, Condon and Shortley (1963), Judd (1963, 

1967), and Wlgner (1959). The books by Condon and 
Shortley and Wigner are classics: the former was written 
before many of the impressive angular-momentum techniques 
were developed but has been a dominating influence on the 
development of the subject, and the latter is a classic and 
original exposition of atomic structure and spectra in terms of 
symmetry and “group theory. Both books may be regarded as 
ancestors of Griffith (1964), who, after his description of free 
atom spectra, develops the theory of the spectra of atoms in 
complexes: see "crystalTield theory. Data from atomic 
spectroscopy wilt be found in Moore (1949 et seq.), who lists 
energy levels. Applications to photochemistry are described by 
Wayne (1970) and Calvert and Pitts (1966). 

atomic units. The appearance of many equations In quantum 
mechanics may be considerably simplified if mass is expressed 
as a multiple of the electron mass (so that the mass of 
the electron is taken to be unity); charge as a multiple of 
the proton's charge e; length as a multiple of the "Bohr 
radius: and energy in multiples of twice the ionization 
potential of the ground state "hydrogen atom, (Twice the 
Ionization potential, 27*21 eV, ore^Mireoao, is generally 
employed, although some people use the energy Itself; that is, 
13’65 eV,) A consequence of this choice of units is that ii= 1. 
The units may be augmented by the choice c ~ ^ for the speed 
of light (and so all velocities are expressed as a fraction of the 
speed of light in a vacuum). The units so chosen eliminate 
many of the constants in the "Schrddinger equation, and the 
numbers that emerge for various properties can be translated 


BOX 1: 

Atomic units (a.u,) 

quantity 

value 



mass 

m 

9-109 X 10"^* kg 


length 

^0 

5-292 X 10”" m 

1 a.u. of 

charge 

e 

1-602 X 10"'® C 


energy 

e^/4ireoao 

27-2eV; 2625 kJ mol ' 


velocity 

C 

2-998 X 10* m s"' 

Consequently h = 1;/ig 

_T. o — JL 
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aufbau principle 


into conventional units by re introducing the units of mass, 
length, charge, and energy; see Box 1. 

aufbau prjnciplei The aufbau or building-up principle is the 
statement about how electrons should be fed into the orbitals 
of an atom or molecule in order to construct the species. The 
principle states that an electron enters the lowest available 
orbital consistent with the requirements of the “Pauli exclusion 
principle. This implies that the first electron enters the lowest 
orbita!, the second joins the first (but with opposite ’’spin); 
the third electron enters the next higher orbital, then the 
fourth pairs with it and so on. See Fig, A7, When a set of 
“degenerate orbitals is to be filled (for example, when the p- 
shell of an atom Is being populated) the first electrons enter 
different members of the set with paraltel spin, in accord with 
the “Hund rule, and only when each degenerate orbital con¬ 
tains one electron do the remainder enter with paired spins. 

The list of the orbitals populated by the application of the 
aufbau process constitutes the ‘'configuration of the atom. 



FIG, A7. The order of filling energy levels according to the aufbau 
principle. 

Questions. What is the aufbau principle? In what way does it 
depend on the Pauli principle? How would the principle 
differ if the particles being filled into the orbitals were 


‘'bosons? What is the role of Hand's rule? Discuss the structure 
of the atoms He, Li, Be, B, C, and N In the light of thj ::ufbau 
principle, and also the structure of the molecules O 2 . 

Fj, and NO [get help from ■^molecular orbitals). Discuss what 
might happen when two energy levels lie close together, but 
are not degenerate: under what circumstances might each be 
half-filled before the lower is filled? 

Further information. See MQM Chapter 8, Chapter 3 of 
Herzberg (1944), and Murrell, Kettle, and Tedder (1965), 

The aufbau principle is the basis of the periodic table; there¬ 
fore see how it is applied in Puddephatt's The periodic tath of 
the efements (OCS 3) and in Chapter 2 of Phillips and Williams 
(1965), For the application of the principle to molecular 
systems see MQM Chapter 9, Coulson's The shape and 
structure of molecules (OCS 9), and Coulson (1961). The 
aufbau principle is important in transition-metal chemistry 
because in complexes the metal ion has a number of close-lying 
energy levels, and the situation in the last question is common: 
see “crystaFfield theory and “ligand-field theory, 

Au9er effect. Other names for this effect are auto-ionization 
and pre-ionization. The Auger effect is a radiationless tran¬ 
sition (a transition between states that involves no emission or 
absorption of radiation) from an excited state into a dis¬ 
sociative state. Consider an atomic energy level scheme of the 
type shown in Fig. A8: in this atom one series of levels 
terminates (at an Ionization iimit) at a lower energy than the 
other. Suppose we monitor the absorption spectrum of the 
atom, and we concentrate on the series on the left (L). The 
spectrum observed consists of a series of sharp lines at increas¬ 
ing frequencies, but when the frequency corresponds to an 
energy above the ionization limit of the other series (R), for 
example when we observe the transition to the line A, a 
marked change appears In the spectrum. The most noticable 
difference Is in the sharpness of the lines, for A,B , , . are 
blurred. They may also be slightly shifted. What Is happening 
IS that some '■perturbation in the atom (for example, the spin- 
orbit coupling) is mixing the states of series L with those of 
series R, and therefore the states of L take a little of the 
character of R. But above the ionization limit of R this implies 
that the states of L have a tendency to ionize, the tendency 
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FIG* AS. The Auger effect: the broadening of the spectrum {on the left) 
occurs where the atom makes radiationless transitions from states on the 
left to the unbound states on the right 


increasing as the contamination increases* Since the lifetime of 
the levels A, B, . , . is diminished by this mixing, the width of 
the levels is increased ("uncertainty principle). The mixing of 
states R into states L may be expressed as a probability that an 
atom in a state of L makes an actual transition into a state of 
R, and the Auger effect is simply this type of radiationless 
transition into a dissociative state* The pre-ionizatton 

reflects the fact that ionization occurs in series L before, on 
energetic grounds, it is expected, and the name auto-hnization 
reflects the 'self-induced' nature of the process in the sense that 
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the perturbations within the molecule induce the ionization by 
flipping the bound state into the ionizing state* 

The Auger effect was originally detected in "X-ray 
spectroscopy, where the bombardment of a solid with fast 
electrons excites a K-shelf electron {let us say), and an X-ray 
is emitted when an L-shell electron falls into the vacant hole, 

A competing process is introduced by the Auger effect, 
because the excitation of the K-electron may induce auto¬ 
ionization, and another electron is boiled off the atom or out 
of the solid. The ionization process competes with the forma¬ 
tion of X-rays and diminishes their intensities. The effect is 
not wholly bad for, if the energy of the Auger electron is 
measured, information may be obtained about the energy 
levels of electrons in solids* This is the basis of spec¬ 
troscopy* 

For the sake of completeness. Auger is pronounced 03 ©* 

Questions. What is the Auger effect? How may it be detected 
in atomic spectra? Why do spectral lines become broadened by 
virtue of the Auger effect? What perturbations may cause auto- 
ionization? Describe the appearance of the spectrum showing 
pre-ionization* What is the role of the Auger effect in X-ray 
spectra? What effect does it have on the lines? Suppose we 
were looking at an atomic emission spectrum, what would be 
the influence of the Auger effect? In what sense may "predis¬ 
sociation of molecules be considered to be an Auger effect? 
What other processes can you think of that, however loosely, 
may be considered to be the manifestation of an Auger effect? 

Further information. An account of the Auger effect in atomic 
spectra will be found in §4*2 of Herzberg {1944) and §4*5 and 
§5.3 of Kuhn (1962)* The rote it plays In the formation and 
appearance of X-ray spectra is described by Burhop (1952) 
and has been reviewed by Burhop and Asaad (1972). For a 
discussion of Auger spectroscopy, see Siegbahn (1973) and 
further references under "ionization potential. See also 
"predissociation* 
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band theory of metals. The theoretical description of the 
structure and properties of metals is based on the view that in 
gross terms they are composed of an array of positive ions held 
together and surrounded by a sea of electrons. The properties 
of this sea of electrons determine the typical characteristics of 
metals: their electrical conductivity; thermal conductivity, 
reflectivity, malleability, and ductility. The energy levels 
available to the electrons are of paramount importance, and 



FIG. Bl. The extent of occupation of bands separated by gaps deter* 
mines whether a material is a conductor or an insulator. Occupied levels 
are coloured. 


analysis of the problem shows that the available energies fall 
into bands, and that between these bands lie regions of energy 
which no electron can possess. If a band is less than full 
(Figs, Bla and c), the electrons in it can be induced to move 
under the influence of a small disturbance: hence the high 
conductivity of metals. !f the bands are full, electrons can be 
induced to move only if they can be supplied with enough 
energy to excite them through the forbidden band gap into 
an empty upper band: this is an energetically unfavourable 
situation, and so such materials are electrical msu/ators 
(Fig. Bib). 

The formation of energy bands in metals may be described 
in a number of ways: we shall discuss two. The first starts 
from the view that a metal may be envisaged as a massive 
molecule, a molecule of almost infinite extent. The molecule 
is composed of atoms in a regular lattice, and on these atoms 
there are ""atomic orbitals which overlap with their neighbours' 
atomic orbitals. This situation of overlapping orbitals is 
encountered on a much smaller scale In conventional molecules, 
for it is the basis of the "molecular-orbital description of mole¬ 
cular structure. Let us pretend that only a single s-orbital is 
available on each atom, and for simplicity we consider a linear 
crystal (a single line of A/ atoms}. 

Concentrate first on two of the atoms in the chain: their 
orbitals “overlap and form a bonding and an antibonding pair 
of molecular orbitals with an energy separation determined 
largely by the amount of overlap (Fig. B2). Now bring up a 
third atom to a lattice distance and let it overlap with its 
immediate neighbour (and for simplicity, and as a good ap* 
proximation, neglect its small overlap with its next-nearest 
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FtG» 82» As 2, 3, A, , ,, N atoms are added \n a Ime the energy levels 
begin to fill 3 band; when A/ Is very large the energy levels within the 
band virtually lorm a continuum. 


neighbour). This adjusts the molecular orbitals and their 
energies so that three orbitals are obtained in the place of the 
fornner two: one is bonding, one is nonbonding, and the third 
is antibonding. This is illustrated in Fig. B2. The process of 
sliding an atom along the line up to a lattice point {rather like 
using an abacus) may be continued, and Figs. B2 and B3 
show that the effect is gradually to fill in the energies until 
when N is very large the N energy levels form a virtually con¬ 
tinuous band of energies of width Since the band has been 
formed from s-orbitals it is called the s-band. 

If each atom contributes one electron (the atoms might be 
sodium atoms in a fine), then since each energy level consti* 
tuting the band may accommodate two electrons {"Pauli 
principle), in the metal half the band will be full of electrons, 
and the upper half will be empty, as in Fig. BTa. {This is just 
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the application of the ^aufbau process to a collection of energy 
levels,) The presence of the half-filled band means that the line 
of atoms behaves as a metal. If instead each atom were to com 
tribute two electrons, the band would be filled, as in Fig. Bib, 
and an applied electric field would be unable to shift the 
electrons: the line of atoms Is then an insulator. Why motion 
cannot occur in this case will be described below in more 
detail. 

It is improper to restrict the formation of a band to the 
overlapping of s-orbitals. If the metal atoms have p-orbitals in 
their valence (outermost) shell these too should be allowed to 
overlap. Because of "shielding and penetration effect, p-orbitals 
lie higher in energy than s-orbitals, and so their overlap gives 
rise to a band (the p-barrc/) above the s-band, and separated 
from it by a gap, the magnitude of which depends on the 
Strength of bonding between the atoms and the s-p separation 
of the isolated atoms (Fig, B4), Here we see the reason for the 
appearance of the bands of energies, and the regions of 
forbidden energies. 

The approach to the band structure just described is some¬ 
times referred to as the tight-brnding approximathn (TBA) 
because it takes the view that electrons tend to stick to nuclei, 
and therefore are quite well described by atomic orbitals 
characteristic of the atoms. An alternative approach starts 
from the view that a good first approximation is to suppose 
that the electrons have no electrostatic interactions and are 
completely free to swim about in the bulk of the metal, and 
that the presence of a periodic lattice may be imposed as an 
improvement in a second step: this is the nearfy-free e/ectron 
approximatfon (NFE), 

How does this alternative approach lead to band formation? 
Let us once again consider the one-dimensional metal, but 
begin by ignoring the presence of positive ions. The situation is 
now that of a collection of "particles in a box, or, since the 
line is of almost Infinite length, the same as the free-electron 
system. The energies available to free electrons take a con¬ 
tinuous range of values and depend on the momentum Jirli 
according to (Fig, B5a)_ Pouring electrons into this con¬ 
tinuum of energy levels fills them up to some energy , the 
Fermt energyf and leaves vacant all the energy levels above. 

The filled levels constitute the Fermi sea, whose surface, the 
Fermi surface, is at E^. On this model everything would be a 
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FIG* B4, Band'gap formation, s- and p-bands, and the orbital overlaps 
corresponding to the extreme energies of each band* 



FIG. 63. The actual energy levels 
for a chain of A/ atoms, each inter¬ 
acting only with its nearest 
neighbour. Note that by /V " 20 
the band is getting dense, and that 
its width does not ej<pand indefi¬ 
nitely. 


metal, for the 'band' has no upper limit, and so can never be 
filled* This ernphasizes the central role that the periodic lattice 
plays in determining whether or not a material is a metal 
In order to see how the lattice imposes a band structure we 
remind ourselves that the states of the free electron are waves 
of definite length (wavelength = 2iilk], and the true system 
may be regarded in terms of these waves propagating through 
the periodic lattice* At wavelengths long compared with the 
lattice spacing a the waves slide through, but when the wave¬ 
length is comparable to a the lattice diffracts the waves. When 
the wavelength Is equal to twice the lattice spacing a pattern of 
standing waves is set up because a wave that begins moving to 
the right is reflected by the lattice and moves to the left, 
where it is reflected to the right, and so on. These standing 
waves, with wavelengths in the vicinity of 2a, have a stationary 
distribution in space, and we may envisage two types of 
arrangement* In one arrangement the standing wave has its 
amplitude maxima at the positions of the lattice points 
(positive ions), and in the other the maxima are between the 
lattice points. Whereas in the free-electron model these stand- 




















































































FfG, B5. (a) The free^electron energy levels and (b) the band structure 
imposed by the periodic lattice. Both contain a number of electrons 
that makes them metals. 


ing waves had the same energy, the presence of the periodic 
lattice implies that they have different potential energies, and 
so we discover that at — ±ir/a there is an energy gap (see 
Fig. B6), Another gap is found at A = ±2itla, and so on; there¬ 
fore, we see that the periodic lattice splits the free-electron 
continuum of energy levels into a series of bands separated by 
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gaps (Fig, B5). Into these bands, the BrUtouin zones^ may be 
inserted the electrons of the metal, and metallic properties 
are predicted only if there remain incompletely filled bands. 

The relation of the NFE bands to the tight-binding bands 
may be discovered by comparing the form of the orbitals at 
the edge of the s- and p-bands with the waves at the edges of 
the first and second Brillouin zones. The immediate obser¬ 
vation, from Fig, B6, is that the nodal structure is the same; 
only the details of the electron distributions differ, especially 
in the regions close to the nuclei. 

Well below the Brillouin zone boundary (that is, for energy 
levels for which IAI < ilia In the first zone) the states of the 
electron may be regarded as running waves {as opposed to the 
standing waves forced on us at the zone edge). In one dimen¬ 
sion the waves run with momentum +/rhto the right and 
to the left; since they have energy proportional to these 
two running waves are "degenerate (have the same energy). 



FIG. B6. Energy-gap formation due to a periodic lattice and its relation 
to the orbital (TBA) approach (in colour). Note that the uppermost 
level of the lower band and the lowermost of the upper have the same 
wavelength but one has nodes at the nuclei, the other between them. 
The lattice spacing Is a. 
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Therefore, tn a metal there are equal numbers of electrons 
running to the left and to the right, and in the absence of 
external stimuli no current flows* When an electric potential 
difference is applied, the energy of the electrons running to the 
right may differ from those running to the left {Fig* B7) and 
so the electrons redistribute themselves in order to attain the 
lowest energy: this means that more occupy states corre¬ 
sponding to the flow of electrons to the right, because a lower 
energy is attained thereby, and the equilibrium situation shows 
a steady flow of current. If however the band is full the elec¬ 
trons cannot reorganize themselves to give a net direction to 
travel (consider Fig. 87 with a full band), and so no current 
flows. Such a material is an insulator, A really enOTmous field 
might so affect the energies that an empty zone is brought 
down to the filled one: in this case of dklectric breakdown a 
current may flow, but often at a cost of disrupting the 
materiaL 




FIG. B7. When a suitable potential difference h applied to a materiat 
with an unfilled band the fovuest energy distribution of electrons has 
more moving to the right fpositive k) than to the left (negative k). 


The band theory of metals is able to account for the 
thermal properties of metals. For example, the high thermal 
conductivity may be traced to the way in which an electron 
carries heat rapidly through the lattice* Applying heat to one 


end of a metal rod induces lattice vibrations; these lattice 
vibrations excite an electron with an energy close to the Fermi 
surface into an unfilled state just above the sea, and so it may 
skim through the lattice with its high energy. Sooner or later it 
will plunge back into the Fermi sea, and in the process will 
impart its excess energy to the lattice, but this part of the 
lattice might be some way from the heated end of the rod. 

Thus heat is conducted through the rod. 

Pioneers of the theory of heat capacities of metals were 
worried by the presence of a great sea of electrons, all of which 
ought to be able to contribute to the heat capacity of a block 
of metal. Band theory dispelled this worry by drawing atten¬ 
tion to the fact that when a metal is excited thermally an 
energy of the order of k7" is supplied, and only those electrons 
within an energy kT of the Fermi surface can be excited into 
an empty level by such a stimulus. Consequently only a very 
small number of electrons are able to contribute to the heat 
capacity of a metal. 

Questions. T A metal may be pictured as an array of positive 
Ions embedded in a sea of electrons: how is this picture able to 
account for the malleability and ductility of metals? What 
other characteristics of metals must any theory of their struc¬ 
ture explain? What is the role of energy bands in determining 
electrical and thermal conductivity? Why are clean, smooth 
metal surfaces highly reflecting? Describe the tight-binding 
approximation, and explain why bands may be formed. What 
is the difference between s- and p-bands? Consider a one- 
dimensional metal lattice, and let there be s- and p-orbitals in 
the valence shell* Describe the number of electrons that would 
give rise to metallic or insulating properties to the system 
(consider only p-orbitals along the line). What determines the 
width of the bands? Guess whether an s- or a p-band is the 
wider. Discuss the thermal conductivity of the lattice you 
have just considered. What is the nearly-free electron approxi¬ 
mation? Why does the presence of a periodic lattice introduce 
discontinuities into the energy versus k dependence? Discuss 
how these bands are related to the tight-binding bands. What 
is a Brillouin zone? Discuss the conditions for a material to be 
a metal on the NFE theory. What is meant by the terms Termi 
energy', 'Fermi surface', and 'Fermi sea'? What explanation of 
the heat capacity of metals is provided by the band theory? 

























Suppose that an empty band h withm an energy of the 
upper edge of a completely filled band: discuss the depen- 
dence of the electrical properties on the temperature of this 
semiconductor. 

2, Treat the one-dimensional chain of N atoms as a ®Huckel 
probfem and show that as atoms are added to the chain the 
levels gradually form a continuous band, but of finite width. 
Proceed by setting up a "secular determinant based on a 
resonance integral jS between neighbours, and 0 between non¬ 
neighbours. Let there be A/ atoms in the chain. Show that the 
roots of the equation lie at 2/3cos[n7r/(n-h1)], n = 1, 2, ,. . A/, 
and plot the energy levels for N — 1, 2, 3, . . , 12, 

Further information. A simple account of the structure of 
metals and insulators and the way the theory may be used to 
account for a wide range of properties is given in Chapters 6 
and 7 of Solymar and Walsh (1970) and in Jennings and 
Morris, Atoms in contact (OPS 4). Then see Altmann (1970) 
for a more quantitative account, but still at a moderately 
elementary level, and Quinn (1973), who gives an account of 
the TBA and NFE approximations and their more sophisti* 
Gated developments. See also Kittei (1971), Ziman (1972), 
and Dekker (1960), Semiconductors are simply described in 
Sotymar and Walsh (1970), Amorphous materials are of 
immense technological importance, and a summary of this 
difficult field has been given by Mott and Davis (1971), 

benzene. Benzene is the archetype of the ^aromatic mole¬ 
cules in which the ring of carbon atoms is unusually stable 
when compared with other unsaturated systems. The ^reson- 
ance theory of chemical structure is the "valence-bond (VB) 
attempt to explain this stability, and the delocalization picture 
is the “molecular-orbital (MO) attempt. 

The classical picture of the structure of benzene is that of 
a hexagon of alternating single and double bonds. The energy 
of this Kekuie structure may be calculated by taking into 
account all the electrostatic interactions of the electrons and 
niJcleT But the interelectronic repulsions have the further 
effect of pushing the x-electrons into the vacancies between 
the double bonds; that is, there is a tendency for the molecule 
to turn itself into the other Kekute' structure {Fig, B8), H the 
transformation is not allowed the molecule has an energy f; if 
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FIG, B8. Some of the electrostatic repulsions are relaxed by permitting 
resonance between two Keku Id forms, 

the transformation is allowed the energy falls below E because 
the structure is more relaxed. The "resonance picture of the 
stabilization may therefore be interpreted in terms of the 
lowering of energy brought about by permitting the molecule 
to 'resonate' between the two Kekuie' structures. This picture 
of two resonating Kekuie structures loses its edge when it is 
realized that these two structures contribute only about 
80 per cent of the true total structure (which is a “super¬ 
position of resonating structures), the remaining 20 per cent 
being due largely to Dewar structures (Fig, B9), The 'reson¬ 
ance' picture gets rather muddy at these depths, although it 



FIG, B9, Five resonating fomns contributing to the VB structure of 
benzene. The true structure, desigoated by its conventional represen- 
tation, is a superposition principally of these fundamental structures. 
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benzene 


is valid when treated properly, and further details are given 
under “resonance. 

The “molecular-orbital theory gives the impression of 
providing a more transparent description of the stability of 
the ring, based on the fact that benzene is an even “alternant 
molecule which may be described in terms of the orbitals and 
energies shown in Fig, BIO. Six electrons are to be added to 



FIG. BIO. Huckel energy levels and orbitals for benzene. The numbers 
are the coefficients of 2p for each atom: the sign of the coefficient is 
marked on the orbital* Obtain unmarked coefficients by symmetry* 


the delocalized tr-system, and, as the first three orbitals are 
bonding, all the added electrons contribute to the stability of 
the molecule* 

The a-electfons have an important role to play in both the 
VB and the MO descriptions because six carbon atoms sp^- 
“hybridized (with lobes at 120°) form a six-membered ring 
(with angle 120"^) without strain* Each of the six carbon atoms 
has its full share of Its valence electrons, and so not only is 
there no energy arising from an imbalance of charge, but there 
are also no centres of charge excess or deficiency to provide a 
reactive site (see “alternant hydrocarbon). The hexagonal ring 
of carbon atoms is a very well poised system* 

Questions. 1. Why does the “resonance of two Kekule struc- 
* tures lend stability to the benzene ring? What structures must 
be taken into account in the full valence-bond treatment, and 
what proportion do they constitute of the total structure? 
Should ionic structures be included too? Draw some* What 
features of the hexagonal structure of benzene make the 
molecule stable in molecuiar-orbital terms? What features of 
this explanation are equally applicable to a valence-bond 
description? 

2* Find combinations of the three occupied benzene molecular 
orbitals that may be interpreted as the three localized bonds 
of a Kekule structure* (See iocallzed orbitais*) How may the 
other structure be obtained from the molecular orbitals? How 
may the Dewar structures be obtained? 

3, Use the symmetry of the molecule to find the molecular 
orbitals in the Huckel scheme, and find their energies. Find 
the “resonance energy of the molecule. The experimental 
value is 150 kJ mol"' (how would you determine this 
experimentally?). 

Further information. See MQM Chapter 9 for the simple 
molecular-orbital description of benzene. A simple account 
of the structure of benzene is given by Co u I son in his The 
shape and structure of moiecufes (DCS 9) and in Chapter 9 of 
Coulson (1961). For the valence-bond description see also 
Pauling (I960)* For more mathematical details of the cab 
culations see McGlynn, Vanquickenborne, Kinoshita, and 
Carroll (1972), Salem (1966), and Pilar {1968). For a recent 
review of the spectroscopy of benzene see Murrell (1971) and 
Hail and Amos (1969). Other entries of interest are “resonance. 






























"aromaticity, "HCickel method, and "alternant. Some physical 
properties of benzene are collected in Table t. 

birefringence; a synopsis. Birefringence denotes the 
presence of different ’refractive indexes for the two polar¬ 
ization components of a beam of light. Birefringence may be a 
natural property of isolated molecules, or of a particular 
crystal form, or it may be induced electrically, magnetically, 
or mechanically. An important example of natural birefring¬ 
ence is optical activity in which the plane of polarization of 
light is rotated as it passes through the medium. This is an 
example of circular birefringence, because the effect depends 
on the different rates of passage of the left and right circu¬ 
larly polarized components (remember that the velocity of 
light in a medium h c/n). The Faraday effect is the induction 
of circular birefringence in a naturally inactive sample by the 
imposition of a longitudinal magnetic field. The rotation 
induced is proportional to the field strength, and the constant 
of proportionality is the Verdet constant] all molecules give a 
Faraday rotation, A magnetic field applied transversely induces 
a iinear birefringence in which one plane-polarized component 
travels faster than the other; this induces an ellipticity into the 
beam, and is referred to as the Cotton-Mouton effect. The 
same phenomenon induced by a transverse electric field is 
called the Kerr effect Because the ’refractive index and the 
absorption coefficient are related (by the Kramers-Kronig 
dispersion relations)^ and when one depends on the polar¬ 
ization so does the other, both the Kerr and the Cotton- 
Mouton effects may be observed by monitoring the different 
absorption coefficients for the polarization components. 
Birefringence may be induced by fluid flow if the molecules 
are sufficiently anisotropic: the alignment of long thin mole¬ 
cules introduces an anisotropy into the optical properties of 
the medium and the refractive indexes depend on the orien¬ 
tation of the polarization of the beam: this \% streaming 
birefringence. 

Further information. See MQM Chapter 11 for a discussion of 
the quantum-mechanical basis of natural optical activity, A 
further simple discussion has been given by Kauzmann (1957), 
and 3 thorough review, which also deals with induced birefrin¬ 
gence, is in the book by Caldwell and Eyring (1971). See 
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Fredericq and Houssier (1973) for a simple account of electric 
dichroism and electric birefringence, especially their appli¬ 
cations. Other reviews containing interesting material are those 
of Moscowitz (1962), Tinoco (1962), Mason (1963), and Urry 
(1968). For a further discussion of the Faraday and Cotton- 
Mouton effects, see Buckingham and Stephens (1966), For the 
application of induced birefringence in liquid crystals to dis¬ 
play devices, see the article by Elliott (1973). For the optical 
properties of solids, see the standard work on optics by Born 
and Wolf (1970), Landau and Lifshitz (1958a), and Wooster 
(1973). The dispersion (the frequency dependence) of optical 
activities is a basic research tool for the study of the stereo¬ 
chemistry of molecules: for an introduction to optical 
rotatory dispersion (ORD), see Crabbe' (1965). 

black'body radiation. A black body is one that absorbs all 
the radiation incident upon it. A practical example is a con¬ 
tainer completely sealed except for a tiny pinhole: this hole 
behaves as a black body because all light incident on it from 
outside passes through and, once in, cannot escape through 
the vanishingly small hole. Inside it experiences an indefinitely 
large number of reflections before it is absorbed, and these 
reflections have the result that the radiation comes into 
thermal equilibrium with the walls. Within the cavity we can 
imagine the electromagnetic field as having a distribution of 
frequencies characteristic of the temperature of the walls. The 
presence of the hole enables a small proportion of this equi¬ 
librium radiation to seep out and be detected, and the distri¬ 
bution of wavelengths tn the black-body radiation is the same 
as the distribution within the equilibrium enclosure because 
the pinhole is a negligible perturbation. Black-body radiation is 

the radiation in equilibrium with matter at a particular temper¬ 
ature. 

The general features of the distribution of frequencies are 
familiar from everyday experience: at low temperatures the 
hole does indeed look black, but a sensitive detector would 
show that a small amount of long wavelength radiation is 
present. At higher temperatures the amount of energy 
emitted is much greater, and its principal component lies in 
the infrared. At still higher temperatures the pinhole glows 
dull red, then white, and afterwards blue, and the total 
amount of energy radiated increases dramatically. As the 
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temperature is raised further the peak of radiation passes 
through the ultraviolet, although the temperatures at which 
this occurs are too great to be conveniently accessible, There¬ 
fore we have made two observations: that the energy present 
in equilibrium increases dramatically as the temperature is 
raised, and that the wavelength of the light shifts towards 
the blue and beyond. The former observation is summarized 
by Stefan's Law^ that the total energy emitted at a tem¬ 
perature T Is equal to ; the constant cr is Stefan's constant 
and has the value 5-67 X 10"® W K"^. The second 





FIG, B11 . Radiation density from a hot black body at different 
frequencies and temperatures. 


observation's summarized by Wien's displacement law, that 
the wavelength of maximum intensity Is Inversely proportional 
to the temperature: X T ^ 2'9 mm K. 

The notoriety of black-body/adiation lies in its defeat of 
classical mechanics, and In its role in the Inception of quantum 
theory. The Raylelgh-Jeans law was the result of applying the 
ideas of classical mechanics: Rayleigh, with Jeans's help, 
counted the number of oscillators of a particular wavelength 
that could be found in a cavity, and then applied ^equlpar- 
tition to associate an energy of kT with each mode of 
oscillation; the energy density at the wavelength X was pre¬ 
dicted to obey the rule (Fig. 611), This conforms 

with none of the observations mentioned above: it predicts 
an enormous energy density at short wavelengths {called, by 
Ehrenfest, the o/frawb/ef catastrophe) and an infinite energy 
in any enclosure {the integral of the energy over all wave¬ 
lengths diverges)* There is no maximum \n the distribution, 
except the absurd one at zero wavelength* According to 
classical mechanics, even a glow-worm would devastate the 
surrounding countryside with its radiatior^. 

Planck's quantum hypothesis was a device that saved the 
situation even though in the process it abolished classical 
mechanics. From thermodynamic arguments PJanck was 
forced to the conclusion that he needed a single distribution 
law that yielded the Rayleigh-Jeans formula at low frequencies, 
and the Wien displacement law at high frequencies; therefore 
he found a formula which when approximated at low and 
high frequencies gave the two laws (see Box 2). On reflecting 
on the significance of his formula he was forced to the con¬ 
clusion that It represented a situation in which a radiation 
mode of a specified frequency could not possess an arbitrarily 
small energy: a mode could be excited only in discrete 
amounts of energy, or quanta. Whereas the classical law said 
that if there Is a mode of frequency p in the container, then 
with it should be associated its due portion of energy accord¬ 
ing to equipartion, namely kT, the quantum law says that, if 
we have that mode, it shall be excited only if It is supplied 
with at least Its due amount of energy, namely hv. The con¬ 
stant h is now referred to as Planck's constant {6*6256 X 
J s). This means that the very high frequency modes 
are not excited at normal temperatures because the thermal 
energy present in the walls of the container Is insufficient to 


















BOX 2: Planck distribution law for black-body radiation 


Energy density (energy per unit volume) in the range dX at 
the wavelength X' 

di/lX) = p{X)dX 

{M2£\ ) exp(-ftc/X^71 j 

p{A)- j J ■ 

Energy density in the range dv at the frequency V. 
dC/(l') = pd'ldl^ 

_ (mA j ( 

\ j j 1-exp(-ftWAr)| ■ 

Rayfeig/hJeans faw (long-wavelength, low-frequency limits 
of above): 

p(X) STikT/)^ hclkT 

p[p) ^ Tfc^ v< kTIh, 

Stefan's faw (total energy density ^T^)i 
U = f; dXp(X) = J^tivpm - {o/c)J^ 
o = 5*6697 X 10'® W m"^ K"^. 

Wien's d/spiacement faw = constant): 

X T=hc/bk^b 

max 

b = 2-8978 X 10“^ m K. 

supply them with adequate energy (see -quantum). This 
damping effect on the high-frequency oscillators quenches the 
rise of the Rayleigh-Jeans distribution at high frequencies 
(short wavelengths), and so it eliminates the ultraviolet 
catastrophe. Furthermore, it introduces a maximum into the 
energy distribution versus wavelength curve, and this is in 
accord with the Wien law at high frequencies (and the Wien 
constant for the maximum is found to be equal to hc/bk). 
Because of the elimination of the high-frequency excitations 
the total energy emitted at a temperature T is finite, and the 

Stefan-law dependence on is reproduced. Thus we are 

■ 

forced to accept the propriety of Planck's quantum hypoth- 

M 

esis; and, since the interaction of matter and radiation is such a 
fundamental process, it should be no surprise that the ramifi¬ 
cations of the hypothesis affected the whole of our appreci¬ 
ation of the nature of the world. 


black-bady radiation 


23 


Questions. 1* What is a black body, and how may it be 
realized experimentally? Why is the radiation emitted through 
a pinhole in an otherwise closed cavity of fundamental 
importance? What are the changes m the frequency distri¬ 
bution of light emitted by a black body as its temperature is 
raised? State Stefan's law and Wien's law. What is the basis of 
the classical calculation of black-body radiation, and why is its 
form unacceptable? What was Planck's contribution, and what 
is^the effect of quantization on the high-frequency oscillators? 
Discuss the differences between the excitation of a classical 
and a quantum "harmonic oscillator. Calculate the high- 
frequency form of the Planck distribution law (Box 2) and the 
short-wavelength form. From the latter show that the distri¬ 
bution passes through a maximum inversely proportional to T, 
and deduce an expression for the Wien constant, evaluating it 
numerically. Calculate the energy density radiated by a black 
body at wavelengths of 1 cm, 55 nm, and 200 nm when it is 
heated to 300 K, 1000 K, and 10^ K, Suppose that the fila¬ 
ment of an incandescent lamp is a black-body radiator {the 
approximation is not absurd) and calculate the temperature to 
which it must be raised to emit light predominantly in the 
visible region of the spectrum. 

2, This question concerns the determination of the distri¬ 
bution function, and falls into two parts: the first (which we 
shall do) inserts the quantum hypothesis into the Boltzmann 
distribution to get the mean energy of a mode, and the 
second (which we shall not do) counts the number of modes 
of a particular frequency. If the energy of an oscillator is 
confined to the values then the probability that the 
oscillator has an energy nhi^ is, according to Boltzmann, 
expl—nlil^/kT)fZ, where Z is the partition function, or 
^^^^^xp{~-nhl^/kT). The mean energy is the sum of 
[{nhV)exp{^nhV/kT)/Z] over all the values of /j (/? = 0, 1, 

2, , , First evaluate Z by realizing that it can be written as 
the sum over x'’, with x suitably chosen, and so it is a geo¬ 
metric progression; and then evaluate the sum over the 
numerator by realizing that it can be related to dZ/dT* Hence 
find the mean energy of a mode of wavelength X — c/v. The 
number of modes of radiation in the range dX at the wave¬ 
length X is STTdVX^; hence find the Planck distribution law. 
The answer is quoted in Box 2, 
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Further information. See MQM Chapter 1 for a derivation of 
the Planck distribution and the number of modes in a con- 

K 

tainer. For the latter also see p. 41 of Heitler (19B4), §2,1 of 
Power (1964), §1.4 of 8ohm (1951), and p, 144 of LEn 
(1967). Black-body radiation is discussed in an historical 
perspective by Jammer [1966), and a recent review is that of 
Lin (1967). See also Ingram's Radiation and quantum 
physics (OPS 2) and §9.13 of Reif [1965) for a useful discussion. 
Numerical values of the Planck distribution over a wide range 
of temperatures and wavelengths, together with integrated 
intensities, will be found in the American institute of Physics 
handbook, Gray (1972), p, 6.198 and in Abramowitz and 
Stegun (1965). 


Bohr atom. Before the discovery of quantum mechanics, 

Bohr applied the principle of quantization to the problem of 
the structure of the ^hydrogen atom. He asserted thati 

(1) an electron remained in a stationary state until it made 
a transition; 

(2) a transition from a stationary state of energy to 

another of energy was accompanied by the emission or 
absorption of radiation with a frequency v determined by the 
condition hP= assertion is the Bohr frequency 

conditionY, 

(3) the permitted stationary states were to be found by 
balancing the nuclear electrostatic attractive force against the 
centrifugal effect of the angular momentum of the electron in 
its orbit. 

The quantum condition was imposed at the last stage, for 
Bohr asserted that 

(4) the only angular momenta permitted were those whose 
magnitude was an integral multiple of fi. 

The calculation of the energy levels done on the basis of 
these postulates led to an expression of the form E — 
where R is the “ Rydberg constant and n is the prindpai 
Xfuantum number (r? = 1,2, . , This expression is in 
virtually exact agreement with experiment, and was cause for 
jubilation. 

Refinement of this promising model proceeded in three 
steps. The first took into account the fact that the orbital 
motion occurred about the centre of mass of the system rather 


than about the nucleus itself: this mereiv involved replacing 
the mass of the electron in the Bohr formula by the reduced 
mass p=m m t(m ), The second step was taken by 

* e p G p 

Sommerfeld: m the Bohr-Sommerfeid atom the orbits are 
allowed to be elliptical, and the degree of elNpticity is 
determined by a further quantum number k, the azimuthal 
quantum number: but the energy of the orbits was found to 
be independent of their eccentricity. The third improvement 
was also made by Sommerfeld: he incorporated relativity into 
the model, and found that its effect was to cause a mismatch 
of the ends of the elliptical orbits, so that the electron de- 
scribed an open orbit around the nucleus—a continuously 
evolving orbit that resembled a rosette. The inclusion of 
relativity caused the energies to depend weakly on k, and 
quite remarkable agreement with experiment was obtained 
(the numbers obtained are the same as those obtained in the 
'Dirac theory of the hydrogen atom). 

Although the numbers are almost exact, the mode! of the 
hydrogen atom from which they are obtained is fundamentally 
wrong, and we are forced to the view that the agreement with 
experiment is an astonishing coincidence: this coincidence 
probably stems from the very peculiar properties of the 
Coulomb potential, properties that remain even in modern 
quantum-mechanical theories of the atom. The fallacy in the 
model was indicated by the later developments of quantum 
theory, for there it is discovered that the concept of trajectory 
is alien to phenomena on an atomic scaie (see “uncertainty 
principle). Therefore it is wholly false to attempt to discuss 
the dynamics of a system in terms of the trajectories of its 
components: the Bohr orbits and the Bohr-Sommerfeld orbits 
are macroscopic concepts that have no meaning on the scale of 
the hydrogen atom. Furthermore, it is quite clear that the 
Bohr model is incomplete in the sense that in its postulates it 
virtually asserts the structure of the hydrogen atom and no 
justification is given for the stationarity of states and the 
quantization of angular momentum; these are provided much 
later by the theoretical structure of quantum mechanics. 
Nevertheless, Bohr's achievement was considerable, for it 
applied to a problem in mechanics a theory that had been con- 
structed on the basis of the behaviour of radiation, and was 
therefore one of the first germs of the view that optical and 
mechanical phenomena were essentially identical. 









Questions, 1, State the postulates of the Bohr theory of the 
hydrogen atom. Which of them conflicted with the require¬ 
ments of classical mechanics? What is the form of the ex¬ 
pression for the energy that is obtained on this model? 

Deduce an expression for the frequency of the transitions of 
the hydrogen atom: do these conform with the known 
“hydrogen atom spectrum? How was the original model re¬ 
fined? What is the significance of the quantum number ^:? The 
elliptical orbitals with k —Q (which are straight lines swinging 
through the nucleus) were rejected as implausible: can you see 
the connexion of,these rejected orbitals with the s orbitals of 
the modern theory of the atom? The lower energy state of the 
Bohr theory requires the presence of an angular momentum to 
repel the electron from the nucleus: does the quantum* 
mechanical theory lead to the same conclusion? Why is the 
Bohr theory untenable? Discuss the role of the uncertainty 
principle in the Bohr theory- Why was the theory so 
important? 

2. Deduce the energy of the hydrogen-atom stationary states 
on the basis of the Bohr theory. Set up an expression for the 
potential energy of the electron, and then relate the 
centrifugal force to the angular momentum. Balance the two, 
and then replace the angular momentum by nh. Compare your 
result to the accepted expression for the “Rydberg constant 

Further information. See §1,2 of Herzberg (t944) and Chapter 
2 of Pauling and Wilson (1935) for information j-bout calcu¬ 
lations on the hydrogen atom. For a view of the hydrogen 
atom in an historical perspective, see Jammer (1966). 


bond. The nature of the chemical bond—the reason why 
atoms stick together and form molecules of a definite shape 
and energy—is one of the central topics and successes of the 
application of quantum theory to chemistry. Elementary 
chemistry distinguishes three kinds of bond between atoms: 
the ionic [where electrons are transferred between atoms and 
the bond is the electrostatic Interaction between ions), the 
covafent (where electrons are donated by both partners, and 
shared more or less equally), and the dati\re (where one 
partner donates both electrons, which then are shared). 
Modern quantum chemistry shows how these three types may 
be considered to be special cases of a general form of bond. 
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Elementary chemistry also ascribes the tendency to bond to 
the tendency of atoms to 'complete their octet' or to achieve 
an 'inert gas configuration'. Modern quantum chemistry 
interprets these rules of thumb in terms of the quantum- 
mechanical properties of electrons and nuclei. 

Atoms group together and form molecules if by so doing 
the system attains a lower, more favourable energy; therefore 
we must seek the reason why energy is reduced when a 
molecule is formed. Generally the different stereochemical 
configurations of atoms differ considerably in energy from 
each other, and so the shape of the molecule is normally 
well defined, and corresponds to the stereochemistry that 
enables the system to attain its lowest energy. Conversely, a 
molecule falls apart into its components, or groups of com¬ 
ponents, if enough energy is injected into the structure (by a 
collision with another molecule or wall, or by the absorption 
of light), so that its total energy exceeds that of its separated 
components. Energy determines everything: to understand 
the shape and stability of a molecufe we must study its energy. 
Why energy is important is of course a much deeper problem. 

In order to assess the contributions that lead to a lowering 
of energy we should remember that the energy consists of 
two parts, kinetic energy and potential energy, A careful 
analysis of the contributions these make is very diff icult, and 
quite often people ignore the contribution of kinetic energy 
by presuming that it can look after itself, or that the dominant 
contribution to binding energy is the lowering of the potential 
energy that occurs when electrons and nuclei are brought 
close together. Ignoring the kinetic energy is a dangerous 
game) and makes the description of chemical bonding look 
simpler than it really is. Nevertheless, we shall play the game 
because the situation has been fully analysed in only one 
place, to which we return later. 

Given a kit consisting of two protons and one electron, 
where should the electron be put in an attempt to form a 
stable molecule (of Hj)? The conventional argument is that 
simple electrostatics suggests that the electron should be 
placed in the internuclear region; then the internuclear 
Coulombic repulsion will be overcome by the attraction 
between the electron and each nucleus, and the species 
will achieve stability on this account. Naturally the electron 
does not congregate solely on the midpoint itself, and the 
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structure should be envisaged as a distribution of charge 
around the two nuclei, with a significant accumulation in the 
internuclear region. The addition of a second electron, to 
form will lead to a stronger bond if it too enters the same 
region of space, so that the nuclei can now stick to a double 
helping of opposite charge* 

On the basis of the preceding analysis the structure of the 
hydrogen molecule may be envisaged as two nuclei surrounded 
by a charge cloud of two electrons, with an accumulation of 
charge density in the internuclear region, the bonding region. 
The characteristic bond length of H 2 is the point at which an 
equilibrium is reached between the repulsive interaction of the 
nuclei, which increases as the bond shortens, and the attractive 
interaction with the internuclear electrons; at very short bond 
lengths the electrons cannot accumulate in the bonding region 
and so the repulsion dominates. If a third electron ts added to 
an H 2 molecule it attempts to cluster close to the nuclei, but 
cannot penetrate the bonding region because of the presence 
of the original pair of electrons (it is excluded by the *Pauii 
principle). It therefore congregates as a fuzzy accumulation 
outside the internuclear region* The force this electron 
exerts on the nuclei is disruptive, and so its presence tends 
to lengthen and weaken the bond* A fourth electron succeeds 
in breaking the bond. 

On this description of the covalent bond^ where the bond¬ 
ing electrons are provided equally by the two atoms, it is clear 
that two electrons give the strongest bond. Forming strong 
bonds is energetically favourable, and therefore atoms tend to 
form as many as they can without drawing on the inner, tightly 
bound electrons* This situation is what should be held in mind 
when one makes the remark that 'atoms share electrons in 
order to complete their octets'. Notice also that the two 
electrons have to occupy the same region of space to be 
effective in bonding, and in order to do so their spins must be 
opposed; this is a consequence of the '^Pauli exclusion prin¬ 
ciple, This feature underlies the importance of the electron 
"pair in chemical bonding. Electrons do not seek to pair for 
some transcendental reason, nor because they lose repulsive 
energy by pairing—in fact it requires energy to push two 
electrons into the same orbital: they pair in order to attain a 
distribution that leads to the lowest energy for the system, and 
at the bottom of a stack of distributions often lies a molecule. 


This description of the role of an electron pair is seen very 
clearly In both the "molecular-orbital and "valence-bond 
theories of molecular structure. 

In ^ heteronuciear bond (a bond between two different 
atoms) the situation Is analogous, but ts modified by the 
possibility that the energy will decrease If the bonding pair of 
electrons accumulates closer to one atom than the other: they 
congregate more in the vicinity of the more "electronegative 
atom. This situation may be envisaged in terms of prising off 
one of the valence electrons of the less electronegative atom 
(the atom with the smaller "ionization potential) and shifting it 
towards the atom with the larger "electron affinity. This 
process leads to z polar bond, and In one language (the valence- 
bond) it would be possible to say that the pure covalent bond 
is contaminated by ionic components, (Alternatively we 
might say that the molecular ^avefunction is a ''superposition 
of covalent and ionic wavefunctions,) Atoms with the greatest 
electronegativity tend to be those that differ from a closed- 
shell configuration by only one or two electrons; and so once 
again we can understand that the tendency to form an octet is 
a manifestation of a search for the lowest energy distribution 
of the electrons. 

When the electronegativities of the two atoms of a 
heteronuclear bond are very different, such as when an atom 
of low ionization potential (left-hand side of the periodic 
table) is next to an atom with a high electron affinity (right- 
hand side of the table) the stability gained by transferring a 
whole electron from one atom to the other may be very large, 
and the juxtaposition of the two atoms leads to the flow of an 
electron from one to the other, so that side by side there is a 
positive ion and a negative ion: these stay stuck together 
simply by a Coulombic interaction between the charges. This 
extreme case of a polar bond Is the ionh bond. It is important 
to note that all ionization potentials are greater than all 
"electron affinities (for atoms), and therefore the Coulombic 
attraction between the ions provides the energy for the forma* 
tion of ionic bonds. 

Apart from the polarity of bonds the most significant dif¬ 
ference between an ionic and a covalent bond is the directional 
properties of the latter in contrast to the lack of directional 
properties of the former. This arises because the Coulombic 
interaction between two charges is isotropic (the same in all 






directions), so the structures that can be formed, which are 
often extensive aggregates, are governed largely by the steric 
problem of packing together ions of various sizes: the ionic 
bond gives rise to rigid and extensive crystal lattices with 
characteristic packing patterns. In the pure covalent bond the 
interaction is by no means isotropic because its strength 
depends on the ability of an atom to provide electrons in the 
region between itself and its bonding neighbour. For a 
diatomic molecule there is no problem in principle, but as 
soon as three atoms are considered one encounters the reason 
why covalently bound structures have a geometry determined 
by the electronic structure of the bonding atoms rather than 
the geometrical problem of packing them together. Taking 
oxygen as an example we can understand that the molecule 
HO can be formed by the hydrogen and oxygen atoms each 
donating an electron to form a polar bond, and then a 
second hydrogen atom froms a second bond to yield HOH; 
the lowest energy configuration of this molecule occurs when 
the second bond is at 104-5 ° to the first because the oxygen 
atom can form the strongest bonds at that angle (see hybrid* 
ization). At this point the oxygen octet is complete, and the 
addition of another hydrogen atom leads to an unstable H 3 O 
molecule {that is HaO possesses more energy than separate 
H 2 O + H). All that water can do is form a dative bond, where 
it supplies both electrons, and this it does to form HaO* (in 
which the oxygen “lone-pair electrons donate towards a bare 
proton) oratjruo-complexes with ions. The water molecule is 
therefore a well-defined, discrete entity. The valence of an 
atom, the number of bonds that it may form, is moderately 
well defined for most covalent compounds, and the stereo¬ 
chemistry IS determined by the ability of the atom to provide 
electrons to attain this valence. This is very clearly brought out 
in the “molecular-orbital theory of molecular structure and the 
theory of “hybridization. 

All the preceding discussion is based on the conventional 
view in the fourth paragraph; that, it seems reasonably 
certain, is a sweet seduction. There are few cases where the 
molecular structure has been studied in sufficient detail to 
enable the true source of bonding to be analysed critically, but 
with hJ it has been possible to draw disconcerting conclusions. 
These conclusions run counter to most of the simple accounts 
of the chemical bond and, as far as I know, counter to any¬ 
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thing to be found in textbooks. In hJ the source of bonding 
appears to be a subtle interplay between the kinetic and 
potential energies of the electrons. As H^ and H are brought 
together the accurate wavefunction shows that electrons are 
indeed shifted into the internuclear region, but that this leads 
to an increase in their potential energy, in contrast to the 
supposition that their potential energy would decrease if they 
could be shared by both nuclei. On reflection, of course, we 
should realize that an increase is more plausible than a de¬ 
crease, because the lowest potential energy arises when the 
electrons are as close as they can get to one or other of the 
nuclei. 

Where then does the bonding energy come from? First, we 
should note that the situation is slightly relaxed by virtue of 
the greater domain of freedom open to the electron when two 
protons are present, and consequently its kinetic energy due 
to Its motion parallel to the bond falls; but only at first, for 
more complication is to come. A larger decrease in energy 
(increase in bonding energy) comes from a contraction which 
occurs in the atomic orbitals on each nucleus: this contraction 
enables the electron to approach the nuclei more closely, and 
so its potential energy falls: this contribution is very large and 
is the dominant change in the potential energy. On contraction 
there Is a price to pay, because as the electron is confined to a 
smaller domain its “kinetic energy rises, and this almost can¬ 
cels the decrease in potential energy; but not quite, and the 
earlier decrease In kinetic energy along the axis helps to 
counterbalance the change. Finally, the form of the wave- 
function shows that there is also a shift of electron density 
from regions outside the nuclei into the bonding region as 
the atomic orbitals are polarized; this reduces the potential 
energy and increases slightly the kinetic energy. The net 
effect is a large decrease in the potential energy, which is 
dominated by the orbital contraction, and a large increase in 
the kinetic energy, also dominated by the orbital contraction, 
which does not quite succeed in winning. The overall effect is 
that H 2 has a lower energy than H^+H, and so is a stable 
species. 

We stress that this complicated story has been elucidated on 
the basis of a careful study.of the H 2 wavefunction, and might 
need to be modified for more complex species. But it is an 
excellent example of the power of myth in chemistry, and 
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shows the importance of detailed and accurate calculations in 
discovering the true nature of the chemical bond, 

Questhns. What determines whether atoms will stick 
together and form a molecule? What thermodynamic quantity 
is the measure of the strength of a chemical bond? What 
happens when a large amount of energy is transferred to a 
molecule? How may the energy be transferred? What feature 
of the distribution of the electron in the hydrogen molecule 
accounts for Its stability on a simple model? What contribution 
to the total energy does this description ignore? Why is the 
hydrogen molecule more stable than the hydrogen molecule- 
ion but H 2 less stable than both? Can this argument be 
extended to the explanation of why two helium atoms do not 
form a stable molecule? indeed, does It apply to the stability 
of bonds between all closed-shell species, for example the rare 
gases? What change in the distritaution of the electrons occurs 
when a homonuclear bond is replaced by a heteronuclear bond? 
Is there an additional contribution to the binding energy? 

What determines the extent of polarisation of the electrons in 
the bond? When does an almost pure ionic bond occur? What 
is the source of the stability of an ionic crystal: why does not 
a crystal of common salt blow apart into a gas of sodium and 
chlorine atoms? Why does the crystal have a definite structure? 
Why does covalency lead to discrete molecules, and ionic 
bonding to extended arrays of atoms? What determines the 
shape of ionic and covaient species? What determines the 
valency of atoms in covalent and ionic compounds? What 
other type of bonding leads to an extended array of atoms 
with a structure determined largely by packing consider¬ 
ations? Discuss the likely true cause of bonding in H 2 . 

Further informatton. See MOM Chapter 10 for a resume of 
bonding theory and more details of its quantum theory. For a 
simple account of the structure of molecules see CouIson's 
The shepe end structure of mofecides {DCS 9) and Coulson 
(1961). See also Murrell, Kettle, and Tedder (1965), and for 
an original classic, well worth reading for the way it teaches one 
to think about the application of quantum Theory to real 
chemical problems, see Pauling (1960), A close analysis of the 
nature of the reduction of energy when a bond Is formed has 
been given by Ruedenberg (1962), and this Is extended with a 
careful discussion of the structure of by Feinberg, 


Ruedenberg, and Mehler (1970), See in particular the analysis 
on p. 54 of this reference. For more information about the way 
that the concepts mentioned here are developed In quantum 
mechanics, and therefore made amenable to quantitative cal* 
cuiation, see the entries on "molecular-orbital theory, 
“valence-bond theory, “antibonding, “electronegativity, 
'^hybridization. One type of bonding ignored in the discussion 
was that responsible for the structure of metals: see “band 
theory of metals for a short account* 

bond order. The bond order is a measure of the single-, 
double-, or triple-bond character of a bond. In ‘faience-bond 
theory it is determined by calculating the proportion of single, 
double, and triple bonds rn the contributing structures. In 
molecular-orbital theory, which now provides the more 
common definition, it is defined in a slightly more subtle 
manner* The basis of the definition (which is enough for a 
qualitative understanding) relies on the cancellation of the 
effects of occupied bonding and “antibonding orbitals. Thus 
in H 2 , where one o-bond is fully occupied, the tr-bond order 
is unity; in Hei, where the 0-bond and its antibonding 
counterpart are both fully occupied, the bond order is zero* 

In ethene a 0-bond and a TT-bond are fully occupied, and so 
the overall bond order is 2 (a 'double bond'), and in oxygen 
one TT-bond is cancelled by a TT-antibond {see “molecular- 
orbital theory for details) and the rump, one o- and one 
TT-bond, gives an order 2. This idea may now be made more 
sophisticated in order to accommodate fractional bond orders. 

In the “LCAO description of molecular orbitals a bond is 
formed when two atomic orbitals on neighbouring atoms 
overlap and interfere constructively. If the coefficient of the 
orbital on atom A is and on atom B is Cg, then the con¬ 
tribution to the bonding will be proportional to the product 
^A^B' order of the bond between A and B is then defined 
as the sum of over all the occupied orbitals. When and 
Cg are simultaneously large for a particular orbital a large con¬ 
tribution to the total order results (but it cannot exceed unity); 
whenc^ andcg have opposite signs, corresponding to an 
“antibondtng character between A and B, the product Is 
negative—it subtracts from the overall result and so reduces 
the bond order. As an example, each C -C bond in “benzene 
has a contribution of ^ ^Tom the TT-orbitals, and 1 from the 







o-orbitals, and so each bond is of order 1^* The C—C bond in 
ethane is of order 1, In ethene 2^ and in ethyne 3, In accord 
with a norma! chemical appreciation of the order of the bonds* 
One principal application of the quantitative definition of 
bond order is to the estimation of bond lengths, especiahy of 
C—C bonds. An empirical reJation has been found between the 
length R and order of C—C bonds, and the length satisfies 
the rough rule Rqq = 1'665 — 0*1398 (1 with Rqq 

in angstroms (see Table 2)* The correlation should take into 
account the different hybridizations of the atoms involved in 
the bond; the effect of so doing is that for a given bond order 
the bond length decreases by 0-04 A on going from sp-^ to sp-^ 
hybrids, and then by a further 0*04 A on going to sp-hybrids. 

A further application of bond order is to the definition of 
-^ree valence, 

Questhm. What is the valence-bond definition of bond order? 
Calculate the bond order in "benzene on this basis, first on 
the assumption that only Kekule structures contribute, and 
then on the assumption that 20 per cent of the total structure 
is Dewar-like* What is the molecular-orbital definition of 
bond order? What contribution does an antibonding orbital 
make? What is the bond order in and He 2 ? What is the 
bond order in Hj? On the basis of the molecular-orbital 
coefficients given in Fig, BIO on p. 20 calculate the bond 
order for benzene, benzene^, and benzene^. Estimate the 
bond length of naphthalene in which the TT-bond orders are as 
follows: 0*725 (for T2), 0-603 (for 2-3), 0-554 (for 1-9), and 
0*518 (for 9-10). 

Farther information. See CouIson's The shape and structure of 
moiecaies (DCS 9) and Coulson (1961). A helpful and lengthy 
discussion is provided in ^6*7 of Streitweiser (1961See also 
Coulson (1959) in the Kekule symposium and Pilar (1968). 

Born-Oppenheimer approximation. The Born- 
Oppenheimer approximation assumes that the electronic dis¬ 
tribution in a molecule can be evaluated in a static nuclear 
framework* The assumption is based on the great differences 
of mass of the electrons and the nuclei: it is assumed that if 
the nuclei move the electrons can adjust their distribution 
instantaneously to take into account the new potential, and 
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that the nuclei are insensitive to the rapid fluctuations of the 
electrons in their orbitals. 

The practical effect of the approximation is that It is poss¬ 
ible to simplify both the discussion and the calculation of 
molecular electronic structures* Instead of having to treat all 
the particles in the molecule on an equal footing, it is possible, 
according to the approximation, to set the nuclei into a frozen 
conformation, and then to calculate the electronic energy and 
distribution corresponding to it. The nuclei can then be moved 
to a new conformation, and the electronic calculation repeated* 
In this way it is possible in principle to calculate the energy for 
all possible arrangements of the nuclei, and then to find the 
one corresponding to the lowest energy—the stable confor¬ 
mation of the molecule. 

The Born-Oppenheimer approximation makes the mo/ecuisr 
potentiai-energy curve a meaningful quantity: as the nuclear 
conformation is changed the molecular energy also changes, 
and the dependence of the energy on the conformation is the 
molecular potentiahenergy curve. For a diatomic molecule 
the curve is a plot of energy against bond length, and for a 
polyatomic molecule the curve is a complicated potential- 
energy surface* Such a curve corresponds to a potential 
energy because if the molecule is released from a non- 
equilibrium conformation it will spring back into equilibrium 
(or at least vibrate around the equilibrium point), and so the 
rise of energy with changing conformation corresponds to the 
acquisition by the molecule of a potential energy. It should be 
clear that this description relies upon the validity of the Born- 
Oppenheimer approximation, for only then are we able to talk 
about the molecular energy as a function of the parameter 
determining the conformation of the molecule (bond length 
for a diatomic)* If the Born-Oppenbetmer approximation were 
to fail (if we were dealing with light or rapidly moving nuclei) 
the notion of a potential-energy surface would fail, and so too 
would the idea of bond length and bond angle. In practice, the 
approximation fails slightly, and small spectroscopic conse¬ 
quences are observed* 

Questions. State the Born-Oppenheimer approximation. Upon 
what is it based? When might the approximation fail? What 
simplification does it introduce? Discuss the concept of a 
molecular potentiahenergy curve for a molecule. Calculate 
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the relative velocities of an electron and a proton each with a 
kinetic energy of 100 kJ mor^ 

Further informatfon. See MQM Chapter 9 for a brief dis¬ 
cussion; for an account of the approximation with some 
mathematics see p. 252 of Slater (1963)* For spectral conse¬ 
quences of the failure of the approximation see King (1964), 
The original paper is Born and Oppenheimer {1927)* 


boson. A boson is a particle possessing an intrinsic °spin 
"angular momentum characterized by an mtegraf spin 
quantum number, including zero. Examples include the 
deuteron ^ H { / = 1), the "'He nucleus, or oc-particle, the ^He 
atom { / = 0), and the ^photon ( / = 1). Bosons are not re¬ 
stricted by the "Pauli exc/wsfon principle (in contrast to 
Termions), and any number may occupy a single quantum 
state. They do obey the "Pauli principle itself, which demands 
that a *wavefunction be symmetrical under the interchange 
of any pair of identical bosons* Because many bosons may 
occupy a single state, at low temperatures peculiar properties 
arise; these include superfluidity and superconductivity (where 
pairs of electrons, fermions, behave like bosons)* The operation 
of "lasers depends on the "photon being a boson, for an 
intense monochromatic beam of light consists of a large 
number of photons in the same state. 

Further information. See "spin and the "Pauli principle for a 
further discussion* The table of nuclear properties on p* 27? 
reveals at a glance which nuclei are bosons and which fermions* 
The way bosons occupy states is taken into account by the 
Bose-Einstein statistics which are discussed in Gasser and 
Richards' Entropy and energy levels {OCS 19) , and in 
Chapter 6 of Davidson {1962), §9*6 of Reif (1965), and 
Chapter 22 of Hill (1960), For a discussion of the fundamen¬ 
tal role of the distinction between fermions and bosons see 
the article by Peierls in Salem and Wigner (1972) and also see 
Pauli (1940), For accounts of superfluidity see Chapter 15 of 
Rice (1967), and for superconductivity see Chapter 11 of 
Kittel {1971) and Rose-Innes and Rhoderick (1969)* The 
question of whether the fermion ^He can show superfluid 
characteristics {if two stick together) is discussed by Osheroff, 
Gully, Richardson, and Lee (1972). Peierls {ioc, cit.) also 


discusses the evidence for all particles being either bosons or 
fermions. 

bracket notation; bra and ket- The bracket notation, 
which by virtue of the division <bra Iclket) gives Its name to 
the entities known as bras and kets, was introduced by Dirac, 
The state of a system whose wavefunction is is rep¬ 
resented by the ket b), and the conjugate by the bra 
</jI The integral /dri//^{r)^ {r) is implied by the symbol 
im In), and the integral Jdri/A {r)i2i|/^ {r} by the bracket 

being some "operator,This elegant notation shows 
very clearly the connexion of wave mechanics with "matrix 
mechanics, and enables the whole of quantum theory to be 
put on deep structural foundations, for the kets may be 
interpreted as vectors in a special kind of space (Hilbert space)* 

Further Information. See MUM Chapter 4 for the use of the 
notation* An account has been given in §6 of the book by 
Dirac (1958) and discussed further by Jauch in Chapter 9 of 
Salem and Wigner (1972), The subject is a component of the 
structure known as transformation theory or representation 
theory'-^ see Chapter 4 of Davydov (1965), Roman (1965), 
von Neumann (1955), Katz (1965), Kaempffer (1965), and 
Jauch (1968). 


branch. The "rotational transitions that occur when a mole¬ 
cule makes a "vibrational transition give rise to a structure in 
the spectrum which can be grouped Into branches: when the 
rotational state of the molecule changes from J to J—1 the 
fines constitute the P-branch; when7 is unchanged the lines 
constitute the Q-branch; and when J changes from 7 to 7+1 
the lines constitute the R-branch. In "Raman spectra the 
vibrational transitions may be accompanied by changes of 
± 2 in the rotational quantum number: the resulting lines 
form the 0-branch and the S-branch (for 7—^7—2 and 
7—^7+2 respectively). The Q-branch of vibration-rotation 
spectra is absent when the molecule lacks a component of 
angular momentum about its symmetry axis: thus almost all 
diatomic molecules show no Q-branch (the exceptions are 
those with a component of orbital electronic angular momen¬ 
tum about the internuclear axis, such as NO), The appearance 
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FIG. B12. Formation of P-, Q-, branches; note the head on The 
R-branch which arises when the rotational constant In the upper level is 
smaller than in the tower. 


and source of the P-, Qv and R-branches are illustrated in 
Fig, 812, and the energies of the transitions are given in Box 3. 

When the upper and lower vibrational states have different 
moments of inertia (which is especially likely when the upper 
vibrational state belongs to an electronically excited molecule). 


branch 
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the spacing of the branch lines changes with the value of J, In 
a diatomic molecule it is common for the moment of inertia 
of the upper state to exceed that of the lower, and in this case 
the lines of the R-branch convert as J increases, and may even 
pass through a head at high frequency. The reason for this 
behaviour can be traced to the {8^ term in Box 3, 

which outweighs at high J, An R-branch show¬ 

ing this behaviour is said to degrade to the red. When the 
moment of inertia is smaller in the upper state the P-branch 
shows the head and degrades to the wo/et 

The method of combinatton differences is used to extract 
the “rotational constants of the upper and lower states. 
Choosing the appropriate pairs of lines in the R- and P- 
branches (see Box 3} and plotting their energy differences 
against J” gives 8* or from the slope of the line. 

Questions. What is meant by a branch in a vibrational 
spectrum? What is the classification of the branches? To what 
rotational transitions do they correspond? When does a mole¬ 
cule show a Q* branch? Why should the Q-branch consist of a 


BOX 3: Branches 


Notation: 


/ rotational quantum number of upper states 
X rotational quantum number of lower states 
rotational constant of upper state 
8** rotational constant of lower state 
/?p energy of vibrational transition. 


R-branch (high energy; AJ = +1; / = /' + 1) 


^E^hv+ 2e' T =hP+ Rif) 


Q-branch (A? “ OiJ — f] 


AE = + (S' - S")/ -f [b' - = hP+ Q(J] 


P-branch (low energy; dJ = — f — 1) 

A£ = /jp- (E' + B'*]f + is' - B'’)f'^ =hp + Pif) 
If B* < B^’ the R-branch may form ahead; if B* > fi" the 
P-branch may form the head. 


Combination differences 

RU") - PW) = 4 fl'U" + j) 

fly" -11 ~ py" + 1) = 4 s"y" + 5). 
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BrilLouin's theorem 


set of very closely spaced lines? On the basis that the energy 
levels of a rotating diatomic molecule are given by the 
expression “)hu>+ B J{J + 1), comment on 

^ hr 

why the rotational constant B should be labelled with the 
vibrational quantum number and deduce expressions for 
the energy of the transitions of the P-, Q-, and R-branches of a 
rotating molecule. What spectral information can be obtained 
by a study of the branch structure? Now suppose that B 
depends on the electronic state of the moleciile. Deduce the 
expressions given in Box 3 for a transition involving electronic, 
vibrational, and rotational excitation, and find the value of 7 
for which a head may be formed (assume first / and then 
/ being the moment of inertia). 

Further mformatfon. See MQM Chapter 10 for a discussion of 
rotational structure. For an account of the rotation-vibration 
spectra of molecules, examples of branch structure, and an 
account of the information that they can provide, see Chapter 
4 of Wheatley (1968), Barrow (1962), Whlffen (1972), King 
(1964), and Herzberg (1950). 

BrMloutn's theorem. Singly excited states of closed-shell 
molecules do not mix directly with the ground state. (Like 
most statements, this can be made to sound more complicated; 
for those who enjoy such sounds we may state the theorem as 
follows: if a ^matrix element of the electron-electron Coulomb 


interaction Is calculated between a closed-shell “configuration 
of a molecule and a configuration differing by the excitation 
of a single electron, then that matrix element is zero.) 

The delight of this theorem will be found in the simplifi¬ 
cation of “configuration interaction improvements to “self- 
consistent field calculations, because it implies that the singly 
excited configurations cannot contaminate closed-shell ground 
states by mixing directly into them. But do not interpret that 
as meaning that there is no mixing at all with singly excited 
configurations, because these may still mix by an indirect 
process involving interaction with an intermediate state. In 
some cases, indeed, it is found that the indirect route is so 
effective that the singly excited configurations are very 
important. 

It should be appreciated that the existence of Brillouin's 
theorem implies the stability of the ground state as calculated 
by self-const stent methods: if it were false then the ground 
state could be strongly perturbed by close-lying singly excited 
configurations; but as it is true, direct mixing occurs with only 
relatively distant multiply excited levels, and only indirectly 
with the singly excited levels. 

Further fnformation. See §6-3 of Richards and Horsley (1970) 
for a simple introduction and proof of the theorem, and 
Slater (1963) p. 141 and Appendix 4 for a sllghtiv longer dis¬ 
cussion and proof. See Brillouin (1933). 







character, in chemical applications of "group theory a 
'symmetry operation is generally represented by a 'matrix. 
The character x(^) of the operation ft is the sum of the 
diagonal elements {trace or spur) of the matrix, (All these 
names are interrelated: Spur is the German for spoor, hence 
trace and character,) Those who know the basic features of 
group theory may wish to be reminded of the f of lowing facts: 

( 1 ) symmetry operations in the same class possess itie same 
character in an irreducible representatiori of the group; 

( 2 ) the characters of different irreducible representations of 
a group are orthogonal (Note 2 in Box 4); 

(3) the character of an operation is invariant under a 
similarity transformation; 

{4) the character of a reducible representation of a group is 
equal to the sum of the characters of the irreducible represen¬ 
tations into which it Is decomposable {Note 3 in Box 4); 

(5) the characters may be combined into the form of a 
projection operator which when applied to an arbitrary 
function projects out a component that is a basis for an 
irreducible representation of the group {Note 4 in Box 4); 

( 6 ) the character of the identity operation in a particular 
irreducible representation is equal to the dimension of that 
representation; the dimension of the representation is equal to 
the degeneracy of the basis of the representation. 

These properties are summarized in mathematical terms in 
Box 4; further information is given in Further information, 
and a few useful character tables are listed in Table 3 on 
p, 266-267, 

Further information. A sketch of the content of "group 
theory will be found under that heading; details of its 


content, method, and application will be found in MOM 
Chapter 6 , and examples of the way it is applied to problems 
of molecular structure and properties in Chapters 9, 10, and 11. 
A list of character tables for all the common point groups, and 
some of the uncommon ones, with some simple notes on how 
to apply them, has been prepared by Atkins, Child, and Phillips 
(1970), For a thorough analysis see Cotton (1963), Bishop 
(1973), Tinkham (1964), and Bradley and Cracknel! (1972), 
especially for solids. Books introducing the idea of group 
theory arc listed under that heading. 


BOX 4: Character 

1. Definition x*'’ («) = tr D*'’ (ft) = £ O*/’(ft) 

^ I** 

X^'^ft) is the character of the operation ft in the rep¬ 
resentation in which the operation ft is represented by 
the matrix D*'*(ft), 

2. Orthogonafity {R)*^^\R) = hb.. 

r? 

h is the order (the number of elements) of the group, 

3. Decomposition of representation T 

r= SaT*'’, a.= (1//j)£x‘''’W)‘X(ff). 

J ^ n 

4. Profection operator for basis of from a general 
function f 

pin ^ 

* R 

S.. is the dimension of 

5. Se/ection ruies.JUe integral disappears 

unless r-'^occurs in the decomposition of X 
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charge density 


charge density. There are two sorts of charge density: one is 
the density of charge at a particular point in an atom or mole¬ 
cule, and the other is the charge that may be associated with a 
particular atom in a molecule. The former may be determined 
if the ""wavefunction is known, for the probability of finding 
an electron in a small volume element dr surrounding the 
point r is simply l^(r)PdT Since an electron carries the charge 
it follows that the amount of charge in this region is 
^l0(r)Pdr. The charge density (charge per unit volume) at 
the point r is therefore —el i//{r) P, This charge density may be 
used for a variety of purposes, for example in the evaluation 
of the '"Coulomb integral or in the calculation of X-ray 
scattering properties of atoms. 

The other definition lays a much coarser grid on the 
molecule: it does not seek to know all the intimate details of 
the distribution of the electron at each point of space. The 
charge density in a molecule generally means the amount of 
charge (or the density of electrons less the number of nuclear 
charges) on each atom m the molecule. Thus in a homortuclear 
diatomic there is zero charge density on each atom because 
the electrons are equally divided between the atoms, and the 
nuclear charge exactly cancels the electronic charge. In a polar 
molecule electrons may accumulate closer to the more 
®eIectronegative atom; then the charge density is not uniform. 

Charge density is often calculated from a wavefuriction that 
has been written as a “linear combination of atomic orbitals. If 
the amplitude of an orbital in a filled molecular orbital is so 
that the proportion of that atomic orbital in the molecular 



charge density on atom A if it is occupied by a single electron. 
The total charge density on atom A is calculated by summing 
all such terms for the occupied orbitals on the atom. The 
charge density may be used to calculate the '’dipole moment 
of the molecule, and in discussions of its reactivity. 

The analysis of the distribution of an electron in terms of 
Its population of atomic orbitals is known population 
analysis. 

Questions. What are the two definitions of charge density? 
What is meant by population analysis? How may the charge 
density at an atom be calculated if the molecular structure is 
known? The wavefunction for the Is orbital of atomic 


“hydrogen is [1/7r3o)^"exp(—r/ao): what is the charge 

density at a point r? What is the total charge density of the 
atom? The wavefunction for the hydrogen molecule ion is 
(iy/2 ) is the distance of 

electron 1 from nucleus a and r its distance from nucleus b 

b j 

(note that the molecular orbital is not accuratefy “normalized: 
does it matter?): what Is the charge density on each atom? 
What is the charge density on each atom in the “benzene 
molecule? 

Furi^er Information. See "’alternant hydrocarbon for a 
further point concerning the Coulson-Rushbrooke theorem 
and charge density; see also “dipole moment for the way the 
concept is applied. “Bond order is a related concept of 
population analysis, A discussion of charge density will be 
found in Coulson [1961); Pilar (1968), McGiynn, 
Vanquickenborne, Kinoshita, and Carroll (1972), Tables of 
molecular-orbital parameters have been prepared by 
Coulson and Streitweiser (1965)_ See also Streitweiser (1961), 
Salem (1966), Pople and Beveridge (1970), and Murrell and 
Harget (1972). 

closure approximation. The expressions that appear when 
in order to calculate a molecular property one indulges in 
second-order ^perturbation theory normally contain sums over 
all the excited states of the system, and to incorporate them 
properly it is necessary to know the energy of every excited 
state and the wavefunction for each. Normally this is an imposs¬ 
ible task because neither the excited-state energies nor the 

* 

wavefunctions are known at all accurately. When an exact 
answer is not required, for example, when an order of 
magnitude of a physical quantity is sufficient or when it is 
desired to see in a general way how the property depends on 
various aspects of the molecule, it is possible to make the 
closure approximation. This consists of pretending that all the 
excited states that mix into the ground state have the same 
energy. The propriety of this we shall ignore for the moment; 
but its advantage is that expressions of the form 
(£ —Efi ), which reference to Box 16 on p. 172 shows to be 
central to perturbation theory, are replaced by 
{1/A)2 i^onf'fno where A is the mean excitation energy. This 
expression may be developed further by recognizing that it 










has the form of a “matrix product {but see Questions); and so 
the second'Order perturbation expression reduces to 
(M/V}oo/A. In order to evaluate this one needs to calculate 
only the ground-state “expectation value of the product MN, 
and no knowledge at ail of the nature or the energies of the 
excited states is required. The step from the sum over 
to (MN)qq is the 'closure' that gives the approximation its 
name. 

But what price have we paid? The error in the method is 
the absurdity that all the excited states have the same energy. 
When they all lie close together (as in some sense is true in the 
“hydrogen atom, see Fig, G3 on p. 86) the approximation is 
not ludicrous. In other cases the method can be justified 
weakly by saying that the value of A Is to be chosen as a 
parameter which relates the true sum to the quantity we can 
evaluate (/WA/}oq; the parameter is then varied in a plausible 
way to simulate the effect of modifications to the molecular 
structure. 

Questions. What is the source of the difficulty of using 
perturbation theory to calculate molecular properties, and 
how does the closure approximation circumvent it? When is 
the closure approximation plausible? The sum over the 
excited states in the perturbation expression is not really a 
true matrix sum because, according to Box 16on p. 172, the 
ground state has to be omitted; show that the closure 
approximation really leads to an expression with {M/V)oo “ 
ifi the numerator, and so only the ground-state 
properties are required even with this correction. When M and 
N are identical interpret the numerator in terms of fluctuations 
in the property M (interpret the numerator as a mean-square 
property). Discuss the closure approximation in terms of its 
application to the calculation of electric "polarizabilites, where 
more information will be found. Show, in particular, that the 
polarizability of a molecule should increase with its size. 

Further information. See MQM Chapter 10 for a discussion 
and Chapter 11 for applications of the closure approximation 
to the calculation and discussion of the electric and magnetic 
properties of molecules. Further applications are outlined by 
Davies (1967), who underlines, on his p, 47, the remark made 
by McLachlan (I960) about possible limitations on the appli¬ 
cability of the closure approximation. 
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chemical shift. In a muclear magnetic resonance (n.m.r,) 
experiment an external magnetic field is adjusted until the 
energy required to invert a nucleus (to realign its magnetic 
moment) is equal to the energy of the ^photons in the 
electromagnetic field bathing the sample: most efficient 
exchange of energy occurs when the nuclear energy levels are 
in “resonance with the radiation field. The nuclear magnetic 
energy depends on the locai magnetic field rather than the 
applied field, and these may differ because the applied field is 
able to induce extra local fields in the vicinity of the nuclei. 

For a given applied field nuclei in different chemical environ¬ 
ments experience different but characteristic local fields; there¬ 
fore they come into resonance with the radiation at different 
values of the applied field. Different groups of nuclei therefore 
give rise to absorption lines at different magnetic fields, and 
since the n.m.r. spectrum is a plot of the absorption against 
applied field, different molecules, and even different groups on 
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chemical shift 


the same molecufe^ give rise to absorptions in different regions 
of the spectrum (Fig. Cl). The separation of the absorption 
lines is the chemfca! ^ift. 

We deal first with the scales on which chemical shifts are 
measured. The separation of the resonances is measured in 
hertz (Hz, cycles per second), but, because the local field 
depends upon the strength of the appiied field, to quote a 
separation is insufficient. Therefore the separation is divided 
by the mean frequency, or, what is effectively the same, the 
frequency of the stimulating field ff one proton resonates 
at a frequency p. and another at Pj, the value of 5.. = [p—P.)Ipq 
is quoted as the chemical shift on the b-scaie. Since the 
separation is generally no larger than about 1 kHz, and the 
spectrometer operating frequency is of the order of 100 MHz, 
the chemical-shift scale extends up to about 10"^» It is con¬ 
venient therefore to express chemical shifts as parts per miliion 
(p.p.m.), and so a value of 1 p.p.m. implies that two lines are 
separated by 100 Hz in a spectrometer operating at 100 MHz, 
and by 60 Hz in a spectrometer operating at 60 MHz* The 
absolute chemical shift, the shift of the resonance of a proton 
in a molecule relative to the bare proton, is of little practical 
interest, and a scale often adopted sets the protons in 
tetramethyl silane {Me 4 Si, TMS) at the origin of the 
chemical-shift scale (5=0, by definition); heavily shielded 
protons have small 5 values and resonate close to the TMS line; 
lightly shielded protons have large 6 values and resonate well 
to low-field of the TMS line. Another scale is the T-scah, in 
which TMS is set at T— 10; it follows that the scales are 
related by r= 10—5. When the rvalue is large the nuclei are 
heavily screened. Some representative rvalues are listed in 
Table 4 on p. 268. 

What are the contributions to the chemical shielding of a 
proton? All the contributions may be ascribed either to the 
currents induced by the applied field on the atom itself or to 
the currents induced in neighbouring groups. The currents 
Induced on the atom may be either paramagnetic or diamag¬ 
netic (see “magnetic properties), and these respectively 
augment [deshleld, move to smaller r) or oppose [shiefdt move 
to larger r) the applied field. The general explanation of 
“magnetic properties shows that the paramagnetic current is 
small when the excited states of an atom are high in energy, 
and this is the case in the hydrogen atom. For other atoms in 


molecules there are several states that lie quite close to the 
ground state, and in them the paramagnetic effects can domi¬ 
nate the diamagnetic. Diamagnetic currents are independent of 
the availability of excited states and so always contribute to 
the shielding (but might not dorninate it). 

When the currents are induced in a neighbouring group the 
proton experiences an additional field which may be ascribed 
to the induced magnetic dipole moment on the neighbour. 
Thus if the susceptibility of the neighbouring group is in 
the direction of the applied field, the latter induces a magnetic 
moment which is a source of field at the neighbouring 
proton. Such a dipolar field has a (1—3cos^6)/f?^ dependence 
(see Fig. C2), and so the orientation of the proton and the 
induced moment are of crucial importance in determining 
whether the interaction is shielding or deshtelding; the sign of 
the shift also depends on the sign of the susceptibility. 
Furthermore, for a tumbling molecule the local-field correc* 
tion disappears unless the magnetic susceptibility of the 
neighbouring group is anisotropic, and so the shift is pro¬ 
portional to this anisotropy. Two famous cases are illustrated 



FIG. C2. (a) Shows the regions of positive and negative chemical shift 
in the neighbourhood of a double hondJf Xj| are the magnetic 

susceptibilities parallel and perpendicular to the bond the shielding 
constant varies as - xJ {l-3cos^0}/3y?^. (b) Shows the ring 

current contribution to the cnemical shift of ring protons in benzene. 










in Fig. C2: the position of the resonance in the protons near a 
C=C double bond is determined largely by the magnetic moment 
Induced in the TT-electrons of the bond. The effect of the field 
this moment generates is to shield or deshield pr otons in the 
vicinity, depending on whether they lie respectively inside or 
outside a doubte cone of half-angle 54^ 44^ (at which angle 
1*^3cos^6 ” 0), The other example is benzene, where the 
proton shift to low field arises largely from the ability of the 
applied field to generate a ring current when it ts perpendicular 
to the plane of the molecule. 

The calculation of the chemical shift normally concentrates 
on the calculation of the Melding constant. This relates the 
focal field to the applied field 8 through ^(local) = (1—a)6. 
When (J is negative the local field exceeds the applied field 
(deshielding), and the nucleus resonates at low field; when a is 
positive the local field is less than the applied, the nucleus is 
shielded, and the resonance occurs to high field. Just a little 
care is needed to relate a positive or negative shielding constant 
to a diamagnetic or paramagnetic current because the 
neighbouring-group effect depends, as we have seen, on the 
orientation of the molecule, and, depending on the orientation, 
either sign of the shielding constant can arise from either sign 
of the current 

Questions, 1. What is the meaning of the term 'chemical shift'? 
Is it dependent on the magnitude of the applied field? Is the 
separation of the lines due to protons in different chemical 
environments likely to be smaller or greater in a large applied 
field than in a small field? What happens to the separation 
when the field is changed from 14 kG to 50 kG? Is there any 
advantage in doing n.m.r, spectroscopy at high magnetic 
fields? What is the significance of the statements 'the protons 
resonate at = 2' and 'the protons resonate at2r ? What 
is the significance of a high rvalue? Put the following proton 
resonances in order of increasing field: CH 3 I, CH 3 OH, 

C{iHi 2 (see Table 4). What is the source of the differences 
between the local field and the applied field? Under what 
circumstances is there a deshielding effect at the proton? What 
is the role of the neighbouring group of a proton? Why is it 
possible to get both positive and negative chemical shifts from 
both paramagnetic and diamagnetic currents in the neighbour¬ 
ing group? The magnetic susceptibility of the benzene ring in a 
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direction perpendicular to the plane is “9'5 X 10 and parallel 
to the ring it is “3 5 X 10^^* calculate the chemical shift at the 
benzene protons using the formula in the caption of Fig. C2; 
calculate the shift of a proton at a point 3 A above the centre 
of the ring. What is the shielding constant in each case? 

2, Derive an expression for the chemical shift of the protons in 
benzene that takes into account the anisotropy of the mag¬ 
netic susceptibility of the ring and the free rotation of the 
molecule, and show that the effect of the ring current would 
vanish if the anisotropy were zero. Assume that the field 
induces a magnetic dipole moment at the centre of the ring. 

Further Information. See MQM Chapter 11 for a detailed 
account of some of the steps that are needed to calculate the 
chemical shift of molecules in terms of the fields and currents 
induced by applied fields. For an account of the role of the 
chemical shift in n.m.r. see MeLauchIan's Magnetic resonance 
(OCS 1). Further details will be found in Lynden-Bell and 
Harris (1969), Carri ngton and Me Lachlan (1967), Pople, 
Schneider, and Bernstein (1959), Memory (1968), Emsiey, 
Feeney, and Sutcliffe (1965), and Abragam (1961). All these 
books deal with the calculation and interpretation of n.m.r_ 
spectra in terms of the chemical shift; see also Further 
information in muclear magnetic resonance. The calculation 
required in Question 2 is done on p. 59 of Carrington and 
McLachlan (1967). The nature of the ring current is discussed 
by these authors and by Davies (1967). 

colour. A material is coloured if it is able to absorb a band of 
wavelengths from incident white light or if it is able to scatter 
light of one frequency more effectively than another* If we 
discount the blue of the sky the more common mechanism is 
the former. Visible light spans the region from 700 nm (red) 
through yellow {at about 580 nm), green (530 nm), blue 
(470 nm) to violet (420 nm). The energies of the photons vary 
from 1 ^7 eV to 3*0 eV over this range (see Table 6), and there¬ 
fore for a system to absorb in the visible it must possess 
excited states within this distance from the ground state. When 
red is absorbed (by virtue of the presence of low-lying excited 
states) the object appears blue; when blue or violet is absorbed 
it appears red. Low-lying energy levels are not particularly 
common among living systems, and so the predominant 
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colours of naturally occuring substances tend to be towards 
the red end of the spectrum. This is part of the reason for the 
relative scarcity of purple cows, or bright blue dogs, plants, etc. 
Furthermore, if living systems had low-lying excited states 
they would be uncomfortably liable to photolysis. Chlorophyll, 
however, is specially constructed to cope with this situation, 
and so green is ubiquitous. The most intense colours are due 
to ^'electric d I pole transitions. A chromophore is a group whose 
presence endows colour on a molecule. An important organic 
chromophore is the C=C double bond, in which the relevant 
transition Is of an electron from the TT-bond to the ^antlbond- 
Ing 7r*-orbital (a 'pi-to-pi-star', transition). The carbonyl 

group (C=0} is also important: the relevant transition is from 
a nonbonding “lone pair on the oxygen to the TT^-orbital (an 
'n-to-pi-star', ir*^n, transition). This transition is electric- 
dipoie forbidden {see “sefection rules and “oscillator strength), 
and so is generally weaker than the transition. 

Transition-metal complexes are often coloured: this is a 
consequence of the presence of the d-electrons and Their small 
energy splittings arising from the “crystal field of the surround¬ 
ing ligands.The intensity of the colour is low because d-d trans¬ 
itions are forbidden by the “selection rules in operation, and 
the intensity is due to a “vibronic transition. More intense 
colours in the same systems (such as the characteristic intense 
purple of permanganate, or manganate (VII) ion, MnO^ are 
often due to charge-transfer transitions. In which electrons 
migrate from the metal ion to the ligand or vice versa. Such 
transitions possess a large “transition dipole moment. 

Insulators are often colourless and, when crystalline, 
transparent; think of diamond. This is because the electrons 
are tightly bound to the atoms and are available neither for 
conduction nor for light absorption (the conduction “band of 
diamond can be attained oniy by supplying 5’3 eV of energy). 
As the binding gets less tight, or as the conduction band 
approaches the filled band, colour begins to appear: the band 
gap in CdS 2 is 2-42 eV, and hence it is a yellow-orange solid 
(absorbing in the blue); silicon, with a band gap of only T14 
eV, absorbs all frequencies and has a metallic lustre. 

Metals are characterized by a shining surface when freshly 
cut, and this hardly seems compatible with the remark that 
they absorb all the Incident light. The answer lies in the fact 
that they also radiate all the incident light. This can be 


envisaged in terms of the high mobility of the electrons in a 
metal—an oscillating light wave approaches the surface, Its 
electric field drives the surface electrons back and forth, and 
the Incident light is quenched. But the oscilfatlng surface 
electrons themselves give rise to a radiated light field, and so 
almost all the light is reflected. In the case of some metals 
(copper and gold are familiar examples) there are true absorp¬ 
tion bands in the visible region, and both these metats extract 
some blue light (and get hotter in the process). 

Two examples of colouring arising through scattering may 
be mentioned briefly. The sky is blue because blue light is 
scattered more strongly than red; therefore more of the sun's 
blue radiation is scattered down to us than is its red (except 
In the late evening, when the sun appears ruddy because 
someone further west Is getting its blue light for his daytime 
sky). The reason why clouds appear white even though their 
presence Is also seen by a scattering of incident light is to be 
found in the size of the scattering particles (see Further 
Information). The other example is the classical colouring of 
glass by the precipitation of colloidal gold: these minute 
particles scatter away the blue component of transmitted 
light, and to the glass there is imparted a rich ruby hue. 

Further information. See Murrell (1971) for an account of the 
electronic spectra of organic molecules and Chapter 17 of 
KIttel (1971) for a good survey of the optical properties of 
insulators. A most pleasing account of the physical basis of 
colour has been given in a simple article by Weisskopf (1968). 
The photochemical aspects of the absorption of light are 
described by Wayne {1970} and Calvert and Pitts (1966), on 
which Is based Table 5. The chemical aspects of light are also 
described by Bowen (1946). The intensity of the absorption 
of light depends, for “electric dipole transitions, on the 
“oscillator strength, and experimentally it Is expressed in terms 
of the “extinction coefficient: see MQM Appendix 10.2 and 
Wayne (1970). Concepts, methods, and data concerning 
colour are described in Wyszecki and Stiles (1967). 

commutator. A commutator of two “operators A and B is 
the difference AS—0A; it is normally denoted [A,B]- {AB 
means that operation B is performed first, and Is followed by 
operation a; implies thatv4 precedes 5.) Two operators 
are said to commute if their commutator Is zero. The non- 







vanishing of a commutator of two operators indicates that the 
final result of performing two operations depends on the order 
in which the operations are done: operation A followed by 
operation S and S followed by >5 lead to different results. 

For example, multiplication of a function ffxj by x followed 
by differentiation is different from differentiation followed by 
multiplication: (d/dxjxffxj ^x(d/dx)f(x). The commutator of 
(d/dx) and x, [d/dx, x], is 1 because from the rule for the 
differentiation of a product (d/dx)x/(x) is equal to 
flx) +x{d/clx)f{x)* 

The importance of the commutator in quantum mechanics 
lies in the theory's dependence on ^operators: the manipu¬ 
lations of quantum mechanics must take the possible lack of 
commutation into account; indeed, the very fact that commu* 
tators do not disappear is the feature responsible for the differ¬ 
ences between quantum and classical mechanics (see “matrix 
mechanics). The “uncertainty principle applies to observables 
whose operators do not commute. 

The commutator of quantum theory is related to the 
Poisson bracket of classical mechanics, and the recognition of 
this connexion is reputed to have been the cause of one of the 
most jubilant moments of Dirac's life. 

The technical Importance of the commutator lies in the fact 
that the "eigenfunctions of one operator are also eigenfunc¬ 
tions of any other operator with which it commutes. 

Qi/est/ons. What is a commutator? Calculate the commutator 
of (d/dx) and x, of d/dx and d/d^, of d^/dx^ and x^, and of 
x(d/d/) — y(d/dx) and z(d/dx) — x{d/dz). Demonstrate the 
validity of the following relations: 

[A,B] = -[B,A1 . 

[A-hB,C] - [A,C] + IB,C] 

[AJB,C] ] + [B, [C,A]! + [C,[A,8l ] = 0 pacoti ident/tyj- 

Prove that a necessary and sufficient condition for two 
operators to have simultaneous eigenfunctions (that is, for the 
eigenfunctions of one operator to be eigenfunctions of the 
other} is that they commute. 

Fartfjer /nformat/on. See MQM Chapter 4 for a discussion and 
proof of some of the consequences of the lack of commutation 
of operators. The final Question is answered there (p. IDS). 
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See the standard texts on quantum theory for a further 
account; for example, Davydov (1965), Landau and Lifshitz 
(195Sa), Messiah (1961), Schiff (1968), and Dirac (1958). For 
deeper accounts see Jauch (1968) and Salem and Wigner 
{1972). The consequences of noncommutation for exponent/s/ 
operators of the form expJ2are developed by Wilcox {1367). 

complementarity. The wave and corpuscular properties of 
'particles' are complementary in the sense that an experiment 
designed to determine the value of a wave-like property 
automatically eliminates the precision with which a 
corpuscular4ike property may simultaneously be determined: 
see "uncertainty principle. Comp/ementar/t/ is the mutual 
exclusiveness of these two types of property: it is impossible 
to demonstrate simultaneously the wave and corpuscular 
attributes of a particle, 

fi/rt/jer/pformat/arh See “duality, “uncertainty principle, and 
«wave packet for a more detailed discussion. See p. 158 of 
Bohm (1951), Kramers (1964), and Jammer (1966). 

Compton effect- Light scattered from electrons shows an 
increase In wavelength which is Independent of its initial wave¬ 
length but characteristic of the angle through which it is 
deflected. 

On the basis of classical theory it Is surprising that only one 
value of the wavelength shift is observed for a particular angle 
of deflection, and the result strongly suggests that a collisional 
process is involved. If it is assumed that a “photon of energy 
and momentum A A is in col lision with a stationary electron, and 
that both energy and momentum are conserved in the collision 
of the two particles, then it is a simple matter to deduce the 
expression S\— {/i/m cHl—cos0). 6Xisthe wavelength shift 
(always an increase), and 0 is the deflection of the light This 
expression is indeed independent of the initial wavelength, and 
gives a unique value of 5Xfor a given 0. The agreement shows 
the essential validity of the collisional model, and so it is 
excellent evidence for the quantization of light into “photons, 
and for their behaviour as particles. 

The quantity /r/mc is the Compton X and its 

& _ C 

numerical value is 0-024 A, or 2-4 pm (to be precise: 

2'426 309 6 X 10*'^ m). Therefore even in the backward 
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scattering direction {0 — 180*) the wavelength shift is only 
4’8 pm, and this smallness indicates why it is necessary to use 
X-rays or 7 -rays, for only then is the shift a significant prO' 
portion of the wavelength: the effect Is independent of the 
wavelength, but it is easier to detect. 

Questions. 1 , What are the characteristics of Compton scat¬ 
tering? What features are inconsistent with a classical view of 
the process as an interaction of a charged particle with an 
electromagnetic wave? Why is the effect unimportant at large 
wavelengths? Calculate the Compton wavelength of a proton- 
2, Deduce the Compton formula. Take an Initial photon wave¬ 
length X and a final wavelength X+ 5X; let the electron be at 
rest initially and after the collision have a kinetic energy 
and momentum mv (do everything non-relatlvistically). Write 
the expression for the conservation of energy during the 
collision (it is an efastic process), and then do the same for the 
linear momentum on the basis that the light is deflected 
through 0, Expand the quantities to first order in 5X and 
eliminate v to get the final expression. 

Further information. See §2.8 of Bohm (1951) for a discussion 
of the differences between the classical and quantum situations 
and Chapter 4 of Jammer (1966) for an historical perspective. 
The original work is described by Compton (1923), More com¬ 
plicated treatments of the Compton effect are to be found in 
§22 of Heitler (1954), Chapter 11 of Jauch and Rohrlfch 
(1955), and Schweber (1961). Note that the non-relativistic 
limit of Compton scattering is normally called Thomson 
scattering, and the KieimNishina formula was the result of the 
first calculation of the cross-section for relativistic photon- 
electron scattering. These matters are discussed in the cited 
references, 

configuration. The electronic configuration of an atom or 
molecule is the description of the way the electrons are 
distributed among the available orbitals. Thus the configur¬ 
ations of the first row atoms are H Is; He 1s^ ; Li 1s^2s; 

Be 1s^2s^; B 1s^2s^2p, and so on up to Ne 1s^2s^2p*, Some¬ 
times the inner complete shells are abbreviated to K,L,M, etc,. 
Thus the ground configuration of sodium could be written 
either as 1s^2s^2p*3soras [KLj 3s, In a similar fashion the 
configurations of molecules may be written In terms of the 


occupied orbitals. Thus we have H 2 1 sa ^;02 Iso*^ 

2 so^ 2 sa*^ 2 po^ 2 pTT^ 2 p 7 r*^, and the latter is often 

9 u g ti g 

abbreviated by the weak but wise to .., If the elec- 

9 u $ 

tronic configuration is known (for example, by applying the 
°aufbau principle) the spectroscopic nerms may be deduced 
and spectra predicted. 

Questions. What is a 'conf iguration' of an atom? What may be 
deduced if the configuration is known? Write down the con¬ 
figurations of the atoms He, B, C, 0, F, Al, Si, Cl, Cu, Fe, U, 
and Cf in an economic fashion. Do the same for the molecules 
Hq, HD, N^r F^, Ne 2 ^ FeO, and ^benzene. 

Further information. The standard collection of atomic 
energy levels, which perforce contains lists of configurations, 
is that of Moore (1949 et seq.). Standard works on atomic 
structure are those of Herzberg (1944) and Condon and 
Shortiey (1963). Candler (1964) is helpful. See also MQM 
Chapter 8 , the synopsis of “atomic spectra, and the ‘^aufbau 
principle. 

configuration interaction. A xonfiguration tells us how 

electrons are distributed among the available “atomic or 
“molecular orbitals, and the simplest description of the struc¬ 
ture of an atom or molecule consists of a statement of its 
configuration. Thus molecular hydrogen could be described as 
having the structure Iso^. The energy of the molecule corre¬ 
sponding to this configuration could then be quoted as the 
'molecular energy'. Such a description might not be particu¬ 
larly good, for a true description of the molecule ought to 
allow for the contamination of the configuration by some 
others: we know that a molecular wavefunction is inaccurate 
for a variety of reasons, and so it is certain that the single- 
configuration description of its structure will be inaccurate in 
some fashion. For example, the single-configuration descrip¬ 
tion of the molecule of hydrogen is deficient in as much as it 
permits both electrons to be localized on the same nucleus to 
too great an extent. 

The situation can be improved by modifying the wave- 
function by permitting configuration interaction (Cl): we 
permit the wavefunction of the molecule to be described by a 
mixture (a “superposition) of wavefunctions corresponding to 
different configurations. Admixture of some excited state con- 






figurations distorts the ground-state function, and if the 
mixture lowers the energy of the ground state then the 
“variation principle states that we have an improved descrip¬ 
tion of the molecule. In the case of it turns out that a 
major improvement in the energy, and therefore the wave- 
function, can be brought about by mixing in some of the 
configuration tso*^: when the effect of this admixture is 
analysed {see Questions) it emerges that the effect of allowing 
configuration interaction is to reduce the contribution of 
situations in which both the electrons are at the same nucleus. 
Those who like the language of electron correlation theory 
will realise that Cl has achieved a certain amount of charge 
correlation: simple molecular-orbital theory underestimates 
electron correlations, and the admission of Cl goes some way 
to repair the defect. 

What configurations can be mixed into the ground state? 
The first requirement is that they have the same symmetry: 
for example, H 2 is improved by the admixture of ‘2 rather than 
^2 or ML The second requirement stems from “Briflouin's 
theorem, and is that singly excited states do not interact 
directly with the ground state if proper “self-consistent field 
configurations are being considered. 

The effect of Cl may extend beyond improvement to the 
molecular energy, because the fact that excited-state con¬ 
figurations are mixed into the ground state means that the 
ground state of the molecule possesses some of the character¬ 
istics of these excited states. Such contamination may 
influence the predictions of the '’Hund rules, for instance. 

The simplest way of doing a Cl calculation in practice is to 
calculate the orbitals and their energies, and then feed In 
electrons to form various configurations. The ground state 
corresponds to the configuration with the lowest energy. Then 
the actual wavefunction of the molecule is expressed as a 
linear combination of these configurations {using the sym¬ 
metry criteria to decide which configurations one should 
bother about), and then the variation principle is used to 
determine the best mixture, A better, but much more com¬ 
plicated, procedure Is the mufticonfigaratfonai cafcufathn in 
which the best structure for each configuration is calculated 
separately {rather than by applying the ‘^aufbau principle to 
a single set of levels), and then the variation principle is 
applied to these optimized components. 
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Questions. 1. Why is a single-configuration description of a 
molecular state possibly a poor description of its actual struc¬ 
ture? in what respect is a single-configuration description of 
the hydrogen molecule a poor object in simple molecular- 
orbital theory? What is configuration interaction, and why 
does it overcome some of the defects of the single¬ 
configuration method? What effect does it have on the inter¬ 
pretation of the wavefunction of the ground state of 
What other influences on molecular properties may Cl have? 
Suggest the Influence of Cl on the stability, dipole moment, 
magnetic susceptibility, and polarizability of molecules. Will 
spectral selection rules be modified by CI7 What are the 
criteria for selecting the configuraTions able to interact with 
the ground state? 

2, The energy of a configuration A lies at above the ground 
state configuration of energy Suppose that there is an 
interaction between the configurations (that is, there is a 
matrix element V between the configurations). Use the 
variation principle to show that the revised ground-state 
energy with Cl is given by the smaller root of a quadratic 

I 

equation (obtained from the “secular equations), Make a rough 
estimate for A£ in H 2 and use a value of 1/ = 1 eV to compute 
the modifications to the curves on Cl. Is it reasonable to use 
the same value of V at all internuclear distances? What is the 
source of the interaction responsible for the magnitude of V7 

3. Extend the results of Question 2 to compute the wave- 
functions of the two states. Show that the configuration 

with a proportional to Is^ + 1s^, is modified by the admixture 
of the configuration witho* proportional to — Is^^, in 
a way that can be interpreted as an improvement of the dis¬ 
tribution of the electrons. Discuss the role of Cl on the 
products of dissociation of the H 2 molecule. 

Further information. See MQM for a short discussion of mole¬ 
cular hydrogen in terms of C!, and see also Coulson {1961), A 
simple pragmatic approach to the subject will be found in 
Richards and Horsley (1970), and a lengthier, but helpful, 
account is given by McGlynn, Vanquickenborne, Kinoshita, 
and Carroll (1972); both work through some examples, 

conserved property. A conserved quantity or property is 
one whose value does not change with time. A familiar 
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example is the total energy of a system (first law of thermo¬ 
dynamics); another is the angular momentum of an electron in 
an atom, or the component of angular momentum about the 
internuclear axis in a diatomic molecule. An example of an 
unconserved quantity is the angular momentum about an axis 
perpendicular to the internuclear axis in a diatomic molecule: 
this can be envisaged as the electron beginning its journey 
about the perpendicular axis, but colliding with a nucleus 
before it has completed its rotation. This collision changes the 
value of the angular momentum about the perpendicular axis, 
and so it is not a conserved quantity. A conserved quantity is 
also called a constant of the motion. 

The definition of a conserved property can be made 
quantitative by defining it as an observable whose corres¬ 
ponding ^operator xommutes with the “hamiltonian of the 
system. For example, the linear momentum of a system is 
conserved if the linear momentum operator commutes with 
the hamiltonian for the system. In the Questionsyou are asked 
to show that the commutator of the linear momentum and 
the hamiltonian is proportional to the gradient of the potential 
energy of the system. From classical mechanics we know that 
the gradient of the potential is a force, and so we arrive at the 
pleasing conclusion that the linear momentum is a conserved 
quantity only in the absence of a force. Alternatively, we may 
conclude that in the presence of a force the linear momentum 
is not conserved, or that the linear momentum changes. This is 
essentially the content of Newton's second law of motion. 

Questions. What is meant by the term 'conserved property'? 
Give some examples other than those mentioned in the text. 
Consider the ^expectation value of the "operator corres¬ 
ponding to some observable f2. By invoking the time- 
dependent form of the '^Schrodinger equation, show that the 
rate of change of the expectation value, (d/dt) {^2), is equal 
to (i/ii) >, This shows that if the commutator of H and 

isappears, then the expectation value of remains 
constant in time. Now let f2be the linear momentum in the 
x-di recti on and let /y be the operator composed of the 
“kinetic energy plus some potential energy l/(x). Deduce an 
expression for The rate of change of the expectation value of 
the linear momentum in terms of the expectation value of a 
force. Recognize and, if your spirit is of that kind, he thrilled 


by the fact that you have deduced Newton's second law of 
motion. Reflect on it by considering the fact that, in the light 
of this result, Newton's law may be regarded as an equation for 
average values, and so realize that classical mechanics as a 
treatment of averages and so ignores the finer details of 
motion. What are the conditions that must be satisfied in 
order that energy, angular momentum, and linear momentum 
be conserved in mechanical systems? 

Further information. See MQM Chapters 4 and 6 for a short 
discussion of conservation laws, l\^ore detailed information 
will be found in Chapter 5 of Roman (1965), and Feynman, 
Leighton, and Sands (1963). On p. 195 MQM discusses the 
fact that the conservation of energy, momentum, and angular 
momentum are features of the symmetry of space. 

correlation energy, if it is well done, a "self-consistent 
field calculation of an atomic or molecular structure in the 
Hartree-Fock scheme generally gives a good answer; but even 
if the calculation is done exactly within the scheme the cal¬ 
culated energy differs from the true energy. A part of the 
discrepancy lies in the neglect of relativistic effects, which 
might be very large for inner-shell electrons possessing a high 
kinetic energy; but even when this is allowed for there remains 
a discrepancy. The magnitude of this residual difference Is the 
correfation energy^ and its presence reflects the approximations 
inherent to the Hartree-Fock scheme. A basic approximation 
of the Hartree-Fock scheme is the neglect of the focaf distor* 
tion of the distribution of electrons, and the averaging of its 
effect over the whole orbital: instead of an electron's orbital 
being distorted in the vicinity of another electron, the whole 
orbital is modified in an averaged way (Fig. C3). Therefore 
the scheme neglects local electron-electron effects^it neglects 
electron correlations. 

The effect of the neglect of correlations is to cause the 
calculated molecular potential-energy curve (see “Born- 
Oppenheimer approximation) to lie above the true curve. 
Nevertheless, the true shape is approximately reproduced, 
except that it is too narrow in the region around The minimum 
(the equilibrium bond length). The minimum of the Hartree- 
Fock curve occurs at about the same position of the true 
curve. Thus the equilibrium geometries are quite well predicted 







FIG. C3, ta) The actual distortion and (b) Lhe Hartree-Fock pretence* 


if correlation effects are neglected, but the '^orce-constants, 
and hence the molecular vibration frequencies, are exagger¬ 
ated. 

Questions. Even the best Hartree-Fock calculation does not 
give the exact electronic energy of an atom or molecule: what 
are the reasons? What is the correlation energy, and why is it 
so called? How must the Hartree-Fock scheme be improved In 
order to regain more accurate results? If a molecular potential- 
energy curve IS calculated on the basis of the Hartree-Fock 
scheme, in what way should it be expected that the equilib¬ 
rium bond lengths and vibration frequencies will differ from 
their actual values? Would you expect the neglect of corre¬ 
lation effects to be more or less important as the bond between 
two atoms lengthens? What features would you think of incor¬ 
porating into a wavefunction of the helium atom in order to 
reflect the tendency of the electrons to remain apart? 

Further mformation. A simple account of the methods that 
are employed to deal with the calculation of atomic and mole¬ 
cular structures, and the role of correlation effects, is con¬ 
tained in Richards and Horsley {1970) and in McGlynn, 
Vanquickenborne, Kinoshita, and Carroll (1972). For some of 
the ways the problem has been tackled, see Pauncz (1969), 
Berry (1966), Sfnanoglu (1961), Clement] [1965), and 
Sinanoglu and Brueckner (1970)* 
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correspondence principle. At large ^quantum numbers the 
mean motion of a system becomes identical with its motion 
calculated on the basis of classical mechanics. 

The principle implies that the rules of quantum mechanics 
contain the structure of classical mechanics when the fine 
details of the situation are ignored. An example of its appli* 
cation is provided by the construction of a *wave packet to 
represent the motion of a free particle when the energy or 
momentum is only coarsely specified: the packet moves 
along the same trajectory that the same mass point would have 
in classical mechanics. But as the energy becomes more 
precisely specified, so that fewer quantum states contribute to 
its representation, the distribution becomes less classical and 
more quantaL Another example is provided by the Planck 
distribution of energy in a '’black-body radiator: as Planck's 
constant dwindles to zero (in a hypothetical classical world) 
the energy distribution becomes that of a classical system and 
agrees with the Rayleigh-Jeans distribution law. Likewise, the 
momentum of a "photon [a light quantum) is transmitted to 
the object that absorbs or reflects It; and when a sufficiently 
large number of photons is involved this Impulse is interpreted 
as the steady radiation pressure of classical electromagnetic 
theory. 

The correspondence principle was of profound Importance 
In the early days of quantum theory for it acted as a guide 
through the exciting gloom of those days: any calculation 
based on quantum theory had to correspond to a classical 
result in all details when sufficiently large quantum numbers 
were involved and quantum fluctuations ignored. As an 
example of this kind of development we may consider the 
radiation emitted by an harmonically oscillating electron: the 
existence of an array of equally-spaced quantized energy levels 
in a ^harmonic oscillator suggests that a very wide range of 
frequencies could be emitted because of the indefinitely large 
number of different energy separations that may be obtained. 
Nevertheless, a classical oscillator, to which the quantum 
harmonic oscillator must correspond, emits only a single 
frequency, that of its natural classical motion. In order to 
reproduce this result it is necessary to impose restrictions at 
the quantum level on the transitions that can occur; thus the 
correspondence principle leads to the ^selection rule that an 
oscillator may make a transition only to a neighbouring level. 
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Such rules emerge naturally from the later quantum mechanics 
but even there the correspondence limit is often a very good 
check on the validity of a calculation. Finally it should be 
noted that purely quantum phenomena disappear in the 
correpondence limit; in particular, all effects due to "spin are 
eliminated. 

Further information. Various classical limits of quantum 
situations are discussed in MQM Chapter 3. For an historical 
perspective and an account of the way the principle was used to 
disentangle the old and discover the new quantum theory see 
Jammer (1966). Applications of the principle are described in 
Kemble (1958) and Kramers (1964). 

Coriolis interaction. The CoHolls interaction is the inter- 
action between the rotation and vibration of a molecule. 

Think first of a diatomic molecule rotating about an axis 
perpendicular to its rnternuclear axis. If we regard it as a 
classical problem we may imagine the bond lengthening and 
shortening as it vibrates, and this vibration changes the 
moment of inertia of the molecule. 'Angular momentum is 
conserved for the molecule, and so for the same angular 
momentum, but smaller moment of inertia /, in order to 
preserve the product foj it is necessary for the angular velocity 
CO to increase. Conversely, as the bond lengthens and the 
moment of inertia increases, the angular velocity must fall in 
order to conserve the angular momentum. Therefore the 
rotation accelerates and decelerates as the bond vibrates. {This 
is the same mechanism whereby managing directors on ro¬ 
tating chairs, and ice skaters, speed or slow their rotational 
motion.) This picture shows that there is an interdependence 
between the rotation and the vibration of a molecule, and it 
may appear in modifications of the spectral lines, 

An important application of the Coriolis interaction is 
encountered in the case of a vibrating, rotating, linear, tri- 
atomic molecule. There are four mormal modes of vibration 
of this molecule; one is a symmetric stretch In which both 
A—B bonds vibrate in phase, another (named is the 
asymmetric stretch in which as one A^B bond shortens the 
other lengthens, and the other two are the bending motions 
which may occur in two perpendicular planes {see “normal 
modes for pictures). Consider the effect of the vibration 


FIG, C 4 . The asymmetnc stretch (labelled 1^2! the molecular 
rotation interact and induce a bending vibration In the plane ot 
rotation* 



interacting with the rotation by the Coriolis mechanism 
{Fig. C4). As one A—B bond shrinks there is a tendency for 
that half of the molecule to speed up; therefore that bond 
tends to bend forward relative to the rest of the molecule. 
Meanwhile the other bond is getting longer, and the Coriolis 
interaction requires that half of the molecule to decelerate; 
therefore it tends to lag behind in the rotation of the molecule. 
The net effect is that the molecule tends to bend in the plane 
of the rotation. But having got this far the stretching motion is 
at the end of its swing, and it begins to swing back: the long 
bond shortens and the short lengthens. The Coriolis interaction 
comes into operation and the faster rotating bond becomes the 
laggard and vice versa. This induces the molecule to bend the 
other way. The net effect of the continuing process is that 
the bending vibration is stimulated by the combined anti¬ 
symmetric stretch and the rotation of the molecule. This 
means that the two vibrations are not independent and that 











the effect of the Coriolis interaction has been to mix different 
vibrations together. This appears in the spectrum as fi-type 
xloubling, 

Questfons. What is the Coriolis interaction? Why is it able to 
cause an interaction between the vibrational and rotational 
motion of a molecule? Discuss the changes brought about by 
the change in the moment of inertia of a molecule by virtue of 
the latter's vibration on the angular speed, frequency, 
momentum, and rotational energy of the molecule. Discuss the 
effect of the Coriolis interaction on the vibrations of a linear 
triatomic molecule. What is it unable to mix? What is the 
consequence of the mixing on the spectrum? Apply the same 
reasoning to a planar triangular molecule of the form AB3. 
Which vibrations of this molecule is the rotation able to mix? 
Consider the effect of rotations about the axis perpendicular 
to the plane, and about an axis in the plane of the molecule. 
What other manifestations of the Coriolis force can be ob¬ 
served m macroscopic phenomena? 

Further information. See MQM Chapter 10, The classical basis 
of the Coriolis interaction, which is concerned with the way 
mechanical systems behave in rotating axis systems [rotating 
frames] will be found in §4.9 of Goldstein (1950), Appli¬ 
cations to spectroscopy will be found in King (19641, 

Herzberg (1945, 1966), Sugden and Kenney (1965), Wilson, 
Declus, and Cross (1955), and Townes and Schawlow (1955), 

A helpful theoretical discussion is to be found in Allen and 
Cross (1963), 

Coulomb integral. The Coulomb integral is the contribution 
of the classical electrostatic interaction between charge dis¬ 
tributions to the total energy of an atom or molecule; although 
there are some frills which must be added to this basic de¬ 
scription. 

In atoms the frills are fewer and we deal with them first. 
Consider an electron distributed in an “atomic orbital ^ : 
knowing the mathematical form of the orbitals we are able to 
say that in the small volume element dr^ surrounding the 
point the probability of finding the electron is 1 ^ (rJPdri; 
therefore the charge in that region Isdoi = 

o 

Another electron present in the atom may occupy the orbital 
by the same argument the charge in some little volume 
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element dTj surrounding the point ™ Pdr 2 . 

If the charges tkji and are separated by a distance r |2 the 
potential energy of their interaction comes from the expression 
for the Coulomb potential, namely dgidgf 2 / 4 ^ 60 ^ 12 * It follows 
that the two charges at and T 2 will give a contribution of 
this form to the total energy of the atom. The total contri¬ 
bution to the energy can be obtained by summing over alt the 
volume elements dTi and dr 2 , or, since these are infinitesimal 
volume elements, by integrating over them. The procedure leads 
to the Coulomb integral J as illustrated in Fig. C5a, As the 
charges are the same, J is positive, and so leads to an increase 
in the energy of the atom. This means, of course, that the 
Coulomb interaction is repulsive. The frills to tack on to this 
description are concerned with the intrinsic tendency of 
electrons to correlate their motion: the correction to the 
Coulomb energy arising from this effect is termed the 
'Exchange energy. 



b 


c 




FIG, C 5 , The corjtributioris to the Coulomb jmegral (a) in an atom, 
ibj in the VB theory of a diatomic moiecule, and (cl in MO theory of 
the same. Arrows likerepresent attractive interaction, and 
repulsive. 











46 


crystal-field theory 


In molecules the situation is complicated by the variety of 
interactions possible when several nuclei are present. It is 
further complicated by the existence of two different de¬ 
scriptions of the chemical bond: the ‘^molecular-orbital and 
the ‘faience-bond theories. Nevertheless, in each one the term 
'Coulomb integral' signifies the type of energy that arises by 
virtue of the classical electrostatic interaction between charges. 

the \fa/ence-bondmethod the Coulomb integral is 
composed of three parts: the electrostatic repulsion between 
the two nuclei in the bond, the repulsion between the charge 
distributions on the two nuclei, and the attraction between the 
charge distribution on one nucleus and the opposite charge of 
the other nucleus {see Fig. C5b). This integral is also called 
but we note that it may be negative if the last of the three 
contributions exceeds the others. It too must be corrected to 
allow for electron exchange: details are given under ‘“valence- 
bond. 

In the mofecufar-orbftai method the Coulomb integral, 
which especially in the *Huckel method is often denoted a, 
generally consists of four parts. The first is the energy of the 
electron as if it were in an orbitaf of the isolated atom {this 
therefore contains the attraction of the electron to its own 
nucleus, its repulsion from the other electrons on the atoms, 
and its kinetic energy); the second is the nucleus-nucleus 
repulsion in the bond; the third is the electrostatic attraction 
between the charge distribution and the neighbouring nucleus; 
and the fourth is the repulsion of the electrons on the two 
nuclei. These interactions are illustrated in Fig. C5c and dis¬ 
cussed further in the entry on Tnolecular-orbital theory. It too 
must be corrected for “exchange interactions. 

The feature common to all these Coulomb integrals is the 
way they select, from all the interactions within the molecule, 
the ones that would be selected on a simple classical electro¬ 
static picture of the interactions; they ignore the way that the 
“spin of the electrons correlates their motion. 

Questfons. What is meant by the expression 'Coulomb 
integral'? How does the Coulomb integral appear in the theory 
of atoms; present a simple argument on the basis of the 
expected electrostatic interactions, and demonstrate how the 
expression emerges from the proper “hamiltontan for the 
energy of a many-electron atom. Express the energy of the 


helium atom in terms of the Coulomb integral J. Can J (for 
atoms) ever be negative? What additional complications are 
there in molecules? What are the components of the 
electrostatic energy in the valence-bond description of a 
chemical bond between two atoms? What are the correspond-' 
Ing contributions in the molecular-orbital description of the 
same bond? What features are common to both? What 
features are unique to each? May the molecular Coulomb 
integrals be negative? What would that signify? What additional 
contributions to the Coulomb integral might be expected when 
a molecLite containing more than two nuclei is being con¬ 
sidered? What is the maximum number of different atomic 
orbitals that need be considered inside a Coulomb integral? 

further Mormatfan. See MOM Chapters 8 and 9 for the role 
of the Coulomb integral in atomic-and molecular-structyre 
calculations. See also Coulson A helpful account of 

the calculation of Coulomb integrals will be found in McGlynn, 
Vanquickenborne, Kinoshita, and Carroll (1972). Applications 
to the determination of molecular structure will be found 
there and also in Richards and Horsley (1970), See the entries 
on “exchange energy, “spin correlation, “self-consistent fields, 
and the “molecular-orbital and “valence-bond theories. 

crystal-field theory. The five d-orbitals of a free transition* 
metal ion are “degenerate (have the same energy), but when 
the ion is complexed the ligands remove the spherical 
symmetry of the atom and replace it by a field of lower 
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FIG. G6, The effect of an octahedrcit crystal field on the energy of an 
electron m the d-orbitaEs of the central atom. 
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FIG. C7, The competition between spin-pairing and lODf? leading to 
low-spin or high-spin completes. 




symmetry. The immediate environment of the ion may be 
octahedral, tetrahedral, and so on. The ligands may be 
regarded as a source of electrical potential, the crystal ffefd, 
and the d-orbital energies adjust accordingly. In an octahedral 
complex the d^^ and d ^ 2 ^''tiitals point directly towards 

the ligands (Fig. C6), whereas the other three d-orbitals point 
in mutally equivalent directions between them. It follows that 
the former pair possess one energy and the latter trio a differ¬ 
ent energy, and so the degeneracy of the orbitals has been 
removed. The energy separation is conventionally called IOD 0 * 
Electrons may be fed into the array of atomic orbitals so 
formed, and the structure, spectra, stability, and magnetic 
properties of the complex discussed on the basis of the ^aufbau 
process. The competition that governs the configuration of an 
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ion in a complex is between the tendency of the electrons to 
enter the lowest-energy orbitals, which^ more than three can 
do only if their spins pair, and the tendency for electrons to 
enter a set of orbitals with parallel spins (■‘Hund rules). Which 
tendency wins is governed largely by the separation of the two 
sets of orbitals, and therefore by the strength of the crystal 
field, A h/gh-spln complex results when the tendency not to 
pair wins, and a iow-spin compfex results when the electrons 
achieve lowest energy by pairing and entering the low-lying 
orbitals (Fig, C7), 

The crystal-field theory is an approximation because it 
supposes that the energy of ligand-metal bonding is due 
solely to electrostatic effects, and ignores both the covalent 
nature of the bonding and the role that TTbonding might be 
expected to play: these deficiencies are repaired in the 
broader '^ligand-field theory. Nevertheless, the crystal-field 
theory is successful in so far as it expresses the importance of 
the symmetry of the complex in determining the electric, 
magnetic, and chemical properties, and provides a simple rule 
for predictions of these properties. 

Further information. See MQM Chapter 9 for a more detailed 
account. An introduction to the idea of the crystal field is 
provided by Earnshaw and Harrington in The chemistry of the 
transition elements (OCS 13}. A pleasing introduction to 
crystal-field theory Is provided by Orgel (1960), developed by 
Ballhausen (1962), and consummated by Griffith (1964), See 
'^ligand field for further directions. 





















de Broglie relation. According to the de Broglie relation a 
particle travelling with a linear momentum p has associated 
with it a wavelength X = /?/p. As the particle's momentum 
increases the associated wavelength decreases. The relation can 
be understood in terms of the interpretation of the ’wave- 
function of the particle, and the connexion between the 
function's curvature and the particle's “kinetic energy. As the 
kinetic energy of the particle increases, the curvature of its 
wavefunction increases; but increasing curvature implies that 
the wave swings from positive to negative amplitude more 
often in a given length; its wavelength decreases. But the 
kinetic energy is proportional to the square of the momentum, 
and so the inverse relation between momentum and wave¬ 
length emerges. 

A more direct demonstration of the quantum-mechanical 
basis of the de Broglie relation is to observe that the wave- 
function for a particle with “momentum/? = kh is exp(i^x). If 
this is written as CQ${27^x/h)+Winl27px/h} it can be seen 
immediately that the function corresponds to a superposition 
of real waves each with wavelength h/p^ 

Questions. What is the de Broglie relation? How can it be 
justified quantum mechanically? Why does the wavelength of a 
particle decrease as its momentum increases? How could the 
existence of the de Broglie wave be demonstrated experimen¬ 
tally? Calculate the de Broglie wavelength for the following 
particles: an electron accelerated from rest by a potential of 
10 V, T kV, 100 kV; a proton travelling at 1 km , 

1000 km s"^; a mass of 1 g travelling at 100 km ; a car of 
mass 1500 kg travelling at 50 km h"^ Which of these species 


would be expected to show pronounced quantum-mechanica! 
behaviour? 

Further information. See Feynman, Leighton, and Sands 
(1963} and Chapter 3 of Bohm (1951). For an account of the 
de Broglie relation by two students of de Broglie, and an 
account of the way that some people are attempting to inter¬ 
pret it, see Andrade e Silva and Lochak (1969). A pleasing 
account of de Broglie's contribution to quantum theory is 
given in §5.3 of Jammer (19661. 

degeneracy. When two or more different “wavefunctions of a 
system correspond to the same energy they are said to be 
degenerate. Thus the three np^orbitals of any free atom con¬ 
stitute a triply degenerate set of functions, and the TT-orbitals 
of diatomic molecules are doubly degenerate. When only one 
wavefunction corresponds to a particular energy the state is 
said to be non-degenerate ('singly degenerate' is sometimes 
used in this case, but this seems to be an illicit extension). 
'Razing the degeneracy' of a state means removing the 
degeneracy (for example, by applying an electric field to an 
atom). 

The degeneracy of a system is related intimately to its 
symmetry, and whenever a wavefunction can be changed into 
another by a “symmetry operation the functions are degener¬ 
ate. Thus rotating a free atom through 90^ about z is a 
symmetry operation, and as it rotates an np^-orbital into an 
np^-orbital these are degenerate* In a similar fashion np^ 
may be generated by rotation about another axis, and so it too 
is degenerate with np^ (and np^). A 3p‘Orbital cannot be 
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generated by rotating a 2p-orbital, and so, according to the 
symmetry definition, they are not degenerate in atoms^and 
this accords with common sense. 

When two functions correspond to the same energy by a 
numerical coincidence and not by virtue of the existence of a 
symmetry operation they are said to be acddentally degener* 
ate. As an example, it is possible that the 2s0* and the 2p7r 
orbitals of some diatomic molecule have the same energy to a 
few significant figures; they are then acctderttally degenerate, 

A widely quoted example of accidental degeneracy is that of 
the ‘^hydrogen atom, in which all the orbitals of a given 
principal quantum number (that is, the ns, np, nd, , ,, orbitals) 
have the same energy; but this is a fallacious example because 
it is possible to find a cunningly hidden symmetry operation 
by which it Is possible to rotate an ns-orbital into an np-orbital, 
etc., and so the degeneracies are true rather than accidental. 
The same 'hidden symmetries' can account for the apparently 
accidental degeneracies of a ^particle in a box whose sides are 
in rational proportion (see Question 2), and all exact 'acciden¬ 
tal' degeneracies can be explained in terms of a deeper scrutiny 
of the symmetry of the system. 

Questions. 1, When does a degenerate state occur? How is 
degeneracy related to the symmetry of a system? What is 
accidental degeneracy? How many-fold degenerate are the 
ground states of the sodium atom and the boron atom (neglect 
spin-orbit coupling)? What is the degeneracy of the '‘hydrogen 
atom when the electron occupies a state with principal 
quantum number 1, 2, nl What is the degeneracy of the spin 
state of an electron in zero magnetic field, and what is its 
degeneracy when the field is applied? What can be said about 
the degeneracy of an electron in the d-shell of a transition- 
metal ion when an octahedral ligand field is present? Discuss 
the last problem by symmetry arguments. 

Z Take the energy levels for a “particle in a two-dimensional 
rectangular well (Box "15 on p. 166) and consider the case 
where the sides are equal. Show that the lowest energy state is 
non-degenerate, and that the next-highest state is doubly 
degenerate. Show that the two wavefunctions for the first 
excited state can be interrelated by a rotation of the square 
through a right-angfe. Can any of the states be triply degener¬ 
ate? Can any state of a cubic box be triply degenerate? IMow 
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let the well have sides a and ca, where c is a rational number: 
find some degenerate states. Are these truly degenerate or 
accidentally degenerate? Is there a hidden symmetry? What 
happens when c is irrational? 

Further Information. The best way of discussing degenerate 
situations is in terms of “group theory : see MOM Chapter 5, 
Cotton (1963), Bishop (1973), and McIntosh (1971), Fora 
discussion of the hydrogen atom degeneracy see MQM 
Chapter 3, Englefield 11972), McIntosh (1971), and Bander 
and Itrykson (1966). The razing of degeneracy is the basis of 
the crystal-field description of transition-metal ions; therefore 
read Earnshaw and Harrington's The chemistry of the 
transition eiemen ts (OCS 13) , O rge I (1960), Bal I hau se n 
(1962), and Griffith [1964), Accidental degeneracy Is dis¬ 
cussed in detail by McIntosh (1958, 1971), 

density matrix. In elementary applications of quantum 
mechanics calculations are based on the "wavefunction yj/; but 
whenever an actual observable is calculated one encounters 
formulae which involve the wavefunction as its square 
or in a bilinear combination of the form ; see, for 
example, “expectation value or ^transition probability. Why 
not set up a formulation of quantum mechanics that deals with 
the bilinear combinations directly rather than introduc- 
ing them only when an observable is being calculated? Further¬ 
more, the absolute phase of the wavefunction is immaterial, 
for if both and are multiplied by the arbitrary phase 
factor expi0 the product \p^ remains unchanged, and so all 
observables are independent of the absolute phase; it appears 
that in dealing with the wavefunction one is carrying around a 
piece of useless information. The final preliminary point to 
make is that the state of a system is only very rarely pure: 
normally an actual system has to be treated as a statistically 
large collection of sub-systems, and the result of an experiment 
is determined by some average {actually one of the ensembfe 
averages of statistical mechanics) of the products yp* \p ;this 

—i— fn n 

statistical average we denote yp^ yp^, and interpret the averaged 
product as the r?, m element of a matrix, the density matrix p. 
The “matrix of elements p , which are by definition yp*yp , 
should contain all the information about the system: it carries 
ali the pertinent information of the wavefunction, and all the 
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information about the role of the statistical averaging. It is 
not difficult to find an equation of motion of the density 
matrix (corresponding to the “Schrodinger equation for the 
wavefunction), but it is often quite difficult to solve. Never¬ 
theless, powerful methods exist for dealing vvith the density 
matrix, and it is a common way of performing calculations 
dealing with the time-evolution of complex systems, 

Further mformathn. For a gentle introduction, see Chapter 
5.4 of Stichter (1963). Then see Chapter 4 of Ziman (1969), 
Chapter 1.8 of Roman (1965), and Fano (1957). For 
applications to molecular and atomic structure, see (VlcWeeny 
and Sutcliffe (1969). 


dipole moment, A positive (-Fq) and a negative (—qr) 
charge separated by a distance R constitutes an electric dipole 
moment y. — qR. On a molecular scale a separation of the 
order of 1 A (0-1 nm) is a typical magnitude, and the charge 
of the electron a typical charge [4-80 X 10'*® e.s.u-, 

T60 X 10^*®C); therefore molecular dipole moments should be 
expected to have a magnitude of approximately 10 "*® e.s.u. cm 
(3*3 X 10"^ C m). Dipoles do indeed have this size in many 
systems, and so the unit debye (ID = 10 “^® e.s.u, cm, 

3*3 X 10 C m)is frequently used when magnitudes are 
quoted. Some typical molecular dipole moments are listed in 
Table 6 , A dipole moment is a directed quantity because at 
one end is a positive charge and at the other a negative; in 
order to denote the direction of the dipole in a molecule the 
convention is employed of representing it by an arrow with 
the head at the negative end: -F —. Expressions for the 
energy of a dipole when it is in an electric field, and related 
information, are recorded in Box 5. 

The vectorial nature of electric dipole moments Is taken 
into account when the overall moment of a substituted mole¬ 
cule is considered: with each group can be associated a 
directed dipole moment of a magnitude which to a good ap¬ 
proximation is reasonably independent of the nature of the 
rest of the molecule. The resultant of the vectorial addition of 
the dipole moments for all such groups in the molecule yields 
the overall dipole moment. In this way it is easy to appreciate 
that the dipole moments of chlorobenzene and the o% m-, and 


BOX 5: Dipole-moment formulae 

Energy of a dlpote ju in an electric field E 

^ = —jLt.E = “juE cos 0. 

Electric field at a point R due to dipoie at origin 

R is a unit vector along R: R= R//?. 

Energy of Interaction of two dipoies {general case} 

S = - ( 4 ^^ ^ [Ml -Mj - 3pi M.fi2 ] 

R is the vector from Pi to 
Energy of interaction of two parailei dipoies 

^ ^ ^ P 1 M 2 (1 “ 3cos 0) 

R makes an angle 8 with Pi (and 

Mean dipole moment of freely rotating polar molecule in a 
field E (Langevin function) 

ip)=^p£llj£/k-n 

I 

X (x| = coth X ^ xt the Langevin function 
<ju>-ju^{£/3^71 kT>pE. 

Molar orientation polarization (Langevin-Debye equation) 

p is the density, a the polarizability, e the relative 
permittivity, M is the molecular weight. 


p-dichlorobenzenes are 1.70 D, 2.25 D, 1.48 D, and zero 
respectively (Fig. D1). 

The computation of electric dipole moments is a surpris¬ 
ingly complicated business, and its success depends critically 
on the accuracy of the molecular wavefunctions. The difficulty 
can be appreciated by considering the simplest possible 
approach to their calculation. In this the electron charge 
density on each atom in the molecule, plus the positive nuclear 
charge of the atom, may be represented as a point charge at 
each nucleus. It is then simply a matter of computing the 















FJG. D1. Vectorial addition of dipole moments illustrated for 1,2- 
dichlorobenzene. The experimental moment is 2'25 D, 



-^qe 



FIG, D 2 . Contributions to the dipole moment of H2O: faj point 
charge, (bj asymmetry dipole, (cl atomic (hybridization} dipole. 
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dipole moment of an array of point charges, distributed 
according to the molecular geometry, point charge model 
(Fig. D2a) gives bad results because it 1$ a poor approximation 
to assume that all the electronic charge is located at an array of 
points. One factor omitted is the asymmetry dipole. This arises 
from the charge distortion due to the ‘^overlap of orbitals of 
unequal size. Consider the case when an occupied orbital is 
formed from the overlap of a large p-orbital on one atom and 
a small s-orbital on another. The region of maximum overlap 
lies closer to the small atom, and so instead of it being reason¬ 
able to regard the charge as residing on one atomic nucleus or 
the other, there is a considerable accumulation of charge in 
the overlap region close to the smaller atom (Fig. D2b): the 
asymmetry dipole moment is the contribution to the overall 
moment of this extra charge distribution. It is by no means 
negligible, for It may amount to about 1 D, Another major 
contribution Is the atomic dipole, which is also called the 
hybridization dipole and which arises, as the latter name 
suggests, when an electron occupies a ^hybridized atomic 
orbital. When this is so the centroid of electronic charge on an 
atom no longer necessarily coincides with the centre of nuclear 
charge (Fig, D2c), This separation of charge centroids Is 
especially important when the hybridized orbital Is a ‘^lone 
pair, and the atomic asymmetry it is responsible for Is 
reflected in a contribution to the total dipole moment of the 
order of 1 D. The contributions to the total moment of the 
water molecule are illustrated in Fig, D2, 

Methods of measuring molecular dipole moments include 
the "Stark effect in molecular spectroscopy and the measure¬ 
ment of the dielectric constant (electric relative permittivity) 
of solutions (see "polarizability), 

Questions. 1, What does a nonwanishing dipole moment rep¬ 
resent m a molecule? Why is the debye a convenient unit to 
use? Why does a molecule with a centre of symmetry possess 
no dipole moment? From Table 6 estimate the dipole moments 
for 0 -, m-, andp-dibromobenzene. What are the deficiencies 
of the point-charge model? What is the asymmetry dipole? 

What is its direction? What is the atomic dipole? 

2. The energy of a dipole in an electric field f is determined 
by —p*E, Calculate the energy (in J and in J mol”^) required 
to reverse the orientation of a dipole of magnitude 
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1 D{3*3 X 10 ^ C nn) 10 a field of 100 V itT*, Which orieo- 
tatioo has the lowest energy? Consider a dipole moment on a 
freely rotating molecule; set up the Boltzmann distribution for 
the orientation of the molecule in an electric field, and show 
that the mean dipole moment does not vanish* (In fact, show 
that the mean dipole moment is given by the Langevin 
function {Box 5)*) Show that at low applied fields (how low?) 
the mean dipole moment is inversely proportional to kT. Cal¬ 
culate the degree of ordering, and the energy of the optimum 
configuration, when a polar molecule is in the vicinity of an 
ion* Choose several separations for the species, which may be 
taken to be water and the sodium ion. 

Further information. See Coulson {1961), and Chapter 10 of 
McGlynn, Vanquickenborne, Kinoshita, and Carroll (1972) for 
a thorough discussion and examples of calculations, and also 
§8,10* See also Streitweiser (1961) for accounts of the 
computation of dipole moments for organic molecules. Tables 
of moments, their determination and use are given by Smyth 
(1955), Smith (1955), Sutton (1955), IVlcClellan (1963), 
and Minkin, Osipov, and Zhdanov (1970). See §15.18 of 
Moore (1972), and Gasser and Richards' Entropy and energy 
levels (OCS 19) for a simple deduction of the Langevin 
expression* Wheatley (196S) gives a simple introduction to the 
determination and application of dipole moments* The energy 
of interaction between two dipoles, the mean orientation 
poiarization [the dipole moment of a collection of freely 
rotating molecules in the presence of an electric field, as 
determined by the Langevin function), and related information 
are given in Box 5. See '^polarizability for related concepts. 

Dirac 6C)uation. The Dirac equation describes the behaviour 
of an electron in a way that combines the requtremerits of 
quantum mechanics with the requirements of relativity* The 
trouble with the Schrodinger equation is that it is unsym- 
metrical in space and time (it contains first derivatives with 
respect to time and second derivatives with respect to space)* 
One way out would be to find an equation which had second* 
order time derivatives; but the unfortunate quality of the 
solutions of such an equation (which was proposed by 
Schrodinger and named after Klein and Gordon) is that the 
total probability of the particle being anywhere in the 


universe is predicted to be a function of time; and so the 
equation allows the number of particles in the universe to vary. 
At the time this seemed unacceptable, and Dirac repaired it by 
keeping the equation first-order in time, and, like Procrustes, 
forcing the space derivatives to be first derivatives too* He 
could not do this arbitrarily, and the conditions he was forced 
to impose led him to conclude that he had to deal with wave- 
functions with four components. Two components corre¬ 
sponded to an embarrassing negative energy, but, instead of 
forgetting the whole thing, Dirac had sufficient confidence to 
propose that all the negative energy states were filled up 
throughout the universe and that we experience only the extra 
particles added to the overlying positive energy solutions* How 
satisfying it was then when it was shown experimentally to be 
possible to excite the particles out of their negative energy 
states, leaving a hole* Such a hole will have a positive charge 
and positive mass, and is referred to as the positron (e*)* It 
was then shown by Dirac that the two positive-energy sol* 
utions had the same energy, but that when a magnetic field 
was applied this degeneracy was removed, one level rose and 
the other dropped. This can be interpreted in terms of the 
electron having a magnetic moment that can take two orien¬ 
tations; in other words it is a particle with '^spin ** The 
magnitude of the splitting was characteristic of a charged 
Spin-^ particle, but with a moment twice as large as would 
be anticipated on the basis of a classical model of a spinning 
charge. Thus the anomalous ^g-value of the electron emerges as 
a natural consequence of the Dirac equation* 

Furdier information. Drrac (1958), of course* A simple 
account of the construction of the Dirac equation is given by 
Moss (1973) and by Bjorken and Dreil (1964); see also 
Landau and Lifshitz (1958a), Schiff (1968), Messiah (1961), 
and Schweber (1961) for accounts of increasing sophistication. 
See the Dirac Festschrift, edited by Salem and Wigner (1972), 
for recent developments. 

dispersion forces* The induced-dipole—induced-dipole con¬ 
tribution to the van der Waals "intermolecular force is the 
London dispersion force. It rs a kind of self-gene rating boot¬ 
strap force, and arises by virtue of the correlation of fluctu¬ 
ations in the electron-density distribution of neighbouring 





molecules. The fluctuation in the electron density on molecule 
A causes »t to possess instantaneously a dipole moment {if it is 
a polar molecule the fluctuation makes an extra ephemeral 
contribution to the permanent diF>ofe), This instantaneous 
dipoie polarizes the electrons on a neighbouring molecule; the 
accumulation of electrons on molecule A drives the electrons 
from the neighbouring region of B and so induces there, as in 
Fig. D3, a region of positive charge. Likewise, the region of 
relative positive charge on A matches the region of negative 
charge it induces in B, Such a correlation of charge dis¬ 
tributions lowers the energy and corresponds to a binding 
force. Note thaf it is essential that there be a correlation 
between the charge fluctuations, for otherwise the effect 
would disappear. 




^fcnocfion 


driving ^ response) 
fluctuation 


FIG. D3. The induced-dipole—mduced-dipole (dispersion) interaction. 


The dispersion energy has a characteristic R~^ dependence 
{which is reflected in the Lennard-Jones 6-, t2*"intermolecular 
potential) whose source is easy to detect in the model: the 
field arising from the initial dipole on A has an R~^ depen¬ 
dence {see Box 6), and the return interaction, where the dipole 
on B interacts with the dipole already on A, contributes 
another The interaction energy also depends upon the 
■^polarizability of the molecules, for it is a measure both of 
the ease with which an electric field may distort the molecule 
and of the extent of its charge fluctuations. The energy of 
interaction of two spherical molecules separated by a distance 
R and with polarizabilities and and ionization potentials 
I^ and /g is given by the London dispersion formula, quoted 
In Box 6, Its magnitude is of the order of a few kJ mof*, The 
^ionization potential enters the formula because the extent of 
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BOX 6: Dispersion energy between spherical molecules 
Energy of interacthn of a and b separated by Ri 

X [d{a)o7,.d(a)mo][d(b)on-d(b)noJ' 
where A = (f " £ ) + (£„ ~ £ ). the excitation 

fitn iTi Q a n o ^ 

energies of a and b, 

the transition dipole of a, 

don {b) - /dTi//o(b)di/^^(b), the transition dipole of b, 
London formula 

where a is the polarizability of the atom and / is its 
ionization potentraL 

if a is in cubic Angstroms, R In Angstroms, and / in elec- 
tronvolts, 

&{R) -(\ 

\32-n^J\ J \n3) + /mj 

3 / 327 ^ - 0 - 0095 . 


Retardation. When RA/hc > 1 


/ 23hc \ / ajaWbA 
\647r^e^/ \ /?’' / ■ 


fluctuation depends on the ease with which a molecule can be 
excited. 

At great distances the dispersion formula falls on account 
of the time it takes the information that a fluctuation has 
occurred to travel between the atoms: this Is the retardation 
effect. When R is large (/? A a typical molecular 

excitation energy) the dependence Is replaced by and 
the interaction falls off more rapidly that the London formula 
predicts. 

Questions. What are the dispersion forces, and how do they 
arise? What is the dependence on the separation of the mole¬ 
cules? Why does the interaction energy depend on the 
polarizability of the molecules? On what other properties does 
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it depend? What does the distance^dependence become at large 
distances, and what Is the change due to? Why are hydro¬ 
carbons volatile? Why does 1 2 dissolve readily in liquid 
ammonia? Why is It difficult to liquefy helium? 

Further information. See MQM Chapter 11 for the deduction 
of the quantum-mechanical expression for the dispersion 
interactions, and of the London formula. See also Kauzmann 
(1957), Chapter 18 of Eyring, Walter, and Kimball (1944), 

Chu (1967), § 111 of the book of Hirschfeider, Curtiss, and 
Bird (1954). A brief survey has been given by Longuet-Higgins 
(1965); see also Rowlinson (1969) and Curtiss (1967). The 
subject of intermolecular forces Is reviewed under that 
heading, and more references will be found there* 

doubling. In a spectrum 'doubling' refers to a situation in 
which the “degeneracy of a level is removed by some hitherto 
neglected interaction; each two-fold degenerate level is split 
into two distinct nondegenerate levels—hence 'doubling'* The 
doubting shows up m the spectrum either as an actual doubling 
of the number of lines, when other states can make transitions 




FIG* D 4 , Different types of doubling in a spectrum: (a) the origlnahv 
degenerate level combines with one level; (b) the originally degenerate 
level combines with two different levels. Unperturbed levels are in 
black, perturbed levels are in colour. 




FIG. D 5 . A'doubling; the mechanism In a diatomic molecule. 

to the now separated levels (Fig. D4a), or there occurs a situ¬ 
ation in which some states combine with (which means make 
transitions to) only one of the components of the doublet, and 
others combine with the other component (Fig* 04b). 

An example of doubling in atomic spectroscopy is the *fine 
structure in the spectra of the alkali metals. Take sodium as an 
example, and consider an excited configuration in which the 
valence electron occupies a Sp-orbital, then drops down into 
the Ss-orbltal, and In the process emits the characteristic 
yellow sodium light (589 nm). Close inspection of the 
spectrum shows that the yellow light is slightly impure, for it 
consists of two components, one at 588*99 nm and the other 
at 589*59 nm; this splitting can be ascribed to a doubling of 
the excited-state levels. More details will be found under “fine 
structure; but, briefly, the excited state is ^P, this has two 
“levels ^Pi/2 snd ^^ 3 / 2 * which are degenerate in the absence of 
spin-orbit coupling but differ in energy when the coupling Is 
taken into account. Transitions from these two levels to the 
ground state ^j /2 yield the two spectral lines separated by 
17‘2 cm"^ 

An example of doubling in molecular spectroscopy is 
Ardoubiing (lambda doubling) in which the rotation of a 
linear molecule removes the degeneracy of the two components 
of a n “term (or, less importantly, of a A or a $term). It is 
possible to identify the interaction responsible by considering 
3 diatomic molecule in which a single valence electron occupies 
a TT-orbital. In Fig, D5 we illustrate the situation in which the 
electron occupies either the orbital or the orbital 7f, where 












































the superscript is based on the behaviour of the sign of the 
orbitafs when they are reflected In the plane of molecular 
rotation. If the electrons were able to follow the rotation of 
the nuclei exactly, with no lag or slip, the two TT-orbitals 
would have precisely the same energy; this Is well-known to be 
the case when a static molecule is considered, as in the usual 
discussion of bonding theory. But the electrons do not follow 
the motion of the nuclei exactly {see "electron slip and the 
"Born-Oppenheimer approximation), and there Isa tendency 
for the electrons to lag behind the nuclei. In the case of tT the 
lag has virtually no effect, for to the lowest approximation the 
nuclei slide a little forward in the orbital's nodal plane and so 
remain surrounded by roughly the same electron density as In 
the static case. But the nuclei slide from the vertical nodal 
plane of TT^ into a region of non-zero electron density, and so 
It is entirely plausible that the energy of tt^ is modified by the 
rotation. It follows that the two orbitals move apart In energy 
and that the energy separation, or doubling, depends on the 
rate of rotation* 

The effect of A-doubling on a spectrum may be seen by 
considering the n-otationai structure of an "electronic trans¬ 
ition in which a diatomic molecule changes from a £ state to a 
n state, (For the technical, we are considering the transition 
^ n-<— ^ 2*,) The A-doubling of the upper State is illustrated 
in Fig. D6: the separation of the components of the state 
increases with Totational quantum number J according to the 
rule^jy -f 1), where g is a constant. Transitions of the P- and 
R- "branches of the spectrum are allowed to take place from 
the rotational states of the lower electronic state to only one 
of the components (the one labelled +) of the upper electronic 
state, but the Q-branch transitions may take place only to the 
other component. From an analysis of the shift of the Q- 
branch from the centre of the P- and R-branches it is possible 
to extract the value of the parameter q (see Questions) and to 
relate this value to the separation of electronic states in the 
molecule. 

Two other examples of doubling are important. The first is 
9.-v/pe doublingt in which the degeneracy of a bending vi¬ 
brational level of a linear triatomic molecule is removed by 
the effects of molecular rotation {see "Coriolis interaction). 
The second is vnversion doubling, where the ability of a mole¬ 
cule to invert from one conformation to another doubles its 
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vibrational spectrum. OrdoubUng (omega doubling) is the 
analogue of A-doubling when "Hund's case (c) is the appro¬ 
priate coupling scheme. 

Questions. 1, What is the meaning of the term 'doubling'? 
How does its presence show in the spectrum of an atom or 
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FIG, 06, A-doubling: selfsction rules and spectra, A large A-doubling 
of the upper state has been selected. Compare Fig, BT2, which is based 
on the same parameters. 
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molecule? Discuss the doubling that .arises in the spectra of the 
alkali metals: what is the ImeracTton responsible for the 
doubling; how does the doubling change as the atom is 
changed from Na to Cs; are the “selection rules satisfactory for 
the expianation? If the two lines are at 588.99 nm and 589.59 
nm, what is their separation in cm^^? Deduce a value of the 
spin-orbit coupling parameter of Na from these data. What is 
the origin of A-doubling? Why should the doubling increase 
with rotational quantum number? By inspection of Fig. D5 
deduce that the orbital mixed into the TT^-orbita! by the 
effect of rotation is a cJ-orbital. Is the orbital mixed in a 
bonding or an antibonding orbital? What mixing Is expected in 
the case of an "antibonding TT-orbital? (It should be stressed 
that the actual calculation of A-doubling effects should be 
done on the basis of overall states rather than one-electron 
orbitals.) 

2 . The A-doubling interaction varies as 1); show that in 

the spectrum of a diatomic molecule the R- and P-branches 
correspond to a diatomic moSecuie with a modified rotation 
constant B +b, where B is the true rotational constant, and the 
Q-branch corresponds to a molecule with a different rotational 
constant B+b . Find expressions for b and b in terms of g 
and show how the displacement of the branches may be used 
for the determination of the true B, Construct the first few 
lines of the rotational structure of the electronic transition in 
which a ’2^ molecule changes to ^11; in the lower state take 
B = 6'020 cm"', in the upper 8 = 6-000 cm"', and in the 
upper g — 0-008 cm"'. 

Further fnformstion. See MQM Chapter 10 for a more detailed 
discussion, Whiffen (1972), and Barrow (1962). A detailed 
discussion of A-doubling with worked examples is given in 
Herzberg (1950): see especially pp. 252—5; the basic theory is 
laid down on p. 226. Sugden and Kenney (1966) discuss 
ii'type doubling in § 3.1c, and King {1964) gives a helpful 
discussion of A-doubling In g 6.7,12-type doubling in §9.15, 
and inversion doubling in g 9.17. The detailed algebra of 


A-type doubling is described by Kovacs {1969). See also 
Townes and Schawl ow (1955) . 

duality. Classical physics dealt with waves and with particles, 
and it was quite clear which was which. Quantum mechanics 
introduced the view that matter and radiation have a dual 
character and that either aspect of behaviour may be exhibited 
by the same entity. Thus what for historical reasons had been 
classified as particles showed behaviour that hitherto had been 
characteristic of waves: It was discovered, by Davisson and 
Germer, that crystal lattices could diffract beams of electrons, 
and Thomson showed that the same effect could be brought 
about by passing the beam through a thin gold foil. Conversely, 
it was discovered that what had been classified for historical 
reasons as waves showed behaviour that hitherto had been 
characteristic of particles: both the "Compton effect and the 
"photoelectric effect require the energy or momentum of the 
radiation to move around in localized bundles. The conclusion 
to which one is forced is that 'waves' and 'particles' have been 
so ctassif ted because at the level of the experiments done until 
the beginning of the present century one type of behaviour 
dominated and the other was concealed. Looking more closely 
at each type of entity reveals the duality of their character, 
and so the nature of matter and radiation is neither just one 
nor the other, but a composition of the two. Which aspect 
dominates depends on the experiment; no experiment can 
exhibit both aspects of the duality simultaneously (principle 
of ^complementarity). 

Further mformathn. See Jammer [1966) for the way that the 
idea of duality emerged as a fundamental property of matter, 
and Bohm (1951) for an illuminating discussion. The quantum** 
mechanical basis of duatity may be investigated by dealing 
with “wave packets and studying the role of the ""uncertainty 
principle In limiting our view of Nature. We have mentioned 
the duality of matter and radiation; further aspects will be 
found under “excitons, "phonons, ^^photons, and "polarons. 






eigenfunctions, etc>When some mathematical operation 
(such as multiplication, division, or differentiation) Is done on 
a function the result is generally some different function. Thus 
differentiation of the function yields the different function 
2x. But some combinations of operations and functions are 
such that when the operation is done the same function is 
regenerated, but perhaps multiplied by a number. Thus 
differentiation of the function exp 2 x gives 2exp 2x, which is 
the same function multiplied by the number Z When this 
occurs the function is referred to art an eigenfunction of the 
operator (in this case the differential operator d/dx), and the 
numerical factor (2 in the example) is called the eigenvalue of 
the operator. Figen is the German word meaning 'own' or 
'particular'. 

The Importance of these names in quantum mechanics can 
be recognized by noting that the Schrddinger equation may be 
written as H'ip — where W is a differential operator {the 
“hamlltonian) and }jj is the "wavefunction. This has the form 
of an eigenvalue equation, with the energy E playing the part 
of the eigenvalue and the wavefunction as the eigenfunction. 
The wavefunction represents a state of the system, and so \}l 
is often termed the eigenstate, or, because it also shares some 
properties with vectors, the eigenvector. The result of an 
experiment done on a system in a given eigenstate is the 
eigenvalue of the "operator corresponding to the observation. 

Questions. 1. Define the terms eigenfunction, eigenvalue, 
eigenstate, eigenvector, and eigenvalue equation. Why are these 
terms important in quantum mechanics? If you knew the state 
of a system, and knew the mathematical form of the operation 


corresponding to the observable you wanted to determine, 
how could you predict the result of an experiment? 

2. Which of the following functions are eigenfunctions of the 
operation d/dx: ax, exp ax, exp ax ^, In ax, sin ax? Which 
are eigenfunctions of d^/dx^? The operator corresponding to 
the component of angular momentum about the z-axis is 
(li/i) (d/9 ip}: if you knew that the state of the system is 
described by the function fir, 0)exp ump, what experimental 
result could you predict? What if the state were fir, 0]cos 
Here is a tricky but important question: what is the eigen* 
function of the operation 'multiplication by x'? 

Further information. See MOM Chapter 4 for a discussion of 
operators and eigenvalues. For a deep view of eigenstates and 
an explanation of why they are called eigenvectors see Dirac 
(1958), von Neumann (1955), and Jauch {1968). See Davydov 
(1965) for a helpful summary and examples, including {on 
p, 28) the answer to the final question, 

Einstein A and B coefficients. 'i he rate of an absorptive 

transition between two states is proportional to the density of 
radiation present at the frequency of the transition, and the 
coefficient of proportionality is the Einstein coefficient of 
stimulated absorption B. The rate of emission depends on two 
factors. One contribution is proportional to the energy density 
at the transition frequency, and the coefficient of proportion* 
al ity i s termed Einstein's coefficient of stimulated emission. 
Since it is equal to B it is also denoted B, Another component 
of the transition rate is independent of the amount of radl* 
ation already present and is termed Einstein's coefficient of 
spontaneous emission and denoted A, 
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The necessity for this extra coefficient A stems from the 
equality of the rates of upward and downward stimulated 
transitions: if these stimulated processes were the only ones to 
occur the distribition of populations between the upper and 
lower states would be equal at equilibrium, v^fhereas the 
Boltzmann distribution requires the upper population to be 
less than the lower. The spontaneous emission process comes 
to the rescue because it provides a way of permitting the 
upper states to leak into the lower at a rate independent of 
the radiation already present. Thus if the equilibrium popu¬ 
lation of the upper state is and of the lower is then 
the rate of upward, absorptive, transitions hn_Bf>(V], where 
p{v) is the radiation density at the frequency of the transition 
of energyand the rate of the downward transitions is 
nJBpW) + Equating the two rates at equilibrium, and 

insisting with Boltzmann that n In — exp i-^vlkj). enables us 

+■ — 

to deduce that the equilibrium radiation density must be of the 
form p(i^) = {AfB) [exp Simply looking at this 

expression shows that 4 cannot be zero if the equilibrium 
radiation density is to be non-zero, and so the spontaneous 
process is essential* But one can go even further, and find an 
expression for 4 in terms of B by recognizing that at equilib¬ 
rium the radiation density will be that of a "black-body 
radiator, and therefore that p should be given by the Planck 
distribution. By comparing the expression above with that in 
Box 2 on p* 23 it is easy to deduce that ,4 = Z'nh{vl€)^B. 

An expression for B may be obtained from “time-dependent 
perturbation theory, and for ^electric dipole transitions one 
finds thatB — where d is the magnitude of the 

^electric transition dipole between the two states of interest 

An important conclusion emerges from the expression for 
the ratio A/B, for we see that it increases as the cube of the 
frequency of the transition; therefore the spontaneous 
processes become very important at high frequencies, but can 
be ignored at low frequencies* A consequence of this is the 
inherent difficulty of constructing high-frequency '^lasers, for 
these rely on the co-operative effect of stimulated transitions; 
if the spontaneous processes are too important the excited 
states decay too quickly and do not contribute to the co¬ 
operative laser process. 

Questions. 1, What is the significance of the Einstein B 
coefficient? What is the rate of transition from a ground 


state occupied by N atoms? What is the rate of transition 
from an upper state occupied by atoms? If A were absent, 
show that the equilibrium populations of the upper and lower 
levels are equal and in conflict with the Boltzmann requirement. 
Deduce an expression for the Einstein A coefficient on the basis 
of a Boltzmann distribution of populations, equal rates of 
transition at equilibrium, and the Planck distribution of 
radiation at equilibrium (p. 23). At what frequencies are the 
spontaneous emission processes Important? Confirm that the 
dimensions of B are those of (volume X frequency) per 
(energy X time), and that since the dimensions of p are energy 
per (frequency range X volume) the transition rate comes out 
with the correct dimensions. The dimensions of A should be 
those of time"': check that this is so. 

2* From the Planck distribution (Box 2, p. 23} estimate the 
radiation density of light of wavelength 1 cm (microwave 
radiation) and 500 nm (visible light) emitted by a black body 
at tOOO K; deduce a value of B that corresponds to unit 
^oscillator strength and compute the relative importance of 
the emissive and absorptive processes at equilibrium* 

Further mformathn. See MQM Chapter 7. A discussion of the 
A and B coefficients is given in § 12.8 of Davidson (1962), 
in § 8d of Eyring, Walter and Kimball (1944), in § 7*2 
of Hameka (1965), in Chapter 5 of Heitler (1954), and, 
implicitly, by Dirac (1958), Their importance in the discussion 
of laser radiation processes is reflected in books on laser 
technology; therefore see "laser and references therein. 

electric dipole transition* The most intense transitions of 
atoms and molecules are those caused by the interaction of 
the electric component of an electromagnetic field with the 
electric dipole moment of the system* A simple example is the 
interaction of a permanent dipole moment of some molecule 
with the light beam; when this happens the rotational motion 
of the molecule is accelerated and It makes a transition 
between two "rotational energy levels. Conversely, a rotating 
electric dipole moment behaves like an oscillating electric 
charge, and an electromagnetic wave is generated and trans¬ 
mitted* by the rotating system. The wave carries away energy, 
and so the molecule drops down the ladder of rotational 
energy states* The same kind of electric dipole transitions 
occur in vibrating systems if accompanying the vibration there 




h a net motion of charge. Thus electric dipole transitions can 
be induced In the 'vibrational energy levels of the polar HCf 
molecule because an observer on the side of the molecule will 
see a changing charge distribution as it vibrates. The same 
observer viewing the chlorine molecule (CI 3 ) will detect no 
such change, and so that.mode of the molecule cannot interact 
with the electromagnetic field by an electric dipole mechanism; 
it can neither accept energy by absorption nor generate energy 
in the field and emit. 

Electric dipole transitions may also occur between the 
electronic states of atoms, and once again it is necessary to 
assess whether the transition involves a motion of charge 
which can be interpreted as an oscillation of a dipole. It should 
be clear that s transition from a spherically symmetrical Ts- 
orbital to a spherically symmetrical 2 s"Orbital involves a sym¬ 
metrical redistribition of charge, and so no net dipole moment 
can be associated with the transition. Therefore this transition 
cannot occur via an electric dipole-moment mechanism. If 
however we envisage an s-to-p transition, then a dipole 
can be identified. If the transition is from s to the oscil¬ 
lating dipole lies along the z-axis, and so the emitted radiation 
is transmitted plane-polarized with its electric vector in the 
z-direction (the intensity would appear greatest to a viewer 
stationed in thex/'plane). If the transition is from s to p 
(or p^) the polarization lies in the direction of x [or y), and 
the radiation emerges in a belt largely in the/z (or zx)-plane. 

When transitions are made between orbitals with definite 
values of the '^quantum number the radiation is circularly 
polarized; when decreases by unity the emitted radiation is 
left circularly polarized, and when it increases by unity the 
radiation is right circularly polarized; when is unchanged 
the light is plane polarized. (We use the convention that the 
electric vector of left circularly polarized light rotates anti¬ 
clockwise to the observer towards whom the light is travelling.) 
This behaviour can be understood by considering the trans¬ 
itions s—p; and p^ may be expressed as superpositions of 
states of different and so the radiation emitted is the 
appropriate superposition of the plane polarized radiation 
already described. 

The '^selection rules for electric dipole radiation may be 
understood in terms of the above discussion and also by virtue 
of the “photon's possession of an intrinsic “spin angular 
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momentum. The first view leads to the Laporte sefectfon rule 
which states that the parity of an orbital (see '^gerade and 
ungerade) must change in an electric dipole transition. Thus in 
an s—p transition an even orbital (even with respect to 
inversion through the atomic nucleus) changes to an orbital 
odd under inversion. The same is true of d—p transitions. The 
rule forbids s—s, p—p, and d—d transitions, for with these 
there is associated no transition dipole moment. The existence 
of a photon angular momentum coupled with the principle of 
conservation of angular momentum provides an alternative 
view of the situation, because the labels s, p, and d imply that 
electrons in the orbitals possess different “angular momenta, 
and when a photon is emitted or absorbed the angular 
momentum of the atom must change in order to conserve the 
total momentum. A photon impinging on an s-orbital must 
turn it into a p-orbital, and is unable to turn it into a d-orbital 
because it brings insufficient angular momentum. When an 
incident photon interacts with a p-orbital the final state can be 
either a d-orbital or an s-orbltal, depending on the relative 
orientation of the angular momenta in the collision. 

The connexion between the change in the value of and 
the polarization of the light can also be understood on the 
basis of the photon spin, because left circularly polarized light 
corresponds to one orientation of the photon spin with respect 
to its propagation direction and right circularly polarized light 
corresponds to the opposite projection. Therefore in order to 
conserve the total amount of angular momentum of the total 
system about a particular direction, must change appro¬ 
priately if a photon is absorbed or emitted. If the light 
approaches the atom along the negative z-axis (from z = ^™) 
and is left circularly polarized (spin projection T1 on the 
propagation direction, moving like an^/jt-handed screw) 
when it is absorbed the atom must change from a state to 
if the angular momentum about the z-axis is to be 
conserved. The same argument applies to emission. 

If an optical transition is observed when the preceeding 
rules forbid it, the reason may be that the atom lacks a centre 
of symmetry by virtue of its environment, or there may be a 
coupling between the electronic and vibrational modes: see 
“vibronic transitions. Or h may be that a "magnetic dipole or 
electric quadrupole transition is responsible for the intensity. 
To a very good approximation the electric field of the light 
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cannot interact directly with the spin of an electron, because 
that is an internal mode of motion, and so spin is conserved in 
electric dipole transitions; when that rule fails it is by virtue 
of the spin-orbit coupling interaction. 

Questions. 1. What are the most common and intense optical 
transitions due to? Why is an electromagnetic field able to 
accelerate a rotating molecule? To do so what must the mole¬ 
cule possess? Can an electric dipoJe Transition increase the 
amount of angular momentum about the figure axis (the sym¬ 
metry axis) of a symmetric top molecule (a cylindrical or disc- 
like molecule)? Is the light polarized in rotational electric 
dipole transitions? Under what circumstances can a vibrational 
mode emit or absorb light by electric dipole transitions? Which 
modes of vibration of carbon dioxide are able to interact with 
an electromagnetic field, and which are not? (It might be help¬ 
ful to revise mormal modes and ‘yibrational spectra.) Why is it 
possible to regard the transitions between states of atoms as 
involving an electric dipole moment? What is the name given 
to the moment involved? How is the polarization of the light 
involved in a transition related to the orientationjof the 
electric dipole? Discuss the polarization of the transitions 
s-p^, + where by (p^ +ip^) is meant the 

p-orbital With = +1. Consider the effect of a magnetic 
field on an atom, as in the ^Zeeman effect: discuss the polar¬ 
ization of the light that you would see as your detector, 
sensitive to the three transitions s—^ 
moved over the whole sphere of possible orientations. State 
the Laporte selection rule: how can it be justified and under 
what circumstances will it fail? What role does the spin of a 
photon play in determining which electric dipole transitions 
are allowed? How may such a description be brought into tine 
with the Laporte selection rule? Discuss the polarization of 
the transitions in the preceeding questions in terms of the 
angular momentum of the photon and the conservation of 
total angular momenta. Why may the angular momentum of 
an atom either increase or decrease when a photon is absorbed 
or emitted? If electric dipole transitions forbid a transition, 
what might account For its intensity? 

2. Discuss the sense in which an electric transition dtpole 
moment may be said to oscillate at the frequency of the 
radiation it transmits (the ^correspondence principle requires 


some such sense to exist). Consider the time-dependence of 
the transition dipole moment by expressing the matrix 
element /dr^ , where ^ is the excited state, ^ is the 
ground state of the system, and d is the electric dtpoFe moment 
operator, in terms of the explicit time-dependence of the 
states: that is, write ^ = \jj exp(—i£ f/h). Apply group 
theory {see xharacterf to the matrix element to deduce the 
Laporte selection rule. 

Further Informatfon. See MQM Chapter 8 for a discussion of 
electric dipole transitions. For applications in organic chemis¬ 
try see Murrell [1971) and Sandorfy (1964), and for appli¬ 
cations in Inorganic chemistry, especially in the electronic 
spectra of transition-metal compounds see Orgel (1960), 
Ballhausen (1962), and Griffith (1964). The basis of the 
selection rules is the calculation of transition probabilities by 
time-dependent perturbation theory: therefore see MQM 
Chapter 7, Herzberg (1940), and Eyring, Walter, and Kimball 
(1940). 

electron affinity* The electron affinity of an isolated 
atom is the energy evolved when an electron is brought up 
from infinity and the anion formed. Therefore the electron 
affinity is the difference in energy of the neutral atom and 
its negative ion: E (X) “ £(X)^£(X“). Apositii^e electron 
affinity implies that the anion is more stable than the neutral 
atom. Since an amount of work E (X) must be done on the 

a 

ion X" in order to regain the neutral atom and the infinitely 
separated electron it should be clear that £ (X) is the same as 
the '’Ionization potential /(X“} of the anion: £ {X) — /(X"). 

The determination of electron affinities is often some¬ 
what devious. A direct method Is to measure the ionization 
potential of the anion. The other methods are: 

{1) electron impact. In which one tries to identify the 
appearance potential of the negative ion In the reaction 
XY -he^X“ +Y; 

(2) electron attachment measurements (so-called electron 
affinity spectroscopy); 

(3) polarography; 

(4) application of the Born-Haber cycle for the lattice 
energy of an ionic crystal. 

One application of electron-affinity values is to the construe- 







lion of the Muiliken ^electronegativity scale, and It is of use 
wherever the stability of an anionic species is required. 

Further information. A review of methods for determining 
electron affinities has been written by McDowell (1969), 
Further mformation and tables of affinities wiJI be found in 
Prichard (1953), Vedeneyev, Gurvich, Kondrat'yev, 

Medaredev, and Frankevtch (1966), and Briegleb {1964). For 
applications in chemistry, see Puddephatt's The periodic table 
of the elements {OCS 3) and Phillips and Williams (1965), 

electron slip. Electrons slip not because they are slippery but 
because in a rotating molecule they may be unable to follow 
the rapid motion of the nuclei: electron slip is a manifestation 
of the breakdown of the “Born-Oppenheimer approximation. 
Think of a rotating hydrogen molecule: the electrons may lag 
behind the motion of the nuclei as the nuclear framework 
rotates. That is, the electrons and the nuclear framework have 
slightly different angular momenta. 

There are two important consequences of electron slip. The 
first is that the distinction between o and ii orbitals (and 
between 2 and R states) becomes blurred: this is manifest in 
the electronic spectra of linear molecules as Artype °doubiing. 
The other consequence is that alt molecules possess a magnetic 
moment by virtue of their rotation: this is the molecular 
magnetic moment This moment can be traced to the different 
rates of rotation of the positively-charged nuclear framework 
and the negatively-charged electron cloud of the molecule. 
There is a net current, and therefore a net magnetic moment 
All molecules possess such a moment when they rotate, and the 
magnitude of the moment increases with the Totational 
quantum number*/. 

Further information. See MOM Chapter 10 for a more detailed 
account of the way that electron slip mixes 2 and R states, 
and "doubling for a picture; for a quantitative treatment see 
King (1962), Herzberg (1950), and Kovacs (1969). For mole- 
cular magnetic moments see ‘^-value, §11,6 of Townes and 
Schawlow (1955) and p, 299 of Herzberg (1950), 

electron spin resonance: a synopsis. The electron spin 
resonance (e.s.r.) experiment is the observation of the energy 
required to reverse the direction of an electron "spin in the 
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presence of a magnetic field. The electron possesses a 
^magnetic moment by virtue of its spin, and in the presence 
of an applied field the two permitted orientations (a and |3) 
have different energies (in a field of 3 kG the ii*state lies 
0-3 cm“* above the jJstate), An electron can be induced to 
reverse its orientation (make a transition from iS to ft) if 
electromagnetic radiation of the appropriate frequency is 
applied, and in a 3 kG magnetic field the 0^3 cm*' radiation 
(wavelength 3 cm, frequency 9 GHz) lies In the microwave 
region of the spectrum. The apparatus therefore consists of a 
magnet capable of providing a homogeneous field in the 
vicinity of 3 kG, a source of 3 cm microwaves (a klystron), 
and a device for detecting whether the incident radiation is 
absorbed, The e.s.r. experiment is performed by maintaining a 
constant microwave frequency and sweeping the applied field 
until the incident radiation is absorbed (Fig, El): at this field 
the separation between the a and orientations exactly 
matches (is in *^resonance with) the radiation frequency. The 



FIG. El. The electron spin resonance transition, and the resulting 
spectrum. 
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sample, which must be paramagnetic, may be a solid, a liquid, 
or [more rarely) a gas. 

Three principal pieces of information emerge from the 
experiment: 

1. The position of the spectrum. The magnetic field experi* 
enced by the electron might differ from the applied field 
because the latter is able to induce local fields. For a given 
microwave frequency the resonance condition will be attained 
at the same iocai field, and therefore at slightly different 
applied fields in different species. If the microwave frequency 
is V, so that each photon carries the energy hP, and the applied 
field is B, the resonance condition is gp^B — hp, where ^ is a 
factor (which, by lack of inspiration, is called the "'^-factor) 
which takes into account the possibility that the local field is 
not exactly equal to B, Measuring the position of the spectrum 



FIG, E2, The source of hyperfme splitting in u radical containing one 
spin->& nucleus (denoted by the larger circle}. 


freb 






FIG, E3, A typical electron spin resonance spectrum of a radical [with 
one spied nucleus} trapped in a crystal. Two orientations of the crystal 
are shown: note that the centre of the spectrum shifts (p anisotropic} 
and the splittings change (anisotropic hyperfine interactions), 

enables g to be determined, and as^ depends on the electronic 
structure of the paramagnetic species some deductions may be 
made about it. In organic and inorganic radicalsIs most use¬ 
ful for the identification of the species: wider variations in its 
value are found in transition-metal ions, and there it can give 
useful structural information, particularly about the separation 
of energy levels and the spread of electrons on to ligands.^ 
may be anisotropic, in which case the position of the spectrum 
depends on the orientation of the paramagnetic species {when 
it is trapped in a crystal, and the crystal rotated, the resonance 
position changes), 

2, The hyperfine structure of the spectrum. Generally the 
spectrum does not consist of a single line: the structure ob¬ 
served is due to the '"hyperfine interaction of the electron and 
any magnetic nuclei present, A magnetic nucleus (such as a 
proton) gives rise to a local magnetic field, which, depending 
on the relative orientation of the nuclear spin and the applied 
field, can increase or decrease the local field experienced by 







































the electron spin. This implies that radicals with different 
nuclear spin orientations resonate at different applied magnetic 
fields, and the spectrum from a large collection of radicals con¬ 
sists of lines at all these applied fields (Fig. E2). For example, 

N radicals each containing one proton will constitute a sample 
consisting of \n radicals with proton spins aligned along the 
magnetic field and jAf proton spins aligned against it. The 
electrons in the first set of radicals experience one local field 
and resonate at the appropriate applied frequency^ and the 
electrons m the other set resonate at another applied field. The 
spectrum therefore consists of two lines separated by several 
gauss: this ^hyperfine splitting {hT.sJ may be interpreted in 
terms of the probability that the unpaired electron will be 
found in the vicinity of the magnetic nucleus in question, and 
so a study of the h.f.s. enables the electron distribution to be 
mapped over the molecule. The h,f,s. has both isotropic and 
anisotropic components (see Fig, E3): the former is due to the 
“Fermi contact interaction and is characteristic of s-orbital 
character of the electron, the latter Is due to the dipole-dipole 
interaction and is characteristic of p-orbital ciiaracter. Therefore 



FIG. E4. A typical solution electron spin resonance spectrum (of 
benzene^l, and its Interpretation, 
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FIG, E5. The spin-polarization mechanism In CH, 


a Study of the angular dependence of the h,f.s, yields infor¬ 
mation on the ^hybridization of the unpaired electron's orbital, 
and this can be used to discuss the shape of the radical {the 
methyl radical, for instance, is shown to be planar). In fluid 
solution only the isotropic hj.s. is observed (see, for example, 
Fig, E4), and a principal application is its use to map spin 
density in organic radicals. In aromatic radicals the h,f,s, is due 
to a spin-polarization mechanism along a C—H bond, as illus¬ 
trated in Fig, E5. The TT-electron (with, we choose, Of-spin) 
causes the a-spin in the C—H (j-bond to be predominantly In 
its vicinity (electrons prefer to be parallel in atoms: see the 
'^Hund rules) so that the j3-spin predominates in the vicinity of 
the proton. Therefore, although in the bond the spins are 
paired, the proton sees predominantly one spin, and there is a 
net interaction. 

3. 77?^ shBpe of the spectra! lines. The shape of the lines 
depends on the type of motion that the radicals undergo, for 
it is determined by relaxation processes. Two types of relax¬ 
ation process may be distinguished: the spin-lattice and the 
spln-^ln. The former arises by virtue of the motion of the 
radical giving rise to fluctuating magnetic fields at the unpaired 
electron; if these fluctuations happen to have a component 
that oscillates at the transition frequency, then a transition can 
be induced. The lifetime of the upper state is shortened, and, 
by what passes for the ‘^uncertainty principle, the energy of 
the state is blurred. This spin-lattice relaxation process is 
feeble when the motion of the jitterbugging molecule is slow 
(because there are no oscillations in the fluctuating field with 
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mo bill fy of lodicals 


FJG, E6. The dependence of the relaxation time on the rapidity of 
molecular motion. 


the correct frequency 10*® passes through a maximum 
when a typical time scale for molecular motion Is 10“and 
then declines in extremely mobile liquids when many of the 
fluctuations occur at very high frequencies (Fig. E6}* The 
lifetime of the spin state Is called Ti, the spin-fattice re/axation 
time, or the iongitudina! relaxation time. The longer Ti the 
narrower the line. 

The other relaxation process is the spin-spin process: in a 
fluid but viscous solution each radical is in a particular mag¬ 
netic environment or at a particular orientation, and so the 
local fields are all slightly different; consequently the radicals 
resonate at slightly different applied fields, and the spectrum 
is a collection of broadened lines. As the motion of the mole¬ 
cules increases the differences in the magnetic environments, 
or the anisotropic interactions, are averaged out, and the lines 
narrow. The effect of this broadening process is characterized 
by the spin-spin relaxation time, or the transverse relaxation 
time, 7'3;the longer the narrower the line. The broadening 
effect disappears as the radical mobility increases (by raising 
the temperature or reducing the viscosity). 


Note that only reduces the number of radicals in the 
upper spin state, and so only it is a true energy relaxation 
mechanism (the direction of energy flovv, which is out of the 
spin system and into the lattice, or environment, is determined 
by the thermodynamics of the system: the entropy increases 
for heat flow out of the small spin system into the virtually 
infinite lattice). The T 2 process is a different kind of relax¬ 
ation process: it relaxes the relative phase of the precessing 
electron spins (Fig. E7). 

A study of the line widths and saturation behaviour (the 
reduction of intensity at high microwave powers as a result of 
the equalization of the a and jS populations) of the spectrum 
gives information about the motion of molecules in liquids, 
because details of the rapidity of the motion can be inferred 
from the shape of the lines. Information can also be obtained 
about the rate of chemical processes, for example tautomer* 
ism, because these also modulate the environment of the 
electron spins. 

Further information. See Magnetic resonance by Me La u chi an 
(OCS 1) for a simple account of the principles and applications. 



FIG. E7. The relaxation processes characterised by T| and T^. 





















See also Lynden^Beil and Harris (1969), Carrington and 
McLauchlan (1967), Wertz and Bolton (1972), Slichter (1963), 
Abragamand Bleaney (1970) for general accounts* instrumen¬ 
tation is described by Poole (1967). The application of e.s.r, to 
organic systems is described in some of these and in Ayscough 
(1967); the application to inorganic, non-transition-metal 
systems is described in Atkins and Symons (1967); the appli¬ 
cation to transition-metal ions is described by Carrington and 
McLachSan (1967), Wertz and Bolton (1972), Slichter (1963), 
calculation of the ^-factor for simple systems is outlined in 
MQM Chapter 11, so too is the source of the hyperf ine 
structure. See also Memory (1968), Relaxation processes are 
described by Carrington and McLachlan (1967), Poole and 
Farach (1971), and Stand ley and Vaughan (1968); and a 
collection of important papers has been published by 
Manenkov and Orbach (1966). Detailed theoretical exposition 
will be found in Muus and Atkins (1972), 


electronegativity. The electronegativity of an element in a 
molecule is the measure of its power to attract electrons; the 
greater its electronegativity the greater its drawing power. Two 
definitions of electronegativity are in general use and are due 
to the efforts and insight of Pauling and Mulliken. 

The Pauling electronegativity scale is based on the lowering 
of the calculated energy of a diatomic molecule when ionic 
structures are admitted into its description. Suppose the 
energy of the molecule AB is truly ^(AB) but that a calcu¬ 
lation based only on purely covalent structures yielded 
f (AB), the ionic ^resonance would be £. (AB) = 

ctiv ion 

f(AB) — Pauling found that the square root of 

fj^^{AB) could be set proportional to the difference of two 
numbers, one characteristic of the element A and the other of 
B, and that the expression ’[iFj^^(AB)] ^ I 

was valid for a wide range of combinations* In order to set up 
the scale it is necessary to estimate £^^(AB): Pauling proposed 
that a reasonable approximation would be the mean of the 
energies of the molecules A 2 and This was justified by the 
view that they are manifestly nonpolar and that the energies 
of A^, AB, and B 2 should form a simple sequence if polar 
structures in AB are omitted* Pauling used both an arithmetic 
mean and a geometric mean to set up his table (see Table 7), 
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Having set up the electronegativity scale it is possible to 
deduce a number of molecular properties* First, one can use it 
to estimate bond er^ergies if the A 2 and 82 bond energies are 
known; this rs just a reversal of its definition, but energies 
may be predicted of molecules other than those used to 
construct the scale* Next one may use it to predict the 
fonicfty of a bond (the percentage ionic character), and for a 
scale expressed in electronvolts the lonicity is given by the 
expression 16lx^ — 3'5lx^ — X^P, From the percent¬ 
age ionic character it is possible to give a rough estimate of the 
"dipole moment if the bond length is known. 

The other scale, that due to Mulliken, is rather more funda- 
mental, for Instead of defining it in terms of unmeasurable 
but estimable quantities he defines it as the mean of the 
ionization potential and the ^electron affinity of the atom, 
and both these quantities are measurable. Thus the Mulliken 
scale is based on = i[/(A) + £ (A)], A further advantage 
of this scheme is that it is possible to take into account the 
differences in electronegativities of different orbitals on the 
same atom or the dependence of the electronegativity on its 
state of "hybridization. 

ft is not surprising that the two scales are related: at a 
numerical level it is possible to equate “ Xg with 
2^78 (X^ ^ X^); at a deeper level it is possible to show that to a 
good approximation the value of £|^^(AB) is determined by 
the energy required to move an electron from A to B, which is 
£^(B) — /(A), and the energy to move it from B to A, which is 
£ (A) ” /(B), and that as in a nonpolar molecule these are 

S 

equal (because neither tendency wins) on rearranging the 
equality in this case of vanishing electronegativity difference 
we find that £ (A) + /(A) is equal to £ (B) + /(B), Conse- 
quently the difference between these quantities should be 
proportional to the difference of the eiectronegativities of the 
two atoms. 

Questions, What does the electronegativity of an element 
measure? Why is it a plausible approximation that £^^^{AB) is 
the mean of £(A 2 ) and £( 82 )? Given that the bond energies of 
the halogens X 2 are 2-17 eV for F 2 , 2-475 eV for Cl 2 * and 
1^971 eV for Br 2 , that the energy of H 2 is 4-4?6 eV, and that 
of O 2 is 5*080 eV, estimate the bond energies of the various 
heteronuclear diatomic molecules that may be formed. 
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Estimate the ionic character of each molecule* Deduce an 
expression for the dipole moment of a diatomic combination 
in terms of the electronegativities of its components. Why 
should you expect poor agreement with experimental values 
(even if you derive a decent expression)? What is the Mulllken 
definition of electronegativity? In what sense is it superior to 
the Pauling scale? On what grounds would you expect the 
Pauling and the Mulliken scales to be related? What molecular 
energy terms are ignored in this argument? 

Further mformatlon. See §5.8 of Coulson {T961) and §2.11 
of Pauling (1960) for a detailed discussion of the role and 
deduction of eiectronegativities. For Mutliken's analysis see 
Mulllken (1934) and Moffitt (1949b), 


electronic spectra of molecules: a synopsis. A natural 
progression into complexity is from the electronic spectra of 
diatomic molecules into polyatomic molecules, then to the 
consideration of chromophores in complex molecules, and 
then to the spectra of molecules in solids. 

The electronic spectrum of a diatomic molecule contains a 
number bands^ each resulting from a transition from the 

ground electronic state (X) into an excited electronic state 
(A, B,. . and the structure of the bands is due to the 
simultaneous excitation of vibration; the intensity of these 
“progressions is determined by the ®Franck‘Condon principle 
and the other “selection rules. On the vibrational structure 
there is a further structure due to the excitation of rotation, 
and P- and R- “branches are generally visible, and Q-branches 
in some cases. Since the moment of inertia is different in the 
two electronic states the branches tend to a head (see 
Fig. B12on p. 31); when the moment of inertia is larger in the 
upper state than in the lower the R-branch, the branch to high 
frequency, has the head. The vibrational lines get closer to high 
energy because the vibrational levels converge towards the 
dissociation limit: the dissociation energy may be determined 
by observing the dissociation limit or by a careful extrapoF 
ation from lower frequencies (a Blrge-Sponer extrapolation is 
often used). In some cases the rotational and vibrational struc¬ 
ture disappears and then reappears before the dissociation 
limit is reached: this is a manifestation of “predissociation. 


From the spectrum may be determined the “force-constants, 
dissociation energy, and “anharmonicity of the electronic 
states of the molecule, and the parameters in the molecular 
potential-energy curves. 

The electronic spectrum of a polyatomic molecule is more 
complicated, but the same principles apply and analogous 
information obtained. The return to the ground state is an 
additional subject of interest in poly atomics, especially when 
the molecule loses its energy by “fluorescence or “phosphor¬ 
escence, in a condensed phase the rotational structure of the 
spectrum is lost, and the vibrational spectrum becomes so 
diffuse that the absorption spectrum is often just a series of 
broad bands. The electronic spectra of transition-metal com¬ 
plexes is of particular importance, and the transitions may 
often be associated with the “crystal-field splitting of the 
d-electronst see “crystal-field theory and digand-field theory. 

In other cases the transition is a charge transfer transition from 
the metal ions to the ligands: see “colour. In organic molecules 
the absorption can often be associated with the presence of a 
chromophore such as the carbonyl group —n electric dipole 

transition) or a double bond transition): see “colour. 

When a molecule is a part of a crystal lattice other effects 
may be observed; one especially important phenomenon is the 
formation of an “exclton, in which the excitation hops 
through the lattice. 

Further information. See MQM Chapter 10 for a discussion of 
molecular electronic spectra. Books that summarize the 
applications of electronic spectra to the study of a molecular 
structure include Barrow (1962), Whiffen (1972), Dixon 
(1965), King (2964), Jaffe and Orchin (1962), Rao (1967), 
Stern and Timmons (1970), Herzberg (1950, 1966), Murrell 
(1971), and Gaydon (1968). Further information about the de¬ 
tailed topics wil [ be found in the appropriate sections. Gaydon 
(1968) is a very good source of information about how to 
interpret electronic spectra of small molecules and how to 
extract potential-energy curves and dissociation energies. 

Murrell (1971) is concerned with larger, organic motecules, 
and discusses individual chromophores and their interaction In 
solids. Herzberg (1950, 1966) is a mine of detailed information, 
and is a brilliant example of the application of theoretical con¬ 
cepts to the detailed examination of molecular properties. 




electronvoltp The electronvoit (eV) is the energy acquired by 
an electron when it is accelerated by a potential difference of 
1 V. Since the charge on the electron is — 1"602 X 10”^^ C the 
energy is equivalent to 1 602 X 10"*^ J or 96'49 kJ mor^. 
Another useful conversion is 1 eV = 8023 cm'^, 

equipartition theorerrip The mean energy of each mode of 
motion of a classical system in thermal equilibrium \%^nkTt 
where n is the number of quadratic terms (of displacement or 
momentum) needed to specify its energy. As an example, the 
energy of an atom in free space arises from its kinetic energy 
which can be expressed as the sum of the three quadratic terms 
and/ 2 m; and so the mean energy of an atom 

X j/ Z 2 

in equilibrium at a temperature T is and 1 mol of 
monatomic gas will have an internal energy l-RT, A molecule 
that can “rotate around three axes will have a mean energy of 
\kT associated with each mode, and so a mean rotational 

* 3 

energy of j/fT* A “harmonic oscillator has an energy 
(p^/ 2 m) + where X is the displacement from equilibrium, 

and so with each oscillatory mode of a body there will be 
associated a mean energy kT because two quadratic terms 
appear in the expression for its vibrational energy. 

The theorem is a deduction from the Boltzmann dis¬ 
tribution for the population of energy levels at thermal equi¬ 
librium, and the assumption that the modes concerned are 
classical. When the modes of motion are quantized the 
theorem fails, and so it is not applicable to the vibration of 
molecules nor to small rotating molecules at low temperatures. 

Questions. 1. State the equipartition theorem. Calculate the 
total mean energy of a diatomic molecule, a linear triatomic 
molecule, a bent triatomic molecule, and methane, on the basis 
that the translational and rotational motion are classical and 
the vibrational motion quantized and not excited. Derive an 
expression for the molar °heat capacity of these species. In 
terms of the equipartition theorem discuss the contribution to 
the total energy and the heat capacity of a methyl group in a 
molecule which at high temperatures is able to rotate freely 
about one axis, and at lower temperatures can execute only 
classical torsional motions about the axis. 

2 . From the Boltzmann distribution at a temperature T show 
that components in the total energy of the form x^ and 
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both contribute an amount 7" to the mean total energy. 

What would happen to the equipartition theorem in the event 
of quartic terms (x^ and ) being involved in the energy? 

X j. 

What effect has “anharmonicity of the form x and x ? 

Further informatfon. This subject is really within the realm of 
statistical mechanics; therefore see Gasser and Richards' 
Entropy and energy /eve/s (DCS T9) for some of its elementary 
applications. See also §7,5 of Reif (1965) for a helpful dis¬ 
cussion with applications and §10.3 of Davidson (t962) for a 
deduction and discussion, §332 of Fowler and Guggenheim 
(1965) and §44 of Landau and Lifshitz (1958/?) are worth 
looking at. See Fowler (1936) and Tolman (1938) for 
erudite discussion. 

equivalent orbital. A molecular orbital is one of a set of 
equivalent orbitals if a “symmetry operation applied to the 
molecule transforms the orbital into another member of the 
set. As an example consider one of the C—H bonds in methane, 
CFI 4 : this is formed from the overlap of an sp^-hybrid orbital 
on the central carbon and a Is-orbital of the hydrogen. If the 
tetrahedral molecule is rotated into another equivalent 
position another of the sp^—Is bonds is rotated into the 
original position. The four o-bonds constitute a set of equiv¬ 
alent orbitals. The concept of equivalent orbitals is closely 
related to “hybridization and “localized orbitals. 

Further information. See Appendix 9.2 of MQM and Chapters 
of Coulson (T961). Further information can be traced through 
“localized orbitals. 

exchange energy. The Coulombic interaction between two 
electron distributions is repulsive, and its magnitude may be 
calculated by dividing both regions into minute charged 
volumes, calculating the Coulomb energy of interaction 
between each of the charged volume elements, and then 
summing over all the elements to obtain the result which we 
shall write./ (see “Coulomb integral). Unfortunately this gives 
the wrong answer because we have omitted the effect of “spin 
correlation, which can cause electrons of the same spin 
orientation to stick together and those of opposite spin to stay 
apart. Thus if the two electrons have the same spin the true 
average repulsion energy will be less than J, because of the 
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Intrinsic tendency of such electrons to avoid each other. The 
correction we should make changes the average repulsion 
energy to J—K, the correction term K being the exchmge 
energy. The name reflects the source of the correction which 
lies in the °Pauli principle and the behaviour of wavefunctions 
when electrons are exchanged. 

Further information. See Chapters 8 and 9 of MQM for a more 
detailed account and examples of the application of the 
concept in atoms and molecules. Good discussions will be 
found in §19.16—19 of Bohm {1951) and §10.89 of Davydov 
{1965), For applications to molecules see Coulson (1961), 
Richards and Horsley (1970), and McGiynn, Vanquickenborne, 
Kinoshita, and Carroll (1970), who give, In Appendix E, a 
guide to the computation of the exchange integrals, 

exciton. Imagine an array of identical nnoiecules in a crystal, 
and let one be excited. This excitation hops from molecule to 
molecule, and slides throaghout the crystal until it decays. The 
excitation moves like a particle, and this notion is conveyed by 
the word exciton, which is the name given to this migrating 
excitation, if we think of the excitation as being caused by the 
removal of an electron from one orbital of a molecule (or atom 
or ion) and its elevation to a higher orbital, then the excited 
state of the molecule can be envisaged as the coexistence of an 
electron and a hole. The hopping of this eiectron-hoiepair 
from molecule to molecule is the migration of the exciton. 
When the electron and the hole jump together from molecule 
to molecule as they migrate we have the tight-binding case, 
and the migrating excitation is a Frenkel exciton. ft is also 
possible for the electron and hole to be on different molecules, 
but in each others vicinity; this is the weak-binding case and 
the migrating excitation, now spread over several molecules 
(more usually ions), is a Wannierexciton. In molecular solids 
the Frenkel exciton is more common, and that will be our 
interest. 

The formation of an exciton affects the spectrum of a 
species in a solid. This should not be surprising, for the mi¬ 
gration of an exciton implies that there is an interaction 
between the species composing the crystal (for otherwise the 
excitation on one unit could not move to another), and this 
interaction should affect their energy levels. The strength of 


the interaction governs the rate at which an exciton moves 
through the crystal; strong interaction implies fast migration; 
vanishing interaction implies that the exciton is localized on its 
original molecule, in which case it is an ordinary excitation of 
an 'isolated' molecule. Exciton formation causes lines to shift, 
split, and change in intensity. The reasons for this we shall 
understand when the mode of interaction between the mole¬ 
cules has been explained. 

An electronic transition in a molecule involves a shift of 
charge (see "transition probability and "electric dipole tran¬ 
sition) , A shifting charge on one molecule exerts a force on a 
neighbour, which can respond with a shift of its charge. This 
process of transition dipole interaction can continue, and the 
excitation can rattle through the crystal {Fig, E8), 

The process can be looked at in a slightly different way by 
considering all possible relative orientations of the transition 
dipole moments of the molecules of the crystal, and then 
seeing what combination a light wave can excite. Let us 
consider a linear array of molecules with transition moments 
perpendicular to the line (the arrows Indicate the effective 
direction of motion of the charge when a molecule is excited). 
On the basis of simple electrostatics the energy of the array 
with all transition dipoles para!lei is higher than any other 
phasing {Fig. E9), and so a transition to this arrangement of 
dipoles throughout the crystal appears at an energy higher 
than the transition to any other arrangement, and indeed 
higher than the transition in the separated molecules. But it is 
only this arrangement that the incident light is able to excite. 
This is because the wavelength of light Is so long in comparison 
with the molecular spacing that its electric field has the same 
phase over a large number of molecules; therefore it stimulates 
a whole domain of transition dipoles to move in phase. This 
means that the presence of the exciton coupling appears in the 
spectrum as a shift of the absorption band to high energy. If 



FIG, E8. An excitation migrating through a crystal as an exciton. 
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FJG» E9* Transition dipoles with various phasings. The atternating 
alignment lies lowest, the parallel (the one excited by incident light) 
lies highest. 


the transition dipole moments were along the line of the mole¬ 
cules we should get the opposite shift; this follows from the 
fact that the in-phase excitation of the transition dipoles gives 
a head-to-tail array, which has a bw energy. 

If there is more than one molecule per unit cell it is possible 
to obtain several lines: N molecules per unit cell give N absorp¬ 
tion tines, or exciton bands. The splitting between the bands is 
the Davydov ^fitting. To see how it arises consider the case 
when N— 2 and the molecules are arranged as shown in 
Fig. ETO, Let the transition dipoles be along the length of the 
molecules. The light field stimulates the in-phase excitation of 
the transition dipoles, but they need be in-phase only in so far 
as neighbouring unit cells are concerned. Within each unit cell 
the transition dipoles may be arrayed as in Fig, ElO a or b, and 
these have different interaction energies. This will appear In 
the spectrum as two bands split by the energy of interaction 
between the transition dipoles within the unit cell. 

Questions. 1, What is Implied by the ternn 'exciton'? What is 
the difference between a Frenkel and a Wannier exciton? 
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Would you expect excitons to contribute to the conduction of 
electricity In the medium? How may excitons be recognized 
spectroscopically? Why is it reasonable to consider only the 
in-phase excitation of transition dipoles? What will happen to 
the spectrum as this approximation fails? Assess the wave¬ 
length at which it might be expected to be seriously in error 
for the 380 nm band of anthracene, 

2, Estimate the interaction energy between two transition 
dipole moments separated by 0,3 nm and each of magnitude 
1 D (3’3X Cm), Suppose the "oscillator strength of the 
transition in the free molecule \sf^ 0^2; estimate the exciton 
shift. What is the source of the Davydov splitting? What is the 
polarization of the split bands? 

Further information. A simple account of the formation of 
molecular excitons will be found In Murrell (1971), who also 
discusses/JKP<^^^^<^^^5^ (the reduction in intensity of absorp¬ 
tion} md hyperchromism (the increase in intensity), (Further 


A 



B 



FIG. E10. Davydov splintng for exciton bands for two molecules per 
unit cell. 
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confusion may be encountered with the hypsochromism, 

which inr\pltes the Jightenmg of a colour, as in dyeing, and its 
opposite, bathochromismf the deepening of a colour.) An 
introduction to the mathematical theory of excitons will be 
found in Craig and Walmsiey (1968) and Kittel (1971), and 
further development is given by Davydov (1962, 1965), 

Oxpectation value. The expectation value of an observable is 
its mean value for the state of the system, and is the mean 
result of a set of experiments designed to determine the value 
of the observable for that state. Thus the expectation value of 
the energy is the mean energy that would be measured in a set 
of suitable experiments on a collection of identical systems; 
the expectation value of the position is the mean position that 
would be measured, and the expectation value of momentum 
or angular momentum rs that mean value. 

If the system is in a purs state with respect to one of the 
observables (in other words the state is an "eigenstate of 
the "operator corresponding to that observable) all identical 
experiments give identical results, and the expectation value is 
the result that would be measured in alt the experiments; such 
results are dispersion free. An example would be the determin¬ 
ation of the energy of an atom or a molecule when it is in a 
definite energy state; it is then in an eigenstate of the energy 
operator for the system, and the expjectation value of this 
operator is the energy that would be measured in all 
experiments. 

Quite often the system is not in a pure state but is better 
described by a "superposition of pure states; performing one 
experiment to measure a property of such a system gives a 
result which can be identified a^one of the eigenvalues of the 
operator corresponding to the property, and the mean result 
of a set of identical results performed on a set of identical 
systems will be the expectation value for the system in that 
state. An example could be the determination of the linear 
momentum of a system which Is described by a "superposition 
of states of different momentum (for example, if the particle 
is described by a "wave packet): if the state with momentum 
/:h occurs in the superposition with weight \c. P then the 

rt * 

experiment will yield the answer ^rh with a probability 1 , 
and will yield other values with a corresponding probability. 


The average of all such measurements is the expectation 
value of the linear momentum, written (p). 

If the state of a system is the expectation value 
of an observable is equal to the integral where 

J2ls the appropriate "operator for the observable, and It is 
supposed that the state is "normalized. Therefore we may 
predict the result of a set of experiments by calculating the 
expectation value by evaluating the integral. But in one 
experiment we can expect to observe the value of the integral 
only if the state is an eigenstate of the operator corre¬ 
sponding to the experiment we are attempting to perform. If it 
IS not an eigenstate, the value of the integral tells us only the ' 
mean value of a large number of experiments; this is the only 
information we are able to calculate, and we are unable to 
predict, except as a probability, precisely what result we shall 
get from a single experiment. 

Questions. What is meant by the expression 'expectation value 
of an observable'? In which sense does it determine the result 
of an experiment? What interpretation should be put on the 
expectation value when the state of interest is a mixture (a 
superposition)? What is meant by a pure state? A beam of light 
Is constituted from two plane-polarized orthogonal com- 
ponents and the resulting beam can be described as the super¬ 
position }jj^ + Cy^j/y, where X and Y refer to the two 
polarization directions. Discuss the result of an experiment 
designed to measure the polarization of the beam. Using the 
expressions in Box 15 on p. 166 calculate the expectation value 
of the kinetic energy and the linear momentum for a "particle 
in a one-dimensional square well, and discuss the results of an 
experiment to confirm the result. 

Furdier information. See MQM Chapter 4 for a discussion of 
operators, observations, and expectation values. See also 
Feynman, Leighton, and Sands (1963), Kauzmann (1951), 
Pauling and Wilson (1935), and Bohm (19,51). For deeper 
discussions of the measurement process see Dirac (1958), 
von Neumann (1955), and Jauch (1968). 

extinction coefficient. The intensity of a beam of light is 
diminished as it passes through an absorbing medium, and 
since the amount each molecule absorbs is proportional to the 




intensity of the light present, the intensity falls exponentially. 
The rate of decay of the intensity is determined by the extinc¬ 
tion coefficient The actual intensity follows the Beer-Lambert 
iaw / = /oexp where /o is the initial intensity, c is the 

mofar concentration of the absorbing species, ^ the path length 
(which by convention is normally expressed in centimetres), 
and e is the extmctton coefffchrrt The extinction coefficient 
depends on the frequency of the incident light, and is often 
written where f is the corresponding wave number in 
cm"', 

The extinction coefficient is a measure of the "transition 
probability at the appropriate frequency, and is therefore a 
measure of the strength of the nransition dipole and the 
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“oscillator strength of a transition, and in turn is related to the 
^Einstein coefficient of stimulated absorption. Molar extinc¬ 
tion coefficients for a few representative materials are 
recorded in Table S. The product is called the (^thaf 

density of the material at that frequency. 

Further information. See MQM Chapter 10, Appendix 10.2 
for the relation of extinction coefficient and oscillator 
strength; for this relation see ^oscillator strength. A discussion 
of the Beer'Lambert law and its applications and limitations 
will be found in Wayne (1970). A compilation of extinction- 
coefficient data and a discussion of its Bnaiytical applications 
are given by Mellon (1950). 
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Fermi contact interaction, A magnetic nucteus and an 
electron may have a magnetic interaction by virtue of their 
contact: this magnetic interaction is the Fermi contact inter¬ 
action, and it is a special case of a "hyperfine interaction. 

But what is the nature of the interaction on 'contact'? It is 
possible to give a variety of explanations, of varying sophist!* 
cation, of the actual mode of interaction; the most pictorial is 
as follows. Consider the magnetic moment of the nucleus as 
arising from the circulation of a current: we replace the 
magnetic moment by an equivalent current loop. At distances 
far from the nucleus the field due to this loop is indistinguish* 
able from the field from a point magnetic dipole; but close to 
the nucleus, or loop, the point-source nature of the field is 
invalid and the magnetic field is characteristic of a circular 



FIG. Fl. An Interpretation of the Fermi contact iniersction: only an 
electron in an s-orbital can penetrate the niicleiis. 


loop of non-vanishing diameter (Fig. FI). Now bring in the 
electron with its spin ^magnetic moment. Far from the nucleus 
it experiences a pure dipolar magnetic field, but if it can pen¬ 
etrate the nucleus it enters a quite different region, where the 
field flows in only one direction. The magnetic interaction 
between this non-dipolar field ar>d the electron's magnetic 
moment is the contact interaction. 

The electron must come into contact with the nucleus if 
the interaction is to operate. Can an electron come into con* 
tact with the nucleus? If it is a p-eiectron, or a d*electon, etc. 
it cannot, because all such orbitals have a mode at the nucleus. 
An S'Orbital has no node at the nucleus, and an electron occu¬ 
pying one has a non-vanishing probability of being at the 
nucleus. It follows that only s-electrons can show a Fermi 
contact interaction. Since s-orbitals are spherically sym* 
metrical it also follows that the interaction should show no 
directional characteristics, and indeed it is found to be 
isotropic. 

How strong is the interaction? A measure of its strength is 
the extra magnetic field that an s-efectron experiences by 
virtue of its interaction with the nucleus. For the Is^orbital in 
the hydrogen atom the contact interaction (of energy 1420 
MHz) is equivalent to a magnetic field of 508 G acting on the 
electron; for an electron in a 2s-orbital of fluorine the field is 
as strong as 17 kG. The inner electrons of heavier elements can 
possess tremendously large interactions, amounting to 
megagauss. Some representative values are listed in Table 9. 

The Fermi contact interaction plays an important role in 
*eiectron spin resonance spectra, because the extra local field 
apf>ears in the spectrum as ‘'hyperfine structure. The contact 
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interaction, being isotropic, does not vanish in fluid media. It 
also plays an important role in muclear magnetic resonance 
because it is a contribution to one of the mechanisms of 
"spin-spin coupling. 

Questions. 1 , What is the Fermi contact interaction? In what 
sense does it depend on the non-vanishing size of the nucleus? 
Why is the contact interaction characteristic of an s^electron? 
Why is the interaction isotropic? Where does the interaction 
play an Important role? 

2. The energy of the Fermi contact interaction is given by the 
expression -^(2 /lCo/3) [ 7 ^ 7 ^ 1 ^(0) P] Ls, where 7 ^^and 7 ^ are 
the magnetogyric ratios of the nucleus and electron respect¬ 
ively (see “magnetic moment), I and s their spins, the 
vacuum permeability, and li//( 0 )l^ the probability that the 
electron is at the nucleus. Show that this interaction has the 
form suggestive of a magnetic field liUo/3) 7 ^^ li//{0}I^ I arising 
from the nucleus and affecting the electron magnetic moment, 
and from the expression for the hydrogen atomic orbitals given 
in Table 15 on p. 275compute the magnetic field (actually the 
magnetic induction) experienced by an electron in a Is- and 
2s*orbital of hydrogen. Repeat the calculation for a selection 
of “Slater-type atomic orbitals for the first-row elements. In 
each case replace I by its maximum projection 

3. An electron in an orbital centred on a neighbouring nucleus 
may have a Fermi contact interaction whatever the nature of 
the orbital, provided the orbital has a non-vanishtng amplitude 
at the nucleus of interest (thus a 2p-orbital on B may have a 
non-zero amplitude at the nucleus of its neighbour A). The 
strength of the interaction is determined by the expression in 
Question 2 but with !^(0)P replaced by )^(R)P, where R is 
the position of the nucleus relative to the nucleus on which 
the orbital Is centred. Calculate the strength of the interaction 
for a proton as it is brought towards the position of another 
proton surrounded by a 1s-electron. Ignore the distortion that 
the second proton induces. 

Further information. See MOM Chapter 11 for a further 
discussion of the interaction. An account of the roie the inter¬ 
action plays wilt be found in MeLauchIan's Magnetic resonance 
[OCS 1 } and in Atkins and Symons {1967), Carrington and 
McLachlan (1967), Slichter (1963), and Abragana and Bleaney 
(1970). Magnitudes of the interaction for a variety of nuclei 
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are given on p, 21 in Atkins and Symons (1967), Calculations 
involving the contact interaction are described by Memory 
(1968) and Freeman and Frankel {1967). The derivation of 
the contact interaction is described in a simple manner in 
MOM Chapter 11 , and performed in §4,5 of Slichter (1963); a 
derivation from the Dirac equation is given in Griffith (1964) 
and Bethe and Salpetre (1957), 

fermion, A fermion is a particle possessing an intrinsic “spin 
angular momentum characterized by a half-integral spin 
quantum number (s or /). Examples include the electron 
(s = i), the proton (/ = j), the neutron (/ = j), the neutrino 
(s = nucleus (/ = |), ‘"C (/ = ^), and *"0 (/ = |). 

Fermions obey the “Pauli exclusion principle, and so no more 
than one can occupy any single quantum state. This has a 
profound influence on their behaviour, and distinguishes them 
sharply from “bosons; any number of which may enter a given 
state, The “Pauli principle requires a wavefunction to be 
“anti symmetrica I under the interchange of any pair of identical 
fermions. 

Further information. See “spin and the “Pauli principle for 
further discussion. The occupatiori restriction of fermions is 
taken into account by Fermi-Dirac statistics when large 
collections are under consideration: these are described by 
Gasser and Richards in Entropy and energy ieveis {OCS 19), in 
Chapter 6 of Davidson (1962), and in §9.7 of Reif (1965), 

fine structure- The fine structure in an atomic spectrum is 
the splitting between different levels (different values of 7 of a 
particular “term). In atomic sodium the energy of ^Pi /2 differs 
from the energy of ^p 5 / 2 r and so the emissions ^?i /2 
and occur at slightly different frequencies (and 

give rise to the two closely-spaced yellow D-lines of the sodium 
spectrum); this is an appearance of fine structure. 

Fine structure is a manifestation of spin-orbit coupling and 
is best introduced by considering a one-electron atom. Suppose 
that the electron in the atom has an orbital angular momentum 
1 : by virtue of its charge it also has a “magnetic moment, 
which by Ampere's law may be considered to be a dipole at 
the centre of the orbit. This magnetic moment gives rise to a 
magnetic field which interacts with the spin magnetic moment 
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of the electron, and the interaction energy depends on the 
relative orientation of the electron's spin and orbital magnetic 
moments. This implies that the energy also depends on the 
relative orientations of the angular momenta I and s (see 
Fig. F2). The fow-energy orientation corresponds to the 
opposition of and and therefore It also corresponds to 
the opposition of 1 and s; consequently the lower value of the 
total angular momentum j (i ^ 1 T s) corresponds to the lower 
energy. 



FIG. F2. The magnetic mter&ciion resulting in fine structure. A high 
total angular momemum corresponds to a parallel alignment of 
moments, and therefore to a high energy. 

We see that different values of / {and of J in many-electron 
atoms) correspond to different energies by virtue of the 
magnetic spin-orbit interaction. This Is the basis of the third 
’Hund rule: when an electron shell is less than half full, low 
values of J have lower energy than high values of J (the 
opposite is true when the shell is more than half full). “Terms 
In which high-/ levels have higher energies than low-/ levels 
are called regular; when low-/ levels lie highest the term is 
Inverted. Since a term with several j values (for example, a 
term which has the two levels ^Pi /2 and is called a 

“multiplet term, we arrive at the names my/f/p/ef and 

inverted multiplet. 


Within a given multiplet the spacing of the levels obeys the 
Lande interval rah which states that the energy interval be^ 
tween pairs of adjacent levels is in the ratio of the /-values of 
the upper level of each pair. Thus the ratio of the P 3 — Pi 
interval to the ^Pj —^Po interval is 2 : 1 . 

As the spin-orbit coupling increases with atomic number we 
both expect and observe the fine structure to be very import¬ 
ant in heavy atoms. 

Further Information. The fine structure is discussed in more 
detail in MQM Chapter 8 . See especially §tll A.5 of Kuhn 
(1962), where the mathematics is developed in a simple way; 
atoms more complex than hydrogen conform to the same 
principles, and are discussed by the same author In §111 D.3 
and Chapter V. See especially Chapter 2 of Herrberg (1940). 
Discussions of the multiplet structure and fine structure of 
atoms is also described in detail by Woodgate (1970), Condon 
and Shortiey (1963), Griffith (1964), and Shore and Menzel 
(1968). 


fine-Structure constant* The fine-structure constant is a 
measure of the strength of interaction between a charged 
particle and the electromagnetic field: it is given by the 
expression a. = e~fAne^hc; it is dimensionless and has the 
numerical value 1/137-03602, or approximately 1/137. The 
smallness of this number is of great importance, for it 
determines the size of atoms and the stability of matter. If 
Qi were much larger the distinction between matter and radi¬ 
ation would be much less clear; if it were much smaller, matter 
would have virtually no electromagnetic interactions. 

These considerations can be elucidated by considering how 
the fine-structure constant (that is, the strength of the coupling 
between charged matter and the electromagnetic field) deter¬ 
mines the size of atoms and the magnitude of some of their 
properties. Consider an atom of radius r in which the potential 
energy of the electron is of the order of Ze^lAl^e^r, it is tempt¬ 
ing to express this in terms of a, and falling into temptation we 
obtain Zcrfic/n The kinetic energy of the atom is of the order 
of ; if we use the "uncertainty principle to assess the 

order of magnitude of this term on the basis of an electron 
being confined to a region of radius r we may use p^hlr. This 
enables the total energy to be expressed in terms of the 











parameter r, roughly the size of the atom, and to seek r by 
minimizing the total energy {finding the value of r for which 
df/dr = 0). The answer we get is r^\ fZa^ where is the 
“Compton wavelength of the electron (A- — h/cm 
2*4 X 10^“ m)* This shows that the size of an atom is roughly 
this characteristic 'size' of an electron times 137, It is 
interesting to note that the '’Bohr radius can be expressed as 
A-Mtto, or as rjoc^t where r is the classical radius of the 
electron. If the interaction strength were much less the atom 
would be much larger, and tf Of were much larger, and com¬ 
parable to the analogous coupling constant for the nucleon 
interaction (the 'strong interaction" as opposed to the electro¬ 
magnetic interaction), then atoms would be of roughly the 
same size as their nuclei. The minimum energy can be found 
by substituting the size of the atom back into the energy 
expression, and rather pleasingly we find ): this 

IS pleasing because m c is the relativistic expression for the 

rest energy of a particle of mass m , and so the energy of an 

6 

atom is of the order of /137^ of this value. This is a small 
proportion when Z is small, but it may approach unity as Z 
gets large (tn heavy atoms). This implies that ordinary non- 
relativist ic quantum mechanics is good for light atoms, but 
fails progressively through the periodic table. Another amusing 
deduction is the order of magnitude of the velocity of an 
electron in an atom or molecule: simple consideration of the 
energy expression (see Questions) gives the answer v'^Zac: 
since o; is so small, electrons move at non-relativistic velocities 
except in the case of heavy atoms. Another place where the 
fine-structure constant enters is in the magnitude of the *spin- 
orbit coupling which determines the ^'fine structure of spectra: 
in hydrogen-like atoms the strength of this interaction is pro¬ 
portional where R is the Rydberg constant, and it is 

from this relation that o: gets its name. 

The stability of atoms Is determined at several levels by the 
small size of oc. One important role played is the way that the 
transition probability for "electric dipole radiation (essentially 
a mechanism whereby an atom emits or absorbs a photon) 
depends on <x: an analysis of the situation shows that an elec¬ 
tron has to oscillate about MctiaZ]^ times before it is virtually 
certain to emit a photon: this accounts for the moderate 
stability of the excited states of atoms end molecules. The 
probability that two photons are thrown off by an excited 
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atom is of the order of the square of the probability that one 
will be emitted, and so this process is of very low probability 
and is indeed only rarely observed. But matter can also decay 
into radiation: matter can be annihilated and appear as 
electromagnetic energy. The probability of an electron dis¬ 
appearing in this fashion is proportional to its strength of 
coupling to the electromagnetic fields, and varies as a. Put 
another way, an electron spends o of its time as electro¬ 
magnetic radiation. Fortunately ec is small; if it were closer to 
unity, matter and radiation would be indistinguishable. 

Questions. 1. Of what is the fine-structure constant a measure? 
What would be the consequences of it being zero? Evaluate 
its magnitude from the values of the fundamental constants, 
and confirm that it is dimensionless. What features of atomic 
and molecular structure does it determine? Express the spin- 
orbit coupling parameter, the "Bohr radius, the 'Rydberg 
constant, and the "Einstein coefficients in terms of a, and 
attempt to Interpret the form of the expressions. Carry through 
the calculation of the hydrogen-atom energy as described in 
the text: find the lowest energy as a function of atomic size r, 
the size of the atom in this case, and the velocity of the elec¬ 
tron (from the kinetic energy). 

Further information. A very good and quite simple account 
of the way that the fine-structure constant determines the 
magnitude of atomic properties is given in Chapter 1 of 
Thirring (1958), 

fluorescence. Light when absorbed by a molecule may be 
degraded into thermal motion or it may be re-irradiated. Light 
emitted from an excited molecule is fluorescence ot phos¬ 
phorescence, The two types of radiation may be distinguished 
by the mechanism that generates them and, more ambiguousiy, 
by the general observation that fluorescence ceases as soon as 
the exciting source is removed, whereas phosphorescence may 
persist. See "phosphorescence for an account of its mechanism. 

The mechanism of fluorescence is illustrated in Fig. F3. The 
incident light excites a ground-state molecule into a state which 
we shall label Si; assuming the ground state is a "singlet state 
(all electrons are normally paired in molecules) and we are 
interested in a strong initial absorption, the upper state is also 
a singlet. The molecule is also excited vibrationalty during the 
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F!G. F3. The processes (ceding to fluorescence, and the 'mirror*image* 
relation of the absorption and fluorescence spectra, rvtote the shift of 
the latter to longer wavelengths. 


transition (see “Franck-Condon principle). Collisions with the 
surrounding medium, which may be a gas, a solvent, or a solid 
lattice, induce vibrational transitions because the surrounding 
molecules may be able to carry away the moderately small 
amounts of vibrational energy of the molecule, and so to lower 
it down the ladder of vibrational states In the upper electronic 
state. When the molecule has reached its lowest vibrational 
state two things may occur* One is that the solvent may be 
able to carry away the electronic energy and so deactivate the 
molecule: this the solvent may do if it has an energy level that 
matches the energy of the excited molecule, for there may 
then be a “resonant transfer of radiation to the solvent, which 
then fritters away its excitation into thermal motion. An 
alternative mode of decay, and the one that concerns u$ at 
present, is the fluorescent decay of the excited electronic state: 
the molecule deactivates by emitting a photon and falling back 
into the lower electronic state. This emitted tight is the 
fluorescence. 

Whether or not fluorescence appears depends on compe¬ 
tition between the radiationless deactivation, involving energy 
transfer to the surrounding medium, and the radiative emission. 


In a gas a molecule receives about 10^^ collisions per second, 
and in a liquid the continuous jostling by the solvent amounts 
to about collisions per second. Observed lifetimes 

of fluorescent radiation are of the order of 10~\ and so in a 
gas we have to consider the effectiveness of about 100 
collisions, and in a solvent 10"^—10^ collisions. If the 
collisions are strong in the sense that they are effective in 
absorbing energy then the molecule will be deactivated by the 
radiationless processes, especially when the molecules are in a 
liquid. If the collisions are unable to extract much energy, 
then even in a solvent they may be able to lower the elec¬ 
tronically excited molecule down only the vibrational ladder, 
and they will be unable to extract an electronic excitation 
energy. In this case the radiation decay dominates and the 
molecule fluoresces. 

Two characteristics of the fluorescence should be noted. 

The first is that the fluorescence should appear at lower 
frequency than the incident light. This may be seen im¬ 
mediately from Fig, F3, which shows that the energy of the 
emitted photon differs from that absorbed by the amount of 
vibrational energy lost to the surrounding medium. Therefore 
we might expect objects irradiated with blue or ultraviolet 
light to fluoresce more in the red. Bright-red fluorescent 
clothing is a part of the modern scene, and a manifestation of 
this effect. The second point is that there may be vibrational 
structure in the spectrum of the fluorescent light: this 
vibrational structure is a “progression formed by the decay of 
the ground vibrational state of the upper electronic level into 
different vibrational levels of the lower electronic level. Its 
study can provide information about the “force-constant of 
the molecule in its ground state, and this is in contrast to 
normal electronic spectra which provide information about the 
stiffness of the bonds in the upper electronic level, (t follows 
that the absorption spectrum and the fluorescence spectrum of 
a molecule should resemble each other: this is normally ex¬ 
pressed by saying that one is the *mirror image' of the other 
{see Fig. F3); but that description should not be taken 
literally, because the vibrational splittings and intensities are 
not quite the same, 

A number of details may be added to this basic description. 
The first is that the initial absorption might not take place to 
the lowest excited singlet state of the molecule. In this case an 





















interna! conversion occurs in which the higher singlets S 2 , S 3 , 
etc, are induced, by a collision, to make a radiationless trans¬ 
ition Ir^to the lowest excited singlet S], which then fluoresces 
(see ^Auger effect). A famous rule due to Kasha reflects this 
effect: the fluorescent level is the lowest level of that mufti- 
plicity (for example, the lowest excited singlet level). The 
intensity of fluorescence depends strongly on the physical 
state of the sample because of the deactivating collisions in 
competition with the fluorescence; pure, undiluted liquids 
generally have a very low fluorescent efficiency because the 
excitation may hop from one molecule to an identical 
neighbour by a resonant process (see ®exciton for the 
analogous effect in solids). Conversely, it is possible to en¬ 
hance fluorescence by having present a molecule that can 
absorb the incident light and then transfer it (by a matching 
of energV’fevefs, and a coilision) into a molecule that may then 
fluoresce: this is sensitized fiuorescence and is made use of in 
some kinds of "laser. Another term often encountered is 
resonance fluorescencei this signifies that the fluorescent 
radiation has the same frequency as the incident light; when 
this is so the fluorescence may be brighter because the 
transition is stimulated* Light of exactly the same frequency 
is rare in fluorescing molecules because the presence of the 
solvent slightly shifts energies, and so the ( 0 - 0 ) vibrational 
upwards transition (that is the transition from the lowest 
vibrational level of one state to the lowest of the other) might 
differ in energy from the ( 0 ^ 0 ) downwards transition because 
the solvent may solvate the upper state differently before the 
fluorescence occurs. Fluorescence is generally extinguished as 
soon as the incident illumination ceases; this is because all the 
transitions of interest are allowed, and therefore occur very 
quickly* Nevertheress, there is the phenomenon of dehyed 
fiuorescence (not to be confused with phosphorescence) 
which may persist for several milliseconds. The mechanism 
for this depends upon the excitation of a molecule from the 
ground state So into the singlet Si, and then this molecule 
migrating to another molecule to which it sticks by sharing its 
excitation. Thus we have the reaction So + Sj ^ (SqSi)*. 
Thisexc/mer (if the two molecules are the same) or excipfex 
(if they are different) then falls apart, after a short life, with 
the emission of fluorescent radiation. 
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Questions. What are the characteristics of fluorescent radiation? 
How may it be distinguished from phosphorescent radiation? 
What electronic processes are responsible for fluorescence? 

What other alternative paths of energy degradation are open to 
atoms and molecules in gases and solutions? What properties of 
the solvent determine the rate of non-radiative decay? What 
differences would you expect in the fluorescent behaviour of 
a molecule dissolved first in a strongly interacting solvent with 
high-frequency bending and stretdiing vibrations, such as water, 
and then in a weakly interacting solvent with flabby bonds, for 
example selenium oxychloride? What is a fluorescent spec¬ 
trum of a molecule? How does this information complement 
the absorption spectrum? In what sense is the fluorescent spec¬ 
trum a mirror-image of the absorption spectrum? What is the 
role of the “Franck-Condon principle in determining the 
structure of the fluorescence spectrum? What Is meant by the 
term 'internal conversion', and what is its significance in the 
study of fluorescence? In what sense is fluorescence an ^Auger 
process? Why is fluorescence largely quenched in the pure 
liquid? How may fluorescence be enhanced? What is resonance 
fluorescence? In what sense does the operation of some types 
of daser depend on the mechanisms described here? Why does 
the fluorescence spectrum show a shift from the position of 
the absorption spectrum, even allowing for the mirror-image 
symmetry? To answer this, consider a molecule surrounded by 
a polar solvent; and then excited by a transition that changes 
the molecule's polarity {for example, a 7 T*-^n ‘’electric dipole 
transition). Let the polar solvent re/ax about the excited state, 
and consider the energy of the emissive transition. What is 
meant by the terms excimer and exciplex, and what is a conse¬ 
quence of their formation?How may delayed fluorescence be 
distinguished from "phosphorescence? 

Further information. See MQM Chapter 10 for more discussion. 
A simple account of some of the relaxation processes described 
has been given by Heller (1967) m connexion with liquid lasers. 
See also Haught (1968). A good account of fluorescence and 
related processes has been given by Bowen (1946), Wayne 
(1970), and Calvert and Pitts (1966). The generation of light 
in chemical reactions {chemi/uminescence) Isa phenomenon 
related to fluorescence, the difference being that the excited 
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state of the emittmg molecule is formed as the product of a 
chemical reaction. This subject Is described by Wayne {1970). 
Energy-transfer processes are at the root of the fluorescence 
efficiency: therefore see Levine and Bernstein (1974). 

force-constant. The force-constant k is the constant of 
proportionality between the restoring force and the dis¬ 
placement x of a simple harmonic oscillator: force = ^kx. 
Large force-constants imply stiff systems (strong restoring 
forces even for small deviations from equilibrium). The 
frequency of a classical simple harmonic oscillator is related to 
k by the expression cOq = (/r/m)^", where m is the mass of the 
oscillating system {with k expressed In newtons per metre and 
mass in kilograms, the frequency will be in radians per second; 
to get hertz divide by 27r). The lesson taught by this expression 
is that the frequency of oscillation is determined by the mass 
as well as the force-constant, for the heavier the mass the less 
effective will be the restoring force. In the quantum-mechanical 
treatment of the ^’harmonic oscillator the energies are given in 
terms of the fundamental frequency coq calculated in the same 
way as the classical case: the energy of the / 7 th quantum level 

is (/7 + 

The importance of the force-constant in quantum theory is 
that it is a measure of the stiffness of bonds between atoms, 
and therefore governs {together with the atomic masses) the 
vibrational frequencies of molecules. 

Table 10 lists typical values of force-constants for some 
molecules and the corresponding frequencies and quantum 
energy-level separations. 

Questions. 1. What is the force-constant? What is the physical 
significance of a large force-constant? Would you expect the 
force-constant for the C—C bond in diamond to be less than 
that for the Pb—Pb bond in metalfic lead? A mass of 1 kg 
hangs from a spring with force-constant 1 N m"^: what is its 
natural frequency in radians per second and in hertz? To what 
should the mass be changed in order to oscillate at tHz? What 
force-constant would be needed if the mass were that of a 
proton and the frequency that typical of a molecular bond 
(^Iq14hz) 7 What wave number {cm'^M does this correspond to 
in the Infrared absorption spectrum? Where is the absorption 
shifted to on deuteration? 


2. By a Taylor expansion of the bond energy about its 
equilibrium value, show that the force-constant is proportional 
to the curvature of the molecular potential-energy curve at the 
equilibrium separation. 

Further informetion. See MOM Chapter 10 for more infor¬ 
mation about molecular vibrations. A good, simple, but 
detailed account is given by Woodward (1972), who reveals 
how to determine k from vibrational data, and a standard work 
is that of Wilson, Decius, and Cross (1955), See also Whiffen 
(1972), King {1964), and Gans {1971). A complication of 
molecular vibrational data has been made by Adams (1967, 
1971), 

Franck-Condon principle. The Franck-Condon principle 
governs the intensity of spectral transitions between the 
vibrational levels of different electronic states of molecules. 

By recognizing the great difference in mass between the 
nuclear framework and the electron being excited, it states that 
the electronic transition occurs so rapidly that during it the 
nuclei are static, A vertical transition occurs, which begins with 
the nuclei in some arrangement in the lower electronic state 
and ends with them in the same arrangement in the upper 
electronic state. But as the molecular energy curves might be 
displaced (see Fig, F4) this nuclear arrangement might corre¬ 
spond to a highly compressed or stretched state of the excited 
molecule, and so the molecule immediately starts to vibrate. It 
follows that a vibrational excitation of the molecule generally 
accompanies an electronic transition. 

Which of the vibrational levels is most populated by the 
transition is governed by the relative positions of the upper 
and iower energy curves: if the curves were of the same shape 
and one lay directly over the other {Fig. F4a), the transition 
would be from the ground vibrational level of one to the 
ground vibrational level of the other, and so the electronic 
transition would occur without vibrational excitation. In 
general, we may envisage the transition as occuring from the 
most probable conformation of the ground state—which is the 
static, equilibrium arrangement of the nuclei. The electronic 
transition occurs, and during it the nuclei do not change their 
arrangement. At the completion of the electronic transition 
the nuclei are static, but in a new force-field because of the 
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FIG. F4. Tha classical basis of the 
Franck'Condon principle. The bob 
remains static during the excitation, 
and tha amount of vibrational 
energy simultaneous! y excited 
depends on the relative disposition 
of the potemial-anergy curves. 


new electronic distribution. They therefore begin to move, and 
swing harmonicaily away from and back to their initial 
arrangement (Fig. F4b and c). It follows that the original 
arrangement is a turning point of the new motion, and that 
vibrational energy is stored by the molecule. A line drawn 
vertically from the initial ground state intersects the upper 
potential-energy curve at the point which will be the turning 
point in the excited state, and which shows how much energy 
is absorbed in the transition. {Remember that the energy of a 
harmonic oscillation is constant: what potential energy it 
loses as the spring decompresses is turned into kinetic energy 
which is used to recompress the spring. Therefore the potential 
energy at the turning point, in Fig. F4, determines the 
energy at all displacements for that mode of oscillation.) 

The quantum-mechanical basis of the principle is the 
"overlap between the ■vibrational wavefunctions of the two 
electronic states: transitions occur most strongly between 
vibrational states that overlap most, because two states that 
overlap strongly have similar characteristics. The ground 
vibrational wavefunction is a bell-shaped curve with its 
maximum at the equilibrium nuclear conformation (Fig. F51. 
Many of the vibrational wavefunctions of the excited elec¬ 
tronic states overlap this function, but the greatest overlap 
occurs with functions that peak in the same region of space. If 


the energy curves are displaced, the peaks of importance are 
those that occur at the edge of the potential well (see Fig, F5), 
and so the vibration excited will be that predicted by the 
simple device of drawing a vertical transition from the equi- 
librum separation in the ground state (the most probable con¬ 
formation, and where the vibrational wavefunction peaks 
strongly) to the point where it intersects the edge of the upper 
potential curve. In the vicinity of this intersection the vi* 
brational wavefunctions have moderately strong amplitudes, 
and so overlap most strongly with the ground vibrational 
state. The observed distribution of vibrational intensities then 
reflects the different overlaps between the ground and excited 

vibrational state wavefunctions, 

1 

Questfons, 1, State the Franck-Condon principle. On what 
does its validity depend? What is the 'classical' explanation of 
the principle? What is the quantum-mechanical explanation, 
and how is the classical explanatiDD related to it? What is a 
vertical transition? Construct a diagram similar to that in 
Fig. F5 in which the Franck-Condon principle is applied to 
determine the intensity distribution of “fluorescent transitions 
(from the ground vibrational level of the upper electronic 
state to various levels of the lower electronic state). 

2. Demonstrate the quantum-mechanical basis of the principle 
by considering the nransition dipole moment between the 
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FIG. F5. The quantum basis of the Franck'ConcJon principle. The 
strongest transition occurs to the state with which the lowest vi¬ 
brational level of the lower state has the greatest overlap; this is 
shown shaded. The resulting spectrum is shown on the left. 


two states. Proceed by supposing that the state of the mole¬ 
cule can be written as the product of the vibrational state and 
the electronic state, and then think about the transition 
moment ie*, ^**ldle, W. Show that this may be approximated 
by an expression of the form (e*ldle) iP *and recognize 
the presence of the overlap integral between the vibrational 
levels of the electronic states. Calcufate the “overlap integral 
between the ground states of two ^harmonic oscillators whose 
equilibrium conformations are displaced by a distance R, and 
plot the (0-0) transition intensity (the transition = 0 to 
= 0) as a function of R. 

Further information. See MQM Chapter 10 for a further 
account, and a deduction of the principle. See also §6.16 of 
King (1964), Whiffen (1972), and Barrow (1962). A thorough 
discussion of the basis of the principle is given in §IV.4 of 


Herzberg (1960) and developed in even more detail in 
Herzberg (1966). The original formulation of the principle 
was by Franck (1925), and this was turned into mathematics 
by Condon (1928). A useful summary of modern work in¬ 
volving the principle has been given in Nicholls (1969). 

Franck-Hertz experiment In the Franck-Hertz experiment 
a beam of electrons was passed through a gas at low pressure 
and the current arriving was monitored; in later experiments 
the energy of the electron arriving was also monitored. As the 
energy of the incident electrons was Increased it was found 
that the current arriving at a collector dipped sharply when the 
incident energy was equal to some excitation energy of the 
atom or molecule. It was observed that the sample simul¬ 
taneously emitted light of a frequency corresponding to the 
energy of the incident beam. This can be rationalized in terms 
of the quantization of energy, for the electrons are able to 
donate their kinetic energy to an atom only if the atom can be 
excited by that amount; therefore the current will dip each 
time the energy can be imparted to the quantized system. This 
is confirmed by the observation of the emitted radiation at the 
corresponding frequency (hi/^ Af). 

One of the important features of the experiment is that it 
is an illustration that energy is quantized even when it is 
imparted from mechanical motion, as opposed to electro- 
magnetic radiation. 

Further information. See Chapter VI of White (1935) for a useful 
introduction. More discursive accounts are given in §2,15 of 
Bohm (1951) and p. 85 of Jammer (1966). The original papers 
are those of Franck and Hertz (1914, 1916, 1919), 

free valence. An atom may be linked to its neighbours by 
bonds of various order (“bond order); the free valence of the 
atom is the difference between Its maximum possible total 
bond order and the actual total bond order, and it therefore 
reflects the lack of saturation of the valence requirements of 
that atom. If triple bonds are discounted, for carbon the 
maximum total bond order is 4-73 (or 3 4- /3). As an example, 
in the “benzene molecule each carbon atom has a bond of 
order 1 to its hydrogen atom, two a*bonds to the neighbouring 
carbons, and two TT-^bonds of order therefore the total bond 




































order of each carbon is 4'33 and the free valence is 0 40* In 
butadiene the C—C bond orders are 1-89, V45, and V89 along 
the chain, and so the free valences are 0*84 for the two outer¬ 
most atoms and 0*39 for each of the inner pair 

The magnitude of the free valence is a quantitative measure 
of Thiele's early theory partial vahnca, which allows some 
predictions to be made about the relative reactivity of atoms 
in conjugated chains. Thiele supposed that because only one 
bond was sufficient to hold two carbon atoms together each 
carbon atom in the chain had a partial valence which could 
be used for reacting: the remaining part of the double bond 
was superfluous. Nevertheless he took the view that the two 
central partial valences got tangled up, leaving only the outer 
atoms with available valencies. Now, however, we can interpret 
the reactivity in terms of the different free valencies on the 
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atoms. Free valencies also occur at the surfaces of metals, and 
the chemical consequences of this include the immensely 
important role of catalysts. 


Further infofmation. See §9*11 of Coulson (1961), and §2.9 
and several other sections in Streitweiser (1961), See also 
Daudel, Lefebvre, and Moser {19591, and Pullman and 
Pullman (1958)* For lists of bond orders see Coulson and 
Streitweiser (1965)* For a discussion of the reactivity of 
molecules in terms of the concepts of free valence, and other 
quantities, see Chapter 11 of Streitweiser (1961)* For a dis¬ 
cussion of catalytic activity see Bond's Heterogeneous catalysis: 
principles and applications (OCS 18), Why 4^73? See 
Moffitt (1949a). 





9 'Value. The '^magnetic moment of an electron that arises 
from its “orbital angular momentum is 7 1 , where 7 is the 
magnetogyric ratio; but the magnetic moment of an electron 
due to its spin angular momentum 1557 s, where g is an 
additional 'anomalous' factor to which experiment ascribes 
the value 2*0023 (often approximated to 2 K Like most 
'anomalous' quantities an explanation can be found in a 
deeper theory, and indeed it should not be surprising to find 
an extra factor of 2 appearing in connexion with spin (which, 
after all, has no classical analogue, and involves />a/^-integral 
quantum numbers). The deeper theory required is that of 
^Dirac: his relativistic quantum mechanics leads naturally to 
the deduction that g = 2 ; but the theory h too strict, for it 
requires g to be equal to the integer 2. This shows the Dirac 
theory to be incomplete: the extra 0'0023 required for 
the observed value can be found from the even deeper 
theory of ^quantum electrodynamics. In this theory the 
electron is continuously buffetted by stray electromagnetic 
fields which are always present, even in an ideal vacuum: these 
fields affect the spin of the electron In such a way.that the 
magnetic moment is increased from its Dirac vatue. The cal¬ 
culation of the ^-value of the free electron Is one of the 
triumphs of quantum electrodynamics. 

The Landdg-factor is closely related to the p*value we have 
just described; indeed, they are identical in the limit of vanish¬ 
ing orbital angular momentum. The Landed-factor determines 
the effective magnetic moment of an electron or atom possess¬ 
ing both spin and orbital angular momenta, which are com¬ 
bined together to give a total angular momentum J. For an 


atom described by the quantum numbers 5, L, and J the Lande 
d-factor isdj= I ^ ^ {[J[J 1) + S(S + 1) - L (L + 1)] / 

T 1)). When £ = 0 we obtain Qj —2 because J can then 
equal only 5; and when S —Owe obtain Qj — h which is the 
normal value for a spin less system. In terms of the Lande 
factor the magnetic moment of a system with angular 
momentum J may be written 

The peculiar form of d^ arises from the ar^omalousd'value as 
follows. The vector-coupling picture of a system with spin 
momentum S and orbital momentum L coupled to give a 
resultant J Is shown in Fig. G1. L and S both “precess around 
J, and J precesses around some other axisz. Antiparallel to 
both L and S we may draw vectors representing the corre¬ 
sponding magnetic moments, but the spin magnetic moment 
must be drawn twice as long in proportion to the orbital 
moment because of the factor g= 2. The resultant of fi^ 
and fJL^, denoted /i^, does not lie along the direction of J (it 
would if d = 1. as shown in Fig. Gib), but will precess about 
it because of the precession of L and S about J. Only the 
component along J does not average to zero during this 
precession, and so the effective magnetic moment of J, which 
we write depends on this component, and therefore on the 
value of L and 5, When L > S or S > L, j/j \m almost com¬ 
pletely along J anddj is approximately 1 or 2 respectively, 
because either the orbital or the spin moment is dominant; but 
when L and S' are similar, the effective part of g!j may be much 
smaller than its true magnitude. Because J precesses around the 
z-direction so too does jiy, therefore if the projection of J on 
z IS J^t the projection of fij on z hgjy^J^^ wheredj some 





factor to be determined from the geometry of the situation 
depicted in Fig. Gla. It turns out that this factor is the Lande 
factor already quoted. 

The g-value in ^efectron resonance Is related to both 
these ^-values. In this technique, which is described In more 
detail in the appropriate section, an oscillating field of fre¬ 
quency is brought into ‘resonance with a spin system held in 
a magnetic field The energy of the oscillating field \thP, 
and the energy separation of the electron spin levels (that is, 
the energy separation between = +2 ^ equal 

fo the resonance condition is therefore hv — The 

^-factor in this expression would be the free-electron valuer if 

c 

the electrons under consideration were free, or the Lande 
vaJue if they were bound to an atom* In fact the electron investi¬ 
gated is normally part of a molecular system, and so neither situ¬ 
ation holds* To a very good approximation (except in some 
transition-metal ions) an electron in a molecule possesses no 
orbital angular momentum; therefore we can expect the^-value 
of a radical to be very close to 2'0023* Nevertheless, the orbital 
angular momentum is not completely ""quenched because of 
the presence of the spin-orbit coupling interactions. IMormally 
there is sufficient spin-orbit coupling to leak some of the spin 
angular momentum into orbital angular momentum, and so we 
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FIG, GI4 In (a) is illustrated The 
source of the Land^ ^-factor; 

(b) is a hypotheiical situation in 
which g = 1. 


should expect tbe^-va!ue to fall slightly below 2-0023 towards 
the value it would have if the momentum were all orbital and 
not spin (that is, towards 1). This is widely observed, and 
£Fvalues of the order 2*0000 and thereabouts occur frequently. 
Furthermore, the deviation from the free-spin value increases 
with the magnitude of the spin-orbit coupling constant for the 
radical, and this accords with our interpretation* For a rough 
order*of-magnitude estimate one may write the deviation from 
2^0023 as f/A, where 5* is the spin-orbit coupling constant and 
A a typical excitation energy of the radical {see “perturbation 
theory and ''fine structure; some f-values are listed in 
Table 9)* This mechanism can also account for the observations 
of i^-values exceeding the free-spin value, which is the case 
when the electron is a member of a shell more than half full, 
but the argument is slightly more involved. Basically it is 
connected with the reversal of the order of levels when a shell 
is changed from being less than half full to more than half full. 
We know that according to the “Hund rules the levels become 
inverted (low-/ levels lie above highy) because the sign of the 
spin-orbit coupling changes. This can be interpreted in terms 
of changing from a system in which electrons are orbiting to 
one in which holes in an otherwise completed shell are 
circulating. A hole carries, in effect, a charge opposite to an 
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electron's, and the inversion of the/-levels, and the deviation 
of g to values above the tree-spin value can be traced to this. 

A final kind of ^-value is the molecular g-vaiue, which 
relates the rotational ‘Angular momentum of an entire 
molecule to the magnetic moment that arises from its motion. 
Even a closed-shell molecule, such as H 2 or methane, possesses 
a magnetic moment by virtue of its rotational motion; it arises 
because of 'electron slip and the consequent imbalance of the 
rotating negative and positive charges leading to a net circu¬ 
lating current, and thence to a magnetic moment. The 
imbalance increases as the rotational motion quickens, and so 
the magnetic moment is proportional to J, the rotational 
angular momentum. It is normally written p = J, and g, 
which depends on the details of the molecular electronic 
structure, is the molecular ^-value. Mote that it is common to 
use the nuclear magneton = eh/ 2 / 7 ? ) to define the 
molecular^-value: molecular magnetic moments are so small 
that this IS more appropriate than using the Bohr magneton 
(using makes^ of the order of unity). For ammonia 

g ^ 0-53, and so the magnitude of /u when the molecule is in a 
state with J = 10 is approximately 5 ^ 3 /i^. 

Questions. 1 . What electronic property does the ^-factor 
determine? In an atom it is appropriate to label g with the 
value of J: why does the atomic magnetic moment depend on 
7, L, and S? Evaluate the Lande ff-factor for atoms with S = 0, 
L= S = L — 1 ; S = ^, L — ^ : S — 0, L = 2: evaluate it for 
all possible values of J in each case. The energy for a magnetic 
moment with z-component fi m b magnetic field 8 in the 
z-direction is — ju 6: evaluate the energies of the states of the 
atoms for which you have just calculated the Lande factors. 
Now repeat the calculation with the false assumption that the 
^-factor for the free electron is 1 and not 2. Draw your results 
on a ladder energy-level diagram in order to see how the 
coupling of L and S modifies the magnetic properties of a 
system. Turn to 'Zeeman effect for further development of 
this point. What does the^f-factor measure in electron spin 
resonance? Why can g differ from 2 when the efectron is a part 
of a radical? What information about the electronic structure 
of a radical can^ reveal? Calculate the magnetic field for 
resonant absorption of 9 GHz radiation of (a) a free electron, 
(b) a radical with^ = 2^0057, and [c) a radical with^= T9980. 


Quote results in gauss (G). What is the rofe of spin-orbit 
coupling In determing the^-value of a molecule? Why can 
somefif-values be more than the free-spln value? What is the 
molecular ^f-value, and how does It arise? 

2. This question invites you to deduce the form of the Lande 
//-factor. We consider the geometry set out In Fig. Gla with a 
magnetic field along z. We seek to express the energy of the 
system as whereas in fact we know that the 

magnetic energy is really — 7 ^L.B — 27 ^$,B (that is, the sum 
of the orbital and spin interactions with the field). We also 
know that J = L + S. Consider L. This vector precesses about 
d, and the only time-independent, and therefore non-vanishing, 
component is the one parallel to J; this has the value L.J/lJ L 
This 00 mponent now behaves like the vector [ (L .J)/ [J [ ] (J/|Ji), 
swinging round thez-axis as J itself precesses (J/IJI is a unit 
vector along J), This vector has a proj'ection along the magnetic- 
field direction which we may write [(L.JJ/lJ i] [J.B/U I], and 
so the only time-independent component of — 7 ^L.B is 
-”7 [L.J/lJ Pj J.B. This has the form—g '7 J,B, which is 
what we require, A similar expression for —27 S,B can be 

^ ff ^ 

written as (find it), and so now we must show that 

9j^ 9j — 9jf the Lande factor. Do this by noting that 
— 2L J = ~L^, and similarly for 

SJ, and then finally replace operators of the form by their 
quantum-mechanical valuesJU-f Find a more exact 
form of the Lande factor using = 2'0023 instead of g^ ^ 2. 

Farther Information. An account of the deduction of the 
Lande g-factor will be found in Chapter 8 of MQA^, and a further 
discussion Is given in § 11,3 of Herzberg (1940), and §11 IF 
and §VAS of Kuhn (1969). The factor plays an important role 
in the 'Zeeman effect and in determining the magnetic 
properties of transitjon-metal Ions, For references to the latter 
see 'Crystal-field theory, and 'ligand-field theory. A detailed 
account wflI be found In §5.6 of Griffith (1964) and § 11.3 
and subsequent chapters of Abragam and Bleaney (1970). For 
theg-value of electron spin resonance see MQM Chapter 11 for 
a detailed discussion, Including something more aboutg 
exceeding 2*0023, and an account of the calculation of g-values 
for molecules. This topic is also taken up in Chapter 2 of 
Atkins and Symons (1967), in Chapter 9 of Carrington and 
McLachlan (1967), in Chapter 7 of Slichter (1963), and in 



Chapter 12 of Griffith (1964). McLauchian describes the 
dependence of the appearance of an electron spin resonance speC’ 
trum onthe^-value \n Magnetic resonance {OCS 1). 

Molecular magnetic moments are discussed in Chapter 11, 
especially §11.6; of Townes and Schawlow (1955). 

gaussian atomic orbitals. The bore about molecular- 
structure calculations is the complexity of many of the 
electron-electron interaction-energy integrals which must be 
calculated* In a ^self-consistent f ield calculation many of the 
integrals involve atomic orbitals based on more than one centre, 
and may involve orbitals on as many as four centres. These 
multi-centre integrals are complicated to evaluate and consume 
a great deal of time on an electronic computer. One simplifi¬ 
cation is to express the atomic orbital in terms of gaussian 
functions, which are basically of the form expl^sr^), instead 
of as the “Slater type of atomic orbital, which are basically 
exponential functions of the form exp(—aV)* The advantage of 
this procedure arises from the fact that the product of two 
gaussians based on different centres is itself a gaussian based on 
a point lying between the centres* Therefore a complicated 3- 
or 4-centre integral can be expressed as a relatively simple 2- 
centred integral, and this can be evaluated speedily. The dis¬ 
advantage of the method lies in the fact that an atomic orbital 
is not well represented by a simple gaussian function, and so 
each atomic orbital has to be expressed as a sum of several 
gaussians. Therefore, although each integral is simpler, very 
many more of them need to be evaluated. 

Questions. What advantages stem from employing gaussian 
atomic orbitals, and what are the disadvantages? Show that the 
product of two gaussian functions exp(—and exp{—^ 2 ^ 1 ) 
may be expressed as a gaussian function centred on a point 
between the two centres, and find the appropriate position in 
terms of and Confirm that the procedure cannot be 
applied In the case of two exponential functions* By the 
■variation principle determine the best gaussian atomic orbital 
for a hydrogen atom; repeat the calculation using a trial 
function composed of the sum of two gaussians. In each case 
compare the true Is-orbital with the best gaussian orbital by 
comparing the energies, and by plotting the radial dependence 
of the functions* 
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further Information, See §9.2(i) of Richards and Horsley 
(1970),and §1*6F of McGlynn^Vanquickenborne, Kinoshita, 
and Carroil {1972). The method was originated by Boys 
(1950)* For catculations based on the method see the bibli¬ 
ography prepared by Richards, Hinkley, and Walker (1971)* 

gerade and ungerade {g and u)*The German words 
(even) and ungerade (odd) are added as labels to states and 
“wavefunctions to denote their behaviour under inversion 
(their parity). A simple example is the classification of the 
orbitals of the hydrogen molecule; there Is a point of inversion 
symmetry of the molecule at the middle of the bond* Consider 
the amplitude of the Isa-bonding orbital at an arbitrary point 
of the molecule and project a straight line from this point 
through the inversion centre, and travel an equal distance to 
the other side (Fig* G2). The sign and magnitude of the 
amplitude of the a-bond at the new point is unchanged, and so 
the orbital is even (g) under this symmetry operation, and is 



FIG. G2* G&r^dc ungerade syfrimetry. 
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Grotrian diagram 


written o^. On the other hand, the same journey m the “anti- 
bonding orbital (IsO*) begins at a point of positive amplitude, 
passes through a mode, and ends at a point of negative 
amplitude. This orbital is odd (u) and is labelled £J*. The 2p0- 
orbitals behave similarly, but the TT-orbitals behave differently 
(see Fig. G2): the bonding TT-orbital is u and the antlbondlng 
orbital is g. 

The g, u classification also applies to states: the appropriate 
label IS obtained by determining whether the state is even or 
odd overall by considering the product of the inversion 
behaviour of its components. Thus H 2 is g because (even) X 
(even) is even; the excited configuration a a* is u because 

V ^ g u 

g X u = u. 

When there is no centre of inversion symmetry the classi¬ 
fication IS inapplicable: g and u labels may be added to the 
states and orbitals of homonyclear diatomics and to 
centrosymmetric octahedral complexes, but not to hetero- 
nuclear diatomics or to tetrahedral complexes. 

The classification is useful in a discussion of "selection rules 
because the only "electric dipole transitions allowed are those 
involving a change of parity; thus g —and u ^ g transitions 
are allowed, but g g and u ^ u are forbidden. 

Qaestfons. What is the significance of the labels g and u? Why 
are they not applicable to heteronuclear diatomics? Which of 
the following molecules could have orbitals and states dis¬ 
tinguished by g and uiO^, NO, NO 2 , COj , CH 4 , He, NH 3 ? 
Classify the following orbitals into g or u type symmetry: 

S-, p-, d-, Torbitals on free atoms; Iso, 2p7r*, 3da, SdTT, 3d7r*, 
3d5 in homonuclear diatomics. Apply g and u labels to the 
ground states of He, H 2 , and O 2 . Which electric dipole 
transitions are allowed under the g, u classification? 

Further trtformation. The g, u labelling is a group-theoretical 
classification of the parity of a state; therefore see MOM 
Chapter 5, Cotton (1963), Bishop (1973), and Tinkham 
(1964), Also see books on molecular structure, such as 
CouIson's The shape and structure of molecules (OCS 9), 
Coulson (1961), and Murrell, Kettle, and Tedder (1965). 

King (1964) and Herzberg (1950) both discuss the role of 
g, u classification in the electronic spectra of molecules. 


Grotrian diagram. In a Grotrian diagram the energy levels of 
an atom are displayed as a ladder of lines classified into con¬ 
venient groups. Spectral transitions are represented by lines 
connecting the “terms between which they take place, and the 
frequency (or wave number) of the transition can be added if 
desired. Sometimes the relative intensities of the transitions are 
indicated by the thickness of the connecting lines. An example 
of a very simple Grotrian diagram is shown in Fig. G3: this is 
for the “hydrogen atom. The levels are classified according to 
the principal “quantum number, and the classes correspond to 
different values of the “orbital angular momentum quantum 
number C, The different transitions giving rise to various 
"series of lines are indicated. 
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FIG. G3, Grotrian diagram for atomic hydrogen. 






































The Grotrian diagram for sodium is shown in Fig. G4. When 
there is more than one etectron confusion sometimes arises In 
the labelling of the energy levels because in some cases the 
orbital occupied by the excited electron Is used as the label, 
and in others the "term symbol, the label of the state of the 
atom. Thus in some cases the lowest state of the sodium atom 
is labeded 3s, in others it is labelled 3s in others 3^S, and in 
others, reasonably but dangerously, I^S, denoting that the 
ground state is the first of the doublet states. It is the pen¬ 
ultimate of these labels that we shah employ. 
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The energy is generally referred to the ground state as 
zero. Fragments of the diagrams may be magnified if it is 
desired to display the ^fine structure. 

Furifrer mformation. See MQM Chapter 8 for further examples 
and further discussion. Grotrian diagrams are discussed in King 
(1964), Candler (1964), who gives many examples, Kuhn 
(1962), and Condon and Shortley (1963). A collection of them 
is given in the American instJtutB of Physics handbook, 
p. 7—12, Gray (1972). The standard collection of energy-level 
data for atoms is that of Moore (1949 et seq.f. Other aspects 
of the use of the diagrams is described under ^ine structure, 
"series, and the “hydrogen atom, 

group theory. In quantum theory, group theory is the 
mathematical theory of symmetry. It puts on a formal 
mathematical basis our intuitive notions about the symmetry 
of objects, and so enables unambiguous deductions to be 
drawn about the consequences of therr symmetry. Talcing 
full advantage of the symmetry of a system reduces the 
amount of labour involved in calculations, and It often enables 
conclusions to be drawn without the need for elaborate 
manipulations, 

Group theory Is used to find the appropriate “linear 
combination of atomic orbitals for the "molecular orbitals of a 
molecule, to classify atomic and molecular states, to determine 
the "selection rules that govern the transitions between these 
states,'and to find the "normal modes of "vibration of mole¬ 
cules, "Angular-momentum theory can be regarded as a 
branch of group theory. The language of group theory is 
concerned with "symmetry transformations of molecules and 
solids: with their “matrix representations, with their "character 
and their class, and with the manipulation of the irreducible 
representations. 

A brief summary of the properties of “characters, which are 
the most useful aspects in most chemical applications of group 
theory, is given in Box 4 on p 33 for those who already know 
some theory. 

Further information. See MQM Chapter 5 for a discussion of 
basic group theory, and the remainder of the book for extensive 
applications. Its connexion with angular-momentum theory is 
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discussed at the end of Chapter 6 in MQM, Helpful elementary 
introductions to group theory are the books by Jaffe and 
Orchin (1965) and Cotton (1963), and an introductory book 
with many of the details filled in is Bishop (1973). Other 
helpful introductions include those by Tinkham (1964), 
Schonland (1965), McWeeny (1963), and, for solids, Wooster 
(1973), For advanced treatments see Wigner (1959), 


Hamermesh (1962), Weyl (1930), and Judd (1963). An 
exhaustive treatment of the symmetry properties of solids has 
been prepared by Bradley and Cracknel 1 (1972), and a small 
handbook containing character tables and group properties to 
act as a notebook for group theory calculations has been 
prepared by Atkins, Child, and Phillips (1970). An entertain¬ 
ment has been written by Weyl (1952), 
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hamiltonian. The name of Sir William Rowan Hamilton 
(1805-651, who was Astronomer Royal of Ireland as an 
undergraduate, was a devotee of pork chops, but not the 
husband of her who entertained Horatio Lord Nelson, is 
commemorated in quantum mechanics because he set up a 
system of classical mechanics ideally suited to the structure of 
quantum mechanics, and because he almost discovered 
quantum mechanics itself, and quite possibly would have done 
if during his life experiment had required it. For the systems 
'that concern us the hBfniltonian is the sum of the kinetic T 
and potential energies (but like most things, it can be 
defined more generally, more subtly, and more powerfully). 
We give it the symbol H (some prefer 30 and so write 
H=T‘¥ VAr\ quantum mechanics it is necessary to interpret 
observables as “operators, and interpreting the observables T 
and V as operators we see that the hamiltonian is the operator 
for the total energy of the system. The total hamiltonian for a 
system consists of a sum of terms corresponding to different 
contributions to the total energy, A selection of such terms is 
listed in Box 7 (overleaf). 

The “Schrodinger equation is often written in the form 
Wi/z == f 1 ^, and so it can be interpreted as an "eigenvalue 
equation, the energy E of the system being the eigenvalue of 
the hamiltonian operator, and the "wavefunctions the corre¬ 
sponding eigenstates. 

Questions- What is a hamiltonian? What is a hamiltonian 
operator? How may the Schrddinger equation be expressed in 
terms of the hamiltonian, and how may it be interpreted? 
Write the hamiltonian, and analyse the significance of each 


term, for the following species: a free electron; a hydrogen 
atom; a hydrogen molecule-ion; a hydrogen molecule; a helium 
atom; a carbon atom; an harmonic oscillator; an harmonically 
oscillating charge in an electric field; a mass on the end of a 
spring; and the hydrogen atom in a magnetic field. 

Further Mormation. See AfQM Chapters 3 and 4 for an 
introduction to simple ideas about hamlltonians, and Pauling 
and Wilson (1935) for another discussion. All books on 
quantum theory discuss hamiltonians, and for the classical 
background see Goldstein (1950), For further information, 
see “Operators, Most hamiltonians are very complicated, and 
their eigenvalues cannot be found exactly: the three major 
approximation techniques are “perturbation theory, 

“variation theory, and “self-consistent field techniques, A 
bibliographical note about Hamilton, and his behaviour at 
breakfast, will be found in Sder^tific 4mer/can-Whittaker 
(1954), 

harmonic oscillator. Harmonic oscillations occur in classical 
mechanics when the restoring force on a body is proportional 
to its displacement from equilibrium, A force —^x, where k is 
the “force-constant, implies the existence of a potential 2 ^x 
(because F- -3 Wdx), An harmonic oscillator in quantum 
mechanics is a system with such a parabolic potential, and its 
properties can be determined by solving the “Schrddinger 
equation with a potential \kx‘^, The conclusions this leads to 
are as follows, 

1, The energy is quantized and limited to the values 
(t' + jihwj, where CJo = (Ar/m)’^ and V is confined to the 
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BOX 7: Hamiltonians 


In general 




Free particle 

W = -(hV2m}V- 

"Particie in a box (one-dimensional square well) 

W = - (hV 2 m) 

"’Hydrogen atom 

H = — {h^/2m)V^ — e*/47reor. 

Helium atom 

W = - {hV2n7)V^ - (hV2m)7| - 2eV47r€o/-j - 
— 2e^/4jre(/i + e* /47rei)r,2. 

Hydrogen moiecule-ion (Hj); fixed nuclei 

W = — (hV2m)y^ — e^MsTeofie + 

+ e^/47reorA6- 
^Harmonic oscillator 

W = -(ri2/2m)(^) 

Rigid *rotor 

H = - (t)V2/^^y5 _ - {hV2/^y=. 

"^Magnetic dipole moment ju in field B 

H = —p,B; for example, p — ^ s or 7 1, 


) 


0 <x<l 


Electric dipole moment ju in field E 


values 0, 1, 2,, ... This implies the existence of a zero-pomt 
energy of when the oscillator is in its lowest energy state 
with v= 0: all the energy cannot be removed from an 
oscillator* The zero-point energy may be viewed in the light of 
the '^uncertainty principle: eliminating all energy, and therefore 
momentum, would imply an infinite uncertainty in position; 
but the particle is confined by the potential* The other 
implication is that the spacing between energy levels is 
and the energy of oscillation can be increased only by absorb¬ 


ing integral multiples of the vibrational "quantum The 
consequences of this are discussed further in ""heat capacity 
and “quantum* 

2. The wavefunctions are simple polynomials in the dis¬ 
placement (the Herm/te pofynomiafs) multiplied by a gaussian 
function* The explicit form of some of the functions is given 
in Table 11 together with some of their more important 
technical properties. The shapes of a few of them are drawn in 
Fig, HI, In the lowest state the polynomial is simply the 
trivial factor 1 , and so the wavefunction is the belhshaped 
gaussian curve which has its maximum at the equilibrium 
position. As the "wavefunction gives the distribution of the 
particle it follows that, in the ground state, the particle 
clusters close to its equilibrium position but possesses both 
“kinetic and potential energy by virtue of the wavef unction's 



Eneiq^fiat 


f/2 


zero 


i^ = 0 


FIG. H1. The wavefunciions and energy levels of a harmonic oscillator. 
The ciassicaify accessible domains are shown by the strong lines confined 
by the potential. View this in relation tn The upper half of Fig. F4, 































shape and the presence of the potential. The next poly¬ 
nomial is essentially the factors, and so the product of this 
and the gaussian Is a wave with a '^node In the centre (at x “ 0). 
This corresponds to a higher energy because the wave is more 
sharply curved (higher “kinetic energy) and penetrates more 
deeply into the potential (in classical terms it swings both 
faster and further). The next function again peaks in the 
middle, but has significant accumulations of probability in 
the regions of higher potential. As the excitation increases the 
principal peaks of the probability distribution appear more 
dominantly at the limits of the distribution, at what in the 
classical treatment are the turning points of the oscillation. 

This is in accord with the classical distribution, for at the 
turning points the kinetic energy, and therefore the velocity, 
is least, and the probability of finding the particle there the 
greatest, 

3, A "wave packet may be formed when the energy state of 
the oscillator is imprecise. A wave packet with a gaussian shape 
moves from one side of the well to the other with a frequency 

in a manner that resembles the classical motion [Fig. H2}; 



FIG. H2. Classical limit of the harmonic oscillator. 
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therefore we see that the quantum spacing oJq becomes the 
frequency of the classical oscillator. This is a very good 
example of the way that quantum-mechanical principles 
underlie classical mechanics (see “correspondence principle). 
An oscillator behaves more closely in accord with classical 
mechanics as a “superposition of states becomes more 
justifiable: this increases as the quantum separation decreases. 
Therefore it can be appreciated that oscillators with fre¬ 
quencies of the order of 1 Hz (or 27r rad s~*), such as a 
classical clock, behave essentially classically, whereas periodic 
processes in atoms and molecules, with frequencies in the 
range 10^^ -10^^ Hz, behave quantum-mechanicallv. 

The importance of the harmonic oscillator is based on a 
number of features. First, oscillations in Nature are often 
harmonic to a very good approximation, and therefore the 
theory of the harmonic oscillator can be used tn the descrip¬ 
tion of the vibration of molecules and of atoms in solids. 

This leads on to its application in the theory of "heat 
capacities and to many other properties of solids. Next, just 
as in classical mechanics, the algebra of harmonic oscillations 
is closely related to the algebra of “rotational motion, and 
therefore it is not surprising to see harmonic-oscillator algebra 
appearing in some discussions of “angular momentum. Finally, 
the harmonic oscillator is a remarkably simple creature to deal 
with because the expression for its energy is symmetrical in 
the space and momentum coordinates {both are quadratic 
functions). This feature makes it very simple to handle and is 
responsible, for example, for the equal spacing of the energy 
levels of the oscillator. The harmonic-oscillator algebra is the 
basis of the technique of “second quantization. 

Questions. 1. Under what circumstances are oscillations 
harmonic? What potential does this imply? What values of the 
energy are permitted to the quantized oscillator? What is its 
minimum permitted value? Why is it plausible that a zero- 
point energy exists for an harmonic oscillator? What is the 
separation between any pair of adjacent levels? What is the 
mathematical form of the wavefunctions? Discuss the form of 
the distribution of displacements when the oscillator is in its 
ground state, and compare it with the ground state of a 
classical oscillator and with the state of a classical oscillator 
containing the same amount of energy. How does the dis- 
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trlbution of displacements change as the oscillator is excited? 
What is the motion of a suitably-formed wave packet? Under 
what circumstances may such a packet be formed, and how 
does ft relate to the motion of a classical oscillator with the 
same force-constant and mass? Calculate the energy separation 
for an osciliator of frequency 1 Hz, 10^"* Hz (remember to 
convert these frequencies to rad s“‘ by multiplying by 27r). 
Calculate the energy difference between 1 mol of each kind of 
oscillator in its ground and excited states, and express the 
result in J moP* and in cm 

2. Use the properties of the Hermite polynomials in Table 11 
to deduce the selection rules for "electric dipole transitions in 
an harmonic oscillator. See "anharmonicity for a further 
development of this question. Show that the harmonic- 
oscillator Schrddmger equation can be written in the form 
3 a\jjy^= —{X — 1) where a is the differential operator 
(d/dK) + V. IS Id/dyj ~y,y= x the dis¬ 

placement from equilibrium, and X is related to the energy by 
E = X(h 0^/2). The lowest energy corresponds to X = 1 , and 
so a ayj/i — 0; therefore a solution is = 0. Solve this first- 
order differential equation, and show that it is indeed the 
gaussian function in Table 11, 

Further tnfonnatton. See MQM Chapter 3 for a discussion of 
the properties of the harmonic oscillator and the solution of 
the harmonic-oscillator Schrddinger equation by the method 
of factorization (in terms oi annihihtton and creation 
operators), and see §l|],11A of Pauling and Wilson (1935) for 
the solution by the polynomial-expansion method. The 
oscillator solution is also described in Landau and Lifshttz 
(T95Sa),Schiff (1968), and Messiah (1961). The properties of 
the Hermite polynomials are listed in §22 of Abramowitz and 
Stegun (1965), where numerical values will also be found; the 
manipulation of the polynomials is described In §3.10 of 
Margenau and Murphy (1956), The relation of harmonic- 
oscillator algebra to angular momenta Is described in Lipkin 
(1965), Mattis (1965), Englefield (1972), and by Schwinger 
(1965), 

heat capacity. The theory of heat capacities of crystalline 
solids began with Dulong and Petit's 'law' that all metals had a 
heat capacity of 6 caf deg"^ mof* (25 J K"^ mol"^), Unfor¬ 


tunately most metals do not have this heat capacity, and none 
do at low temperatures. Nevertheless it is helpful to understand 
the reasoning that 'justifies' Dulong and Petit assertion, 
because the quantum theory is then more easily understood. A 
block of metal contains atoms, and each can vibrate against 
its neighbours in three perpendicular directions; therefore the 
block behaves like a collection of 3A/ oscillators. The "equipar- 
tition theorem states that with each oscillation at thermal 
equilibrium can be associated an amount of energy /rT; there¬ 
fore the total energy of the block at the temperature T is 
3AMrT, or 3RT if the block is 1 mol of metal. Thermodynamics 
tells us that the heat capacity at constant volume is {dU/bT)^, 
where U. is the internal energy of the sample. In our case 
U — 3RT and so the heat capacity Is = 3R, the numerical 
value of which accords with Dulong and Petit's rule. 

Quantum theory warns us that the equipartion rule applies 
to a classical system and may fail for systems that, like the 
vibrations of atoms in crystals, ought to be treated by quantum 
mechanics. The root of the discrepancy lies in the inability of 
an oscillator to accept less than its full "quantum of energy: 
this has the effect of quenching the effectiveness of the 
oscillators that constitute the sample, and therefore of lower¬ 
ing its heat capacity. 

The Einstein modef pretends that every oscillator in the 
block has the same fundamental frequency and we shall 
begin with this simplified version of the true situation. Imagine 
a source of heat of temperature Tin contact with a collection 
of oscillators all having the same frequency. If the oscillators be¬ 
haved classically each one would be activated when the sample 
was in thermal equilibrium with the source. Each would swing 
with its natural frequency, but with an amplitude such that its 
mean energy was ^rT", But as the oscillator is governed by 
quantum mechanics, if heat is transferred to the metal at a 
low temperature it can be used to activate only a very small 
number of oscillators, for no oscillator can possess an energy 
less than hP^ if it is to be excited at all. A little energy must 
reside in a few oscillators, and the remainder must be 
quiescent. Therefore there Is an effective reduction in the 
number of oscillators in the sample, and a consequent re¬ 
duction of Its heat capacity. At higher temperatures the energy 
may be distributed over many more oscillators and so more 











BOX 8: Heat capacfties of solids 
Dulong and Petit 


= 3Lk = ZR. 


Einstein 


(^) 


C^ = 3R 


exp(flg/71 


in —exp(0_/T1]' 


^hv^lk. 


Debye 


-&s: 


‘ u 


dx 


exp 


((1—exp X 




~(12;i^fl/50^)7‘^ r-^G 
=**'d/*- 

and may be related to the speed of sound v\ 

== ZNv^iAitV, 

where NiV is the number density of atoms in the sample* 
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are able to accept energy: therefore the heat capacity is greater 
than at lower temperatures. At very high temperatures, when 
the energy of the block greatly exceeds the excitation energy 
of the oscillators, all oscillators are effective, and may be 
stimulated to high quantum levels, and the sample attains its 
classical heat capacity of 3/?, Box 8 gives the Einstein 
expression for the heat capacity, and Fig* H3 shows the 
predicted temperature-dependence. 

The Debye mode! is a modification of the Einstein model 
and takes into account the fact that the oscillators have a 
range of fundamental frequencies from zero up to a limit 
One may understand this situation in two different ways. The 
first way is to regard the solid as a continuum (as a jelly). The 
jelly can vibrate at all frequencies from zero up to a very high 
value and the number of modes of oscillation that have a given 
frequency can be calculated quite simply. But the total number 
of oscillatory modes cannot exceed the total number of 
vibrational modes of the atoms that constitute the jelly. This 
number is 3Af; therefore there must be an upper limit to the 
frequency of vibration of the jelly such that the total number 
of oscillators is equal to 3N. (If the jelly were a true con- 


FfG. H3, Calculated heat-cap^c^Ty 
curves. 
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tinuum, like the vacuum, there would be no upper limit to the 
frequencies because a continuum corresponds to a system with 
an infinite number of oscillating components: for this reason 
the vacuum can support all frequencies of light.) 





FIG. H4. Oscillations in a chain of atoms, (aj the lowest frequency, 

{b} an intermediate frequency, and ^c) the highest frequency. 

The other method of seeing that an upper f requency 
limit must exist is to consider Fig, H4, which shows the chain 
of atoms in a crystal vibrating relative to each other. If we 
consider only transverse vibrations (those perpendicular to the 
line of atoms) it should be clear that the vibration with the 
highest restoring force is the one in which neighbouring atoms 
are displaced in opposite directions, and the vibration with 
least restoring force is the one where all the atoms are dis¬ 
placed in the same direction (but by different amounts; if 
they were all displaced by the same amount we should obtain 
a translation of the block). There will also be intermediate 
modes of displacement, and therefore we can expect a range of 
restoring forces, and so a range of fundamental frequencies; 
but there will be a maximum frequency because it is impossible 
to obtain 3 higher restoring force than that in the situation 
where the direction of displacement changes between neigh¬ 
bours, This situation is illustrated in Fig, H5. 

The Debye model takes the distribution of oscillations into 
account by assessing the number of fundamental oscillations 
of each frequency between 0 and and calculating the 





FIG, H5, The Einstein, Debye, and experimental distribution {for Cu) 
of the number of oscillators of a frequency v. 


total contribution to the heat capacity (see Box 8 and Fig. H3), 
Since there are oscillators at lower frequency than in the single¬ 
frequency Einstein model the heat capacity of the Debye 
model exceeds that of the latter, but the difference disappears 
at high temperatures when the behaviour is virtually classical. 
The heat capacity depends on the temperature and a charac¬ 
teristic constant known as the Debye temperature hP^/ki 
since the cut-off frequency Is higher in rigid materials so too is 
the Debye temperature. Some representative values of 0^ are 
listed in Table 12, A high Debye temperature tends to lower 
the heat capacity at a given temperature. At low temperatures 
the Debye model predicts that the heat capacity should be 
proportional to (T/O^)^, and this is often employed in 
entropy calculations. 

Further information. Chapter t of MQM gives details of the 
calculation of the Einstein heat-capacity formula, and some 
information about the Debye calculation. For an account of 
the Einstein calculation, and a discussion of Debye's, see 
Gasser and Richards' Entropy and energy ievefs (OCS 19), A 
very good discussion of heat capacities, with full details of 
calculations, will be found in Chapter 6 of Kittel (1971) and 
Chapter 2 of Dekker (1960), For further information consult 
Chapter 16 of Davidson (1962). A compilation of numerical 














data, including the numerical values of the Einstein and 
Debye functions and the Debye temperatures of many 
materials, will be found In §4 of Gray (1972). For the 
Debye function also see §27 of Abramowitz and Stegun 
(1965), Some Debye temperatures are given in the other 
books mentioned. 

Hellmann-Feynman theorem. The theorem states that 
the gradient of the energy with respect to some parameter 
d£/dA is equai to the ^expectation value of the gradient of 
the "hamiltonian with respect to that parameter, In 

order to calculate dF/dP, where P is the parameter (which 
might be a molecular bond length or angle, a nuclear charge, 
or the strength of some applied field), it Is sufficient first to 
calculate bH/bP, which might turn out to be a very simple 
operator, and then to calculate Its expectation value. The 
simplicity of this statement conceals a severe limitation 
(there has to be some catch): in this case it is the not 
unreasonable requirement that the wavefunctions used to 
calculate the expectation value must be exact. All the work 
lies in their evaluation, and faint hearts often apply the 
Hellmann-Feynman theorem even when only scruffily 
inaccurate functions are available. This misuse can introduce 
significant errors when the wavefunctions are only slightly 
bad; so beware. 

When is the theorem used? One application is to the 
calculation of the response of molecules to electric and 
magnetic fields: see ‘^polarizability. Another very interesting 
application is to the study of the geometry and “force^ 
constants of molecules. This application stems from the 
remarkable consequence of the theorem that the force on a 
nucleus in a molecule may be calculated as a simple problem 
in classical electrostatics if the exact (quantum-mechanical) 
charge distribution is known. This deduction from the 
theorem is often calfed the eiectrostatic Heilmann-Feynman 
theorem. If we know the electron density everywhere, and 
that is known if the “wavefunction is known, then the force 
on a nucleus can be calculated by considering the 
Coulombic force that the same classical charge distribution 
exerts on a point nucleus. The ^orce-constant for any 
distortion of the molecule can then be calculated by 
working out the restoring force on a nucleus when the 
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geometry is distorted. Note that this derivation treats the 
equilibrium geometry as a problem for classical electrostatics; 
but do not be misled into thinking that all the nonsense about 
'exchange energy, and so on, is an unnecessary nonsense after 
all. The complication of exchange interactions is hidden, of 
course, in the difficult task of determining the correct electron 
density for a given nuclear configuration. Nevertheless, the 
theorem does enable one to remove some of the mystery about 
the shape of molecules, for in some sense the geometry can be 
understood In terms of a balance of electrostatic forces, even 
though the distribution responsible for the balance is governed 
by quantum mechanics. 

Questions, 1. State the Hellmann-Feynman theorem. Under 
what conditions is it untrue? Propose several possibilities for 
the parameter P in the calculation of various molecular 
properties. What use may be made of the theorem in the dis¬ 
cussion of molecular structure? Why do problems of exchange 
energy remain even though the molecular shape may be under¬ 
stood in terms of the forces exerted on the nuclei? Given 
that the theorem enables the forces exerted on nuclei to be 
calculated, what conditions on the forces lead to the determin¬ 
ation of the equilibrium geometry of the molecule? What 
might the parameter P represent in a diatomic molecule? 

What is the influence of the “exchange energy on the determin¬ 
ation of molecular shape according to the theorem? 

2. Prove the Hellmann-Feynman theorem by considering the 
expression E(A) ^ <^(P) | H (P) | where the energy depends 
on the parameter P and so do both the hamiltonian and the exact 
normalized wavefunctions (so that f ^(P) 1^(P)) = 1). Differ¬ 
entiate both sides with respect to P and use the fact that 
^(P) is the eigenfunction of H{P) with eigenvalue f (P), 

Further information, A simple account of the theorem in its 
application to electric and magnetic problems Is given in MQM 
Chapter 11. For molecular applications see a thorough review 
of the subject by Deb (1973), where many more references 
will be found. More information is given in §2,6 of Slater 
(1963). For the orlgtnal exposition of the theorem see 
Hellmann (1937) and Feynman (1939). 

hermftian oj^rators. An ^operator il Is hermitian If the 
integral /d7f*S2ff is equal to the Integral /dT{iV) V- 1^ the 
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Dirac ‘^bracket notation the requirement wouid be for 

to equal <t?in 10*. Hermitian operators are important 
in quantum theory because their ^eigenvalues are real; there¬ 
fore operators corresponding to physical observables must be 
hermitian* Another consequence of hermiticity is the 
wthogonality of "eigenfunctions corresponding to different 
"eigenvalues of hermitian operators. 

Questions. 1. What is the meaning of 'hermiticity'? What 
properties stem from the hermitian nature of an operator, and 
why are hermitian operators important in quantum mechanics? 
Is the operator 'multiply by x' hermitian? Is the operator d/dx 
hermitian? Is the operator (h/j){d/dx) hermitian? (In investi¬ 
gating the hermiticity of d/dx use integration by parts and the 
property that the functions f and g disappear at sufficiently 
distant boundaries.) Which of these operators might correspond 
to what physical observables? 

2 . Prove that the eigenvalues of an hermitian operator are real, 
and that eigenfunctions corresponding to different eigenvalues 
are "orthogonal* Demonstrate these results specifically in the 
case of the operator = (h/i){3/30) which occurs in the 
theory of "angular momentum. 

Further information. See MQM Chapter 4 for a further dis¬ 
cussion of hermiticity, its consequencies, and the proof of the 
properties mentioned. See also Dirac (1958), von Neumann 
(1955), Jordan (1969), and Jauch (1968) for detailed accounts 
of the quantum-mechanical aspects of hermiticity. 

HCickel method. By taking into account the symmetry of a 
molecule in a wise way, and by cnaking foul assumptions that 
no referee would pass nor examiner condone, HCickel devel¬ 
oped a simple scheme for calculating the energy of the tt- 
electrons in conjugated systems* The approximations, which 
we label 1—6, are extreme, for they neglect every complicated 
aspect of the exact problem* 

1* The o-electrons are ignored; they are present implicitly 
because they are largely responsible for determining the shape 
of the molecule, but their interaction with the tt- electrons is 
neglected* 

2* All overlap is neglected* Since the overlap integral 
between neighbouring carbon 7r-orbitals is about 0'25 the 


propriety of this approximation can be appreciated* (in the 
event it turns out that overlap can be included quite simply, 
and it does not affect the answers savagely.) 

What about all the complicated integrals that occur in the 
exact problem? They are classified as too difficult; but to 
eliminate all integrals would eliminate the problem. Therefore: 

3. All the integrals involving only one atom (roughly 
corresponding to the energy of an electron occupying a 
carbon 2p’Orbital) are set equal to a' this is called the 
^Coulomb integraL 

4. All the integrals involving atoms separated by more 
than one bond are ignored as far too difficult* 

5. All the integrals involving neighbouring atoms are 
set equal to the same value fi: this is called the resonance 
integraL 

6 * After all these approximations it does not seem worth 
‘antisymmetrizing the wavefunction; so it isn't* (But it 
should be realized that in a rather ill-defined sense the effect 
of antisymmetrization—the role of "exchange energy—has 
been taken into account by the parameters a and 

With these approximations in hand the "variation 
method is applied to determine the best linear combination 
of atomic ir-orbitafs to describe the structure of the mole¬ 
cule; this leads to a "secular determinant whose roots give 
the energy of the orbitals. (Each diagonal element of the 
determinant isor-f and every off-diagonal element is zero 
except those corresponding to neighbouring atoms, which 
are set equal to ^*1 When the secular determinant is solved 
and the molecular-orbital energies are known the 
coefficients for the atomic orbitals may be discovered* 

This is essentially the complete solution to the problem in 
the Hiickel approximation, and it is possible to deduce a 
number of molecular properties* These include the 
delocalization or "resonance energy, the energy of elec¬ 
tronic transitions within the ir-system, the "charge density 
on the carbon atoms, and the TT-electron contribution to 
the "dipole moment, the "bond order, and the "free 
valence. In calculations of deiocalization energy a reason- 
abie value of j3 is —0-69 eV (^67 kJ mol"'), but for spectral 
transitions a better value is —2^71 eV (—21 900 cm"'). A 
sample calculation is illustrated in Box 9. 











BOX 9: Hucket catculation; an example 


In gBneraf: 


1. Wnte MO as = 2c.0,. 

i ^ ^ 


. Set up "secular determinant' \H.^ -- ES.^ \ as follows: 

y y 

s.=r" '■=' 

\q If 

{ Cl if t ^/ 

J3 if / #/, but /,/ are neighbours 
0 otherwise, 

3, Solve \H.. fS-. I = 0 for energies E. 
y y 

For butadiene]}/ = Ci0j C202 ^ 3^3 + ^ 4 ^ 4 , where 

01 ^... 04 are the 2p7r-orbitals on the carbon atoms in 
CH 2 :CH 0 ^ 1 : 01 ^ 2 , The secular determinant is 

0(-E j3 0 0 

0 a-E ^ 0 

0 /? a-E j3 

0 0 j3 01—E 

If xjS — oc—E this reduces to at** — 3x^ + 1=0. Therefore 
the roots are 

E — atf'Bf} and E = oi± 0-6^3 

and these are the energies of the four molecular orbitals of 
butadiene. The secular determinant can usually be simplified 
(factorized) by using symmetry arguments. See Further 
information* 


= 0 


The Huckej method (s moderately satisfactory because 
of its reliance on the symmetry of the molecule: the 
orbitals are essentially classified according to their 
symmetry, and then the number of bondir>g and anti¬ 
bonding juxtapositions of overlapping TT-orbitals Is counted 
by the coefficient of jSi in this way one obtains a rough 
guide to the ordering of the energies. 

There is obviously enormous room for improvement in the 
method, and an enormous amount of work has been done with 
that in mind, A simple improvement is the inclusion of overlap 
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between neighbours: this squashes the lower, bonding orbitals 
together and separates the upper, ^'antibonding levels without 
significantly affecting their order* The next improvement often 
employed in simple calculations is to realize that the energy of 
an electron on a carbon atom, measured by the magnitude of 
o, depends on the charge density on that atom. The HCickel 
method ignores this dependence and gives the same value of 
£3: to all the atoms irrespective of the local accumulation of 
electron density, (See ■"alternant hydrocarbon in this 
connexion.) The io-techn/que seeks to repair this deficiency 
by making a depend, through a constant of proportionality U?, 
on the charge density. This is a simple example of a "self- 
consistent calculation: a Huckel calculation is first done to 
find the charge density, then each ot is modified appropriately, 
and the calculation repeated with the new set of ors: the 
scheme is repeated until the charge density remains constant 
through a cycle of the calculation. 

Beyond these n'iviaf modifications of the original theory 
one encounters the semt-empincaf methods which are at the 
centre of much of present-day research. These attempt to 
relax the bold assumptions of the Huckel method and to 
approach the accuracy of an exact calculation. They proceed 
by neglecting electron-repulsion integrals in a more-or-less 
rational fashion, and expressing the magnitude of the remain¬ 
ing molecular integrals in terms of some empirical quantity, or 
in terms of quantities calculated for atoms, or leaving them as 
adjustable parameters* Virtually all of them deal with the 
valence electrons only, and acknowledge the existence of the 
core electrons only in terms of the final choice of the para¬ 
meters. Most do not make the Huckel distinction between the 
o- and TT-eiectrons except in so far as their symmetry is con¬ 
cerned; therefore the methods can he applied to molecules 
lacking planes of symmetry. Popular methods at one time 
included the Pariser-Parr-Pople (or PPP) method, which is only 
a slight improvement on the Huckel method and ignores 
virtually all the electron repulsion integrals between atoms. 

The CNDO (complete neglect of differential overlap) method 
neglects fewer integrals and is the basis of many modern 
calculations. Other initials, such as IN DO (intermediate 
neglect of differential overlap) and MINDO (modified INDO), 
represent schemes of neglecting different integrals and 
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Hund coupling cases 


choosing the value of those remaining, Details of the actual 
choices and approximations in these schemes will be found 
under Further information. 

Questions. 1. List the approximations that constitute the 
HCickel scheme for calculating TT^electron energies* What is the 
significance of the parameters ct and jS? Why should a be 
expected to depend on the charge of the atom? What mole¬ 
cular properties may be calculated in the Huckel scheme? 
What improvements may be made quite simply? What 
improvement rs it much more diff icult to introduce? What is 
the major limitation on the accuracy of the semi-empirical 
methods? Why are they Infenor to the best Hartree-Fock 
*self-consistent field calculations? 

2. Using the calculational scheme set out in Box 9, set up and 
solve the Huckel equations for the molecules CH 2 —CH^CH^ 
CH 2 , CH 2 =C=CH 2 , cyclopropene, and benzene, and calculate 
the delocalization energy and charge distribution in each* In 
the case of cyclobutadiene investigate the effect of including 
overlap between nearest neighbours: let the overlap integral 
be S in each case (set 5 = 0*25 at the end of the calculation)* 
3* The co-technique supposes that the Coulomb integral on 
atom r is related to the charge density on r by the formula 
= Of + (1 — g^) with the coefficient OJ being about 1*4* 
Apply the technique to the ally I cation starting with the 
HCickel approximation and proceeding through three cycles of 
the Cx>method. What is the role of the co-technique in the case 
of “alternant hydrocarbons? 

Further rnformetion. See MQM Chapter 9* Many books deal 
with the Huckel method in detail, and work through many 
examples* See Couison*s Theshepe and structure of moiecu/es 
(OCS 9) and §9*6 of Coulson (1961)* See also Murrell, Kettle, 
and Tedder (1965), Streltweiser (1961), Pilar (1968), Salem 
(1966), McGlynn, Vanqu token borne, Kinoshita, and Carroll 
(1972), and Dewar (1969). Accounts of the developments of 
the theory will be found in these books and also in Pople and 
Beveridge (1970), Doggett (1972), and Murrell and Harget 
(1972). A compilation of the results of such calculations has 
been prepared by Coulson and Streitweiser (1965). 

Streitweiser (1961) works through many calculations on 
organic motecules. and shows how the results may be applied 


to the prediction of chemical properties. Roberts (19616) 
works through the bare bones of the method. Parr {1963) 
has reviewed the modern theories of molecular structure, and 
bis book contains a collection of some of the important 
original papers. 

Hund coupling cases. In a diatomic molecule there are 
several sources of angular momentum, notably the “spin of the 
electrons, their '■orbital motion about the axis, and the 
“rotation of the nuclear framework. The total angular 
momentum is the vector sum of all these momenta, but there 
is a variety of ways of coupling them together* The Hund 
cases are a sensible selection of a few of the possible ways of 
performing the coupling; we shall deal with the four simplest 
and most common schemes. 

(a) In Hund's case (a) the strong electrostatic effect of the 
nuclei is respected: the axial field allows only circulation about 
the axis to survive and be a source of “orbital angular 
monnentum. Through the “spin-orbit coupling any resultant 
spin of the electrons is also coupled to the surviving com¬ 
ponent of the orbital momentum; that is, the spins are coupled 
to the axis by a two-step process. All the electronic angular 
momentum is along the axis: the orbital component is Ati and 
the spin component Shgiving a total momentum along the 
axis of 121i with fi— A -F S* But the nuclear framework is also 
rotating with a momentum which can be represented by a 
vector O perpendicular to the axis (Fig. H6 a). It follows that 
the total angular momentum of the molecule is represented by 
the resultant vector J* 

(b) Hund^scase (b) deals with the situation in which the 
coupling of the spin momentum to the axis disappears* This 
may occur in the case where there is no electronic orbital 
angular momentum (so there is no guidance via the spin-orbit 
interaction for the alignment of the spin) or when the spin- 
orbit coupling is so weak that the orbital angular momentum 
does not succeed in fastening it to the axis. This situation may 
arise in the diatomic molecules formed from the first-row 
atoms, especially in their hydrides. The orbital momentum is 
stiil coupled electrostatically to the axis, but the spin swims 
loosely around* Therefore the electronic orbital momentum 












FIG» H6. The Hund coupling cases (a)“(d). 

and the nudear framework momentum couple into a 
resultant N, and only then, in order to get the total 
momentum of the system, is the spin coupled in to give a 
resultant J (see Fig, H6 b), 

(c) in Hand's case (c) we go to the other extreme and 
encounter a situation in which the spin-orbit coupling is so 
strong that the spin and orbital momenta couple strongly at 
every opportunity. This passion couples them into a resultant 
total electronic angular momentum J . This J “precesses around 
the internuclear axis, on which it has a component Slh. To 
this resultant couples the rigid rotation of the nuclear frame¬ 
work, and the whole system yields a total momentum J 
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(Fig. H6 c). The spin-orbit interaction is strong in heavy 
atoms, and it is for these that case (c) is important, 

(d) In Hand's case (d) we encounter a peculiar situation in 
which the electrons are virtually independent of the orient¬ 
ation of the nuclear framework. The pair of nuclei churn 
around inside the molecule but the outermost electrons do 
not respond. Such a situaHon arises when the electron has 
been excited to an orbitaJ outside the valence shell {into a 
"Rydberg state), for it is then so far away that the pair of 
nuclei resemble a single point nucleus. In this case the 
electronic orbital angular momentum vector combines with 
the nuclear-framework vector to yield a resultant N; with this 
combines the spin (there is very little spin-orbit coupling in 
such diffuse states) to give the total resultant J (see Fig. 

H6d), 

It should be clear that these four cases are only a few of the 
many possible; and even more are possible if the nuclei them* 
selves possess "Spin. Furthermore, the cases are extreme, ideal, 
or pure cases; in any real molecule there are various com* 
petitions between different angular momenta, and for none 
can there be complete victory. The contamination of one of 
the pure Hund's cases by another is referred to as a decoapfinff. 

Questfons. What different sources of angular momentum exist 
in a diatomic molecule? Under what circumstances does 
Hund's case (a) dominate? What happens when there is a 
vanishing orbital angular momentum in the molecule? What is 
an appropriate coupling scheme when the spin-orbit coupling 
is small? What is appropriate when it is large? What scheme is 
appropriate when an electron occupies a very diffuse orbital? 
What is actually meant by the term 'coupling? (Consider what 
a particular coupling scheme represents in terms of energy; 
review “precession.) The quantum numbers A and Z represent 
well-defined situations in case (a) (they are good quantum 
numbers); is that also true in case (c)? What of the quantum 
number li? What do these quantum numbers represent? 

Furdter mformation. See MOM Chapter 10 for another look at 
the coupling schemes. See Barrow (1962), King (1964), and 
Herzberg (1950) for an account of the way the coupling cases 
are employed* There are a few more cases of interest: find 
them all splendidly discussed in Chapter 5 of Herzberg 












































100 


Hund rules 


{1950], One important application is in the discussion of the 
''selection rules that govern electronic transitions in diatomic 
molecules, 

Hund ruteSi The Hund rules provide a simple guide to the 
ordering of the energies of atomic states. They state the 
following: 

( 1 ) for a given ■’configuration the nerm with the highest 
“multiplicity lies lowest in energy; 

( 2 ) for a given configuration and multiplicity the term with 
the highest ^orbital angular momentum lies lowest in energy; 

(3) for a given configuration, multiplicity, and orbital 
angular momentum the "level with the lowest value of the 
total angular momentum J lies lowest in energy if the con¬ 
figuration represents a shell less than half-filled; and the state 
with the largest value of J lies lowest if the shell is more than 
half fulL 

As an example consider the configuration 1 s^ 2s^ 2p^ and 
the terms ^ D, ‘ P,and to wh ich it gives rise. What is the 
order of energies? Application of the first rule yields the order 

< (^P, Application of the second yields *P < and 
so we can conclude that the terms should lie in the order 

< *P < *S, The third rule enables us to order the three 
levels of the triplet term (^D), Since L = 2\n and S - 1, 
the levels correspond to J - 3, 2, 1 , Since the p*shell is less 
than half full (it can hold six electrons) the appropriate order 
is ^Dj < ^D 2 < ^ D 3 , and so we have a complete ordering. 

The basis of the rules lies m electrostatic interactions for 
the first two, and magnetic interactions for the third, 

1, The first rule has an explanation that is rather more 
subtle than is found in most books. First, we can say that if 
their spins are parallel, the electrons must be in different 
orbitals ("Pauli principle), and therefore must be further apart 
than if they were crammed into the same orbital; their 
repulsion will be diminished on this account* But if we have a 
configuration where the electrons are in different 
orbitals, it is possible for them to have either parallel or 
antiparallel spins: which lies lower, and why? The com 
ventional, mythical explanation of why the triplet (parallel) 
configuration lies lower is that, because electrons with 
parallel spins tend to keep apart {see “spin correlation), 


their repulsion is less than in a singlet (paired) configuration. 
This is not so. Detailed calculation on some cases has shown 
that the repulsion between the electrons \s greater in triplet 
states than in singlets, and that the lowering of the energy is 
due to the modification of the electron-nucleus interaction. 
Thus, in a triplet atom the electron distribution contracts, and 
is stabilized by the improved nuclear attraction: the electron 
repulsion rises because the electrons are closer together, but 
this increase does not defeat the improvement in the nuclear 
attraction* Presumably the “spin correlation helps to stop the 
electron-electron repulsion rising faster than the nuclear 
attraction* 

2, The second rule reflects the tendency for electrons 
to stay apart if their orbital angular momentum carries them 
in the same direction* Electrons circulating in the same 
direction, and therefore leading to a large total orbital 
angular momentum, can stay apart; but electrons orbiting in 
opposition wlM meet frequently, and so have a large 
Coulombic repulsive interaction. 

3* The third rule is of magnetic origin because the order of 
levels is determined by the “sptn-orbit coupling interaction* 
When the spin “magnetic moment is opposed to the orbital 
moment the magnetic energy is least; but such an arrangement 
of moments implies that the two momenta are also in op¬ 
position, which corresponds to a low total angular momentum 
(see “fine structure, and especially Fig, F 2 on p. 74). The 
inversion of the levels when the shell is more than half full re¬ 
flects the change in the sign of the spin-orbit coupling constant. 

Questions. State the three Hund rules. Which depend on 
electrostatic interactions and which on magnetic? In which 
does the spin-orbit interaction play an important role? What 
is the reasoning that explains the first rule? And the second? 
And the third? Why does an inversion of the levels occur when 
the shell is more than half full? Put the follovying terms in 
order of increasing energy: ^P, ^D. Order their levels 

appropriately on the assumption that they arise from a more 
than half-filled shell. 

Farther information. See MQM Chapter 8 for a discussion. The 
Hund rules are discussed by Kauzmann (1957), King (1964), 
and Herzberg (1944)* Tables of term and level energies have 








been prepared by Moore {1949 et seq.). The rules, of course, 
sometimes fail: this may be due to ""configuration interaction, 
where the presence of another configuration depresses a term 
below the position where the rules predict it should lie. The 
view that conventional explanations of the first rule are afl 
wrong (including that in MQM) is based on work of Lemberger 
and Pauncz (1970), Katriel (1972), and Cofpa and Islip (1973). 
See Walker and Waber {1973) for a modification to the rules in 
the case of//^coupling. 

hybridization. If an electron occupies an '^orbital that has 
mixed s-, p^d^ . ,. character on an atom, it is said to occupy a 
hybrid orbitai, and the process of forming that orbital is 
known hybridizathn. An sp-hybrid orbital, for example, is 
one composed of equal proportions of s- and p-character, and 
the electron that occupies it may be considered to have 50 per 
cent s-character and 50 per cent p-character. 

What does a hybrid orbital look like? We know that an s- 
orbital may be regarded as a spherically symmetrical standing 
wave, and that a p-orbital is a wave with two regions, one with 
a positive amplitude and one with a negative amplitude. The 
hybrid orbital is a ‘"superposition of these two standing waves, 
and where their amplitudes are both positive there is con¬ 
structive interference, and where one is positive and the other 
negative there is more or less complete destructive interference. 
The superposition is lop-sided, and as shown in Fig. H7 a. An 
sp^-hybridized orbital contains 33 per cent s-character, and an 
sp^-orbital 25 per cent. These orbitals are also illustrated in the 
figure, and it should be clear that the amount of lop-sidedness 
increases through the series. Note how the node shifts as the 
hybridization changes (it passes through the nucleus in the case 
of an unhybridized p-orbital, but not for the hybrids because 
of their s-component). 

What is the point of hybridization? It will occur in mole¬ 
cules if there results a reduction in the energy of the molecule. 

1 $ the energy of a molecule reduced when its atoms hybridize? 
On first glance ft might be thought unlikely. Consider, for 
example, the carbon atom. In its ground state its 'configuration 
is s^p^ (we ignore the deep Is-electrons), and the 2s-electrons 
lie some way in energy below the 2p. It is natural to think that 
carbon will form bonds with its 2p'orbitals and be divalent. If, 
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FIG. H7. sp^-hybrid orbitals, ComputBd contours for hydrogenic 2s-, 
2p-orbita^$. Note that the nodal surface is shifted from the nucleus^ 
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hybridization 


however, we can find enough energy to promote one of the 
s-electrons into the p-shelt the atom attains the configuration 
sp^: if each of the four s- and p-orbitais hybridize to form four 
sp^-hybrids we can envisage a situation in which each electron 
occupies one of the hybrids. The form of these is clear from 
Fig. H7: they are strongly directional, and a little calculation 
shows that they are directed towards the four apices of a 
tetrahedron (Fig. HS) (see “equivalent orbitals). Nevertheless 
we still have not recovered our initial energy investment which 
was used to promote one of the s*electrons. At this point we 
can appreciate that where we shall recover the energy is In the 
four bonds that we are able to form. Because of the strong 
directional properties of the hybrids they will have a very 
efficient overlap with the four neighbouring atoms, and we 
can expect four strong bonds. This is where we draw our 
reward: more than the Initial promotional energy is regained 
by the formation of four strong (and * equivalent) bonds. 



FIG. H 8 . Tetrahedral sp^-hybridi^ation (for ejcatnpleK in CH 4 ). 


The case of ammonia (NH 3 ) helps us to appreciate another 
source of improvement In energy (Fig, H9), The nitrogen 
atom has the configuration s^p^, and so we can expect to 
form a pyramidal ammonia molecule by attaching one 
hydrogen atom to each half-filled nitrogen 2p-orbital. Suppose 
an s-eiectron were promoted into the p-shell; would the energy 



FIG. H9, Ammonia and hybridization; the Iona pair is drawn in colour. 
In (a) there is no promotional energy; but high repulsive mteractions 
and moderate overlap; in (cj low repulsive interactions, strong overlap, 
but high promotional energy: in (b) is illustrated the compromise. Only 
two bonds are illustrated. 


of the molecule be lowered? First we Invest promotion energy 
by agreeing to treat all the s- and p-orbitsis on the same 
footing. We form sp^-hybrid orbitals with a tetrahedral dis¬ 
position and strong directional properties. Then we feed in five 
electrons and add on three hydrogen atoms. The resulting struc¬ 
ture consists of three o-bonds, each formed from a strongly over¬ 
lapping sp^-hybrid and a hydrogen Is-orbital (and each con¬ 
taining two electrons), and a further two electrons to form a 
“lone pair. With three of the bonds we get a return on the 

















energy invested because of the excellent overlap; but we also 
recover some energy from the lone pair, because it is con¬ 
centrated in a region where its electrostatic repulsive inter¬ 
action with the three fJ-bonds is minimal; furthermore, the 
larger bond angles yield a reduced H-H repulsion. The actual 
structure of ammonia is a compromise between the amount of 
energy required to promote an s-electron into a p-orbital, and 
the energy that can be obtained by improving overlap and 
diminishing nonbonding interactions. In the event it turns out 
that the molecule is some way between the two extreme 
structures. (This can be determined by measuring the bond 
angles: in the pure p-orbltal case the H-N-H angle is 90°, and 

in the pure sp^-orbital case it is 109° 2B*i the experimental 
value is 103°J 

Carbon is well suited for hybridization because its pro¬ 
motional energy is quite small (the^promoted s-electron can 
enter an empty p-orbital); therefore it shows a range of 
hybrids, depending on the demands made under the reaction 
conditions. In CH 4 and its homologues the hybridization is 
almost pure sp^; in alkenes and in aromatic molecules there is 
a planar, triangular array of sp^-hybrids and the remaining 
2 p-orbital of this promoted state forms the fr-bond. !n 
acetylenic compounds (alkynes) the o^bond is sp-hybridlzed, 
the remaining two 2p’Orbitals forming the 7r-bonds. 

A list of the symmetries of hybrid orbitals Is given in 
Table 13. A discussion of the formation of hybrid orbitals will 
be found under valence state. 

Qt/esttons. 1 . What is meant by the term 'hybridization'? 
Sketch some hybrid orbitals (especially sp, sp^ , sp^^, sd, sd^ 
Why can hybridization lower the energy of a molecule? 
Describe the formatrori of CH 4 , NHa^and H 2 O, and explore 
the contributions to the energy which are modified by 
hybridization of the central atom. Why is hybridization of 
special importance in carbon? 

2. The four sp^“hybrid orbitals may be expressed as 
s p„ "h Tp, :s“hp “D “d:s —— D + 0 " 

A * y ' Z "y ' 

s ~ ^ these are directed towards the 

apices of a regular tetrahedron, and that they are mutually 
"orthogonal. Express a hybrid orbital in the form 
os + i3(£p^ + mp^ + where £, m,n are the direction 
cosines of the bond that we hope to form, and i- 0^ = 1 . 


hydrogen atom 


103 


Take another equivalent orbital pointing along the direction 
m\ n and otherwise of the same composition. From.the 
condition that the functions are "orthogonal and '^normalized 
deduce that a and j3 are related to the angle 0 between the 
bonds by — — cos 0 , and 1/j3^ = 2 sin^|- 0 . Discuss the 
form of the hybrids when 8 is 180°, 90°^ and the angle of a 
tetrahedron. Plot s-character as a function of 0. Show that the 
effect of hybridization is important only when the orbitals 
involved are of approximately the same size. Proceed by 
writing a and (3 in the preceeding expression as sin^ and cos^ 
respectively (so thatce^ + = 1 is satisfied automaticany), 

and write lip^ + + /?p^ as the orbital p. Find an expres¬ 

sion for the overlap with a neighbouring orbital ip in terms 
of the overlap integrals ~ (s|(^ and = (p|t/J), and find the 
expression for the maximum value of S as a function of The 
answer is S = (S' ^ + S' ^ This shows that S differs 

max $ p 

appreciably from or S only if S ; in the event of 
these overlaps being equal S =2 . 

Further information^ See MQM Chapter 9, and especially 
Appendix 9,2 where a fuller discussion of hybridization, 
equivalent orbitals, and localized orbitals is given, together 
with the solution to Question 2. The importance of 
hybridization in molecular structure is described by 
Coulson in 7?re shape and structure of molecu/es (OCS 9) and 
in Chapter 8 of Coulson (1961). See also Murrell, Kettle, and 
Tedder (1965), Pilar (1968), Kauzmann (1957), and McGlynn, 
Vanquickenbome, Kinoshita, and Carroll (1972), The last 
book describes the formation of hybrids In some detail and 
evaluates a number of useful overlap integrals. The group- 
theoretical formation of hybrid orbitals is described in MQM 
Chapter 9. 

hydroQcn atom. The hydrogen atom, consisting of an 
electron surrounding a proton, was one of the fences that 
classical mechanics failed to take, and one of the remarkable 
successes of quantum mechanics and its later developments. 

The spectral observations on the hydrogen atom showed 
that it emitted and absorbed light at a series of well-defined 
frequencies (Fig, H10). In 1885 Balmer spotted a relation 
satisfied by the frequencies that lie in the visible region of the 
spectrum. This Balmer series (Fig. H10) fitted the formula 
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FIG* H10. The spectrum of atomic hydrogen. 


with ;7i an integer greater than Z It is 
tempting to speculate on the existence of other series of lines 
in which 2^ is replaced by another integer, and in due 
course Lyman discovered his series {m 1914 and the ultra¬ 
violet) corresponding to 02 = \,Paschen his = 3; in 1908 
and the infrared), Brackett his (n^ = 4, in 1922 and the 
infrared), and Pfund his (/?2 5, in 1924 and the far infrared)* 

Those, for the moment, are the facts. 

'’Bohr constructed a theory of the hydrogen-atom structure 
which drew on Rutherford's nuclear model and the quantum 
hypothesis; but the model had defects, and it was replaced by 
a deduction of the structure from the “Schrodinger equation 
by Schrddinger himself in 1926* A principal feature of this 
theory Is that the energy of the atom Is “quantized and limited 
to values given by where/? is an integer greater than 

zero (the principal “quantum number) and the * Rydberg 
constant, which is a collection of fundamental constants 
having the value 109 677 cm“** A transition from the level /?i 
to the level involves an energy change In splendid accord 
with observation (see the -^Grotrian diagram. Fig. G3 on p* 86)* 

The features of the structure are as follows: 

1, The electron is distributed around the nucleus in 
“Orbitals* Each atomic orbital can be distinguished by a set of 
three “quantum numbers. These are the principal quantum 
nurnb0r n, the ^^angufar'momBntum quantum number 
(occasionally called the azimuthal quantum number) and the 
magnetic quantum number m^. The principal quantum number 
may take any integral value greater than zero, the azimuthal 
quantum number may take any integral value from zero to 
0 — 1, and the magnetic quantum number can take any 
integral value between £ and —£. The energy of the state is 
determined solely by the value of the principal quantum 
number and is given by —R, (More concerning the 
“Rydberg constant will be found under that heading.) The 
angular-momentum quantum number determines the 
magnitude of the “orbital angular momentum of the electron 
about the nucleus through the formula [£(£ + 1)] The 
magnetic quantum number determines the orientation of this 
angular momentum in space, and, in accord with the general 
properties of “angular momentum, the component of angular 
momentum of the electron about an arbitrarily selected axis is 
equal to 
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FIG, H11, The spherical coordinates used to discuss the position of the 
electron in hydrogen, 

2, The orbital corresponding to the state with quantum 
numbers n, and is in general a function that depends on 
the distance r of the electron from the nucleus, the colatitude 
[the angle away from the atom's north pole), and the azimuth 
[the electron's longitude) {Fig, Hit), and may therefore be 
written orbital function may be expressed 

as a product of a function dependent solely on the radius and 
of one dependent solely on the angles: 0, (p) = 

angular functions are the 

"Spherical harmonics, 

2(a) When E = 0 the orbital is isotropic because [0,0) 
is a constant {1/27r^’) and independent of the angles. The 
orbital in this case is known as an s^orbltaf, and an electron 
that occupies it is distributed symmetrically around the 
nucleus (Fig, HI2), Since = 0 the angular momentum of an 
electron in this orbital is zero; and in this connexion it is also 
important to note that there no angular modes in the orbital 
(the number of such nodes determines the "angular 
momentum), 

2(b) When = 1 the orbital is ap-orbftal, and its angular 
dependence is given by the function ^ (0, 0), This is not a 
constant, but has its maximum amplitude along particular 
axes in space. When = 0 the function is Y^^ (0, 0}, which 
might look fearsome, but in fact is simply the function cos0; 
this has its extrema along the z-axis, where 0 = 0 or 180^ and 
so an electron that occupies this orbital 1$ most likely to be 
found in regions concentrated along the z-axis {Fig, H 12): 
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FIG, HI2. Representation (by approximate boundary surfaces) of 
S-, P”, d-, and f-orbitals. 
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for this reason it is referred to as ap^-orbkaL The other 
possible values that may have (when £ = 1) are ± 1, and In 
both these the dependence on Q is as sinfJ: this implies that 
both are concentrated predominantly in the xy-plane and have 
zero amplitude anywhere on thez-axis. Both Yx^ i and Yx^-x 
are complex functions, (see Table 23 on p. 282), but the sums 
and differences are real, and so these combinations are easier 
to depict* X ^ ^ 1,-1 is the simple function sinfl cos0, and 
so It is a standing wave concentrated along thex-axis, because 
there both sin6 and cos0 are maximal this is ^p^-orbital. The 
other combination* is the function sin6 sin0, 

which IS a standing wave concentrated along the y-axis, and 
therefore is referred to as a p^*orbkaL These have the same 
shape asp^, but differ in orientation (Fig. HI2). With each 
p-orbital there is associated an angular momentum of 
magnitude [1(1 + 1)] or (/2)h, and it should be clear 
how the different values of the quantum number dis¬ 
tinguish the different orientations of the distributions of the 
electron, and therefore the different orientations of the 
“orbital angular momentum of the electron occupying that 
orbital (for example, when = ± 1 the electron is largely in 
the x/-plane and so most of its angular momentum is about 
the z-axjs). 

2{cl Next up the scale of £ values lie the d-orbitafs with 
£ = 2. Of these there are five = 2, 1, 0, —1, —2), and 
although the five functions 0) ^re complex it is 

possible to select five real combinations (although it is not 
possible to choose five similar shapes)* The d i-orbital ts 
concentrated in the z-direction, and the notation z® may be 
construed as implying a stronger concentration along z than 
that of the p’orbital denoted p^. The d^^-orbital has its major 
concentrations along the bisectors of thex- and z-axes, hence 
the notation, and so there are four lobes (Fig* HI 2}. The d^^- 
and the d -orbitals are similar in form to d , but, as the 
notation suggests, are concentrated along the bisectors of the 
y- and z-axes and the x- and y-axes, respectively. The fifth 
d-orbitaJ is d ^2 2 , and this peculiar notation implies that 

the lobes resemble the lobes of the preceding three orbitals 
but are directed along the x- and jz-axes. 

2(d) The seven f-orbitals, corresponding to £ = 3, and 
therefore to a high angular momentum of magnitude (/ 12)ll, 


are the spherical harmonics 0), and seven possible 

real combinations are illustrated in Ftg. HI2. It is very un¬ 
common to encounter orbitals of higher momentum, but their 
form may be deduced quite simply because the angular 
dependence of all the ^spherical harmonics is known. 

3. The radial dependence of the orbitals is contained in the 
function R^^[r), and it reveals how closely the electron clusters 
around the nucleus. It is of major, but not of sole, importance in 
determining the potential energy of the electron and therefore 
the energy of the atom. The mathematical form of the 
functions had been encountered long before the Schrddinger 
equation was solved, for they are essentially the associated 
Laguerre functions. Do not be put off by the complexity of 
the name: they are simple polynomials in r (Table 14)* 

All the radial functions tend rapidiy towards zero as the 
radius becomes large, and this reflects the improbability of 
discovering the electron at great distances from the nucleus. 

All except the functions ^(r) vanish at the nucleus, and so 
if the electron occupies an orbital with £ ^ 0 there is zero 
probability of discovering the electron actually at the nucleus* 
The R^ ^(r) functions are peculiar because all are non-zero at 
the nucleus, and so all predict a non-vanishing probability of 
finding the electron there* Since £ = 0 for these functions we 
conclude that only for s-orbitals Is there a non-zero probability 
of discovering the electron at the nucleus. The physical basis 
of this difference can be understood by recalling that an 
electron In an s-orbital has zero orbital angular momentum, 
and so drifts in toward the nucleus, whereas for all other 
orbitals (£> 0) the angular momentum provides a source of 
centrifugal force that flings the electron away frorn the 
nucleus so strongly at short distances that the attractive 
Coulombic potential is overcome. Between the nucleus and 
infinity the radial wavefunction oscillates a varying number of 
times: the number of modes in the function R n is n — 1. 
The radial behaviour of the functions is depicted in Fig. HI3, 
and it Is helpful to remember that the 1 s-orbital (n = 1, £ = 0), 
which is the lowest-energy orbital, is simply a decaying 
exponential function which falls towards zero from a finite 
and non-zero value at the nucleus. 

4. The complete orbitals are depicted in a few cases In 
Fig. H14 and listed in Table 15. The shapes of the orbitals 
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FIG. H13» Radial wavefunctions for some states of hydrogen. 
Probabilities (not rad la Fdistri but! on funcrioos) are shown In colour. 
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themselves and the probability distributions (which, according 
to the Born interpretation, are the squares of the orbital 
functions} have more-or-less the same shape, but the 
directional dependence is more pronounced. It is inconvenient 
to draw such compircated diagrams to illustrate aspects of 
atomic and molecular structure and, in accord with the dis¬ 
cussion of ‘^orbitals, it is common to draw a boundary surface 
within which there is a high probability of finding the electron; 
this was done to obtain Fig. HI 2. Note that the shape of the 
surface depends on whether one is attempting to catch a 
particular proportion of the amplitude or of the probability. 
Beware. The connexion of the boundary surfaces drawn here 
should be compared with the depiction of the spherical 
harmonics by a similar device on p, 221, The details of the 
shape of the orbitals are generallv of small importance, and 
so boundary surfaces, which are normally drawn with scant 
regard for precision, like those in Fig, Ht2, should be inter¬ 
preted as rough boundaries for regions of concentrated 
amplitude. 

5, The most remarkable feature about the structure of the 
hydrogen atom is the dependence of the energy on only the 
principal quantum number and its independence of the orbital 
angular momentum quantum number k. This means that every 
state of the atom with principal quantum number n has the 
same energy irrespective of the values of and Since for a 
given n the value of £ may range from 0 to/7 — 1, and for each 
£ the value of may range from to C, it follows that a 
state with quantum number n is -fold “degenerate. This 
peculiar degeneracy, called by the shallow accidental, is a 
consequence of the very high symmetry of the central 
Coulomb potential, and is lost when the purity of the 
potential is destroyed by the presence of the other electrons in 
a many-electron atom (see “penetration and shielding), 

6, The energy of the ground state is worth discussing m 
greater detail. On classical grounds one expects the electron 
to spend as much time as possible in the vicinity of the 
nucleus, because by so doing its potential energy is minimized. 
The ideal position of the electron is that of contact with the 
nucleus. But the ground state of the hydrogen atom, an 
electron in a Is-orbital, has an electron distributed in regions 
close to the nucleus, but certainly not wholly confined to it. 
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FIG. H14, Amplitude contours of some hydrogen atomic 
orbitals. 


What repels the electron? The classical answer is its angular 
momentum and the concomitant centrifugal force, and this 
was the basis of "Bohr's model. But with the snarbital there is 
associated no angular momentum, and so this cannot be the 
explanation. The answer is found in the implication of the 
shape of the radial wavefunction and the connexion between 
its curvature and the ^kinetic energy. 

In Fig. Ht5 are shown three possible distributions of the 
electron in a Ts-orbital. In Fig. HI5c the electron is strongly 
confined to the vicinity of the nucleus, but the expense of 
doing so is discovered in the sharpness of the curvature of the 
wavefunction: this corresponds to a very high component of 
kinetic energy associated with the radial direction. Fig. HI5a 
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shows a situation in which the kinetic energy has been lowered 
by permitting the electron a more diffuse domain; but here 
the expense arises in the high potential energy of a situation 
in which it is allowed to be at a considerable distance from the 
nucleus. It is clear that there exists a compromise distribution, 
as shown in Fig. HI5b, in which the electron achieves a 
balance between a moderate kinetic energy and a moderate 
potential energy: this is the ground state of the hydrogen 
atom. This situation may also be interpreted in terms of the 
"uncertainty principle {see Questions), 

The major features of the structure and spectrum of the 
hydrogen atom are well explained by quantum mechanics; but 
complications are normally discovered when stones are over- 


















110 


hydrogen atom 



FIG. HI5* Curvature, poteritlal energy, and compromise determining 
the ground state of atomic hydrogen, 

turned and the ground inspected in more detail, A closer 
scrutiny of the spectrum reveals that the lines depicted in 
Fig. mo do in fact have a very fine structure* appropriately 
known as ^ine structure. This can be explained, as described In 
that section, in terms of the coupling of the spin and orbital 
momenta, and the energy of the interaction, and the splitting, 
emerged naturally as a consequence of the ‘‘Dirac equation. 
Nevertheless, a slight discrepancy remained even after the 
application of that beautiful theory, and the Lamb shift, a 
splitting between the levels and (which on the Dirac 
theory are strictly degenerate), was accounted for only when 
the hydrogen atom was treated in terms of “quantum electro¬ 
dynamics, Nevertheless, the closeness of the predictions of 
quantum theory and the experimental results was a triumph of 
the theory, and in its turn the explanation of the minute Lamb 
shift (a discrepancy of only 0‘033 cm“M is a triumph of the 
more recent modifications of quantum theory. 

Questions, 1, What is the evidence concerning the structure of 
the hydrogen atom? Estimate the highest frequency transition 
in each of the five spectral series. Street lamps containing 
sodium often glow red before they turn yellow on account of 
the hydrogen they contain: what transition is responsible? 


Calculate the “ionization potential of the hydrogen atom from 
the frequency of the lines in the Lyman series (Fig, H10). What 
is the significance of the quantum numbers n, £, and mg used 
to denote an orbital in the hydrogen atom? What is the general 
form of the orbitals? What are the features of the s^orbitais? 
What distinguishes them from all the other orbitals? How 
many p^, d-, f-, and g-orbitals are there in the case of n = 1, 2, 

3, 4? How many nodes does each orbital have? How many 
radial nodes, angular nodes, and total nodes does an orbital n, 
fi, mg possess? What is the connexion between the number of 
nodes and the orbital angular momentum? What is the signify 
cance of the number of radial nodes? What is represented by 
the curves that are often drawn to denote atomic orbitals? 

How many different orbitals correspond to the energy 

in^l Does the value of mg affect the energy? What is the 
physical interpretation of the structure of the hydrogen atom 
in its ground state? How would the argument be modified to 
account for the structure of the similar species He^? Discuss 
the ground state in terms of the “uncertainty principle: con- 
sider the effect on the "momentum, and therefore on the 
“kinetic energy, as the electron is confined more severely to 
the vicinity of the nucleus. Discuss the effect on the atomic 
orbitals of modifying the nuclear charge: what happens to the 
orbitals as the atomic number of the nucleus increases from 
1 to 4? What deficiencies are there in the quantum-mechanical 
description of the hydrogen atom? 

2, From the Tables (p, 275) plot the radial wavefunction for 
the Is-, 2s-, 2p% and Sd-orbitals of the atom. Demonstrate 
explicitly that these functions are “normalized. Plot the 
probability distribution as a function of r and note that the 
most probable position for finding the electron in an s-orbital 
is at the nucleus. Plot the “radial distribution function for the 
Is- and 2s- orbitals. Calculate the most probable radius for 
finding the electron in the Is-, 2s-, and 2p-orbitals. Interpret 
the different values physically. Calculate the most probable 
radius of the atom as a function of Z. At what radius does the 
1s-etectron lie, most probably, in the atoms He, C, F, and U? 

Further information. See MQM Chapter 3. For the explicit 
solution of the hydrogen atom see Pauling and Wilson 
(1935) for the series solution, and Kauzmann (1957), Davydov 
(1965), Messiah (1961), and Schiff (1968), For an account by 





















the much more efegant method of factorization of the 
Schrddinger equation, see Infeld and Hull (1951), Green 
(1965), and Englefield (1972)* For a discussion of why the 
degeneracies are not accidental, see MOM Chapter 3, 
Englefield (1972), Bander and Itzykson (1966), McIntosh 
(1959, 1971), and Fock (1935). For further depictions of the 
orbitals, and their relation to the classical orbits, see White 
(1935)* See also Herzberg (1944). For a discussion of the 
spectrum of atomic hydrogen, see MQM Chapter 3, King 
(1964), Kuhn (1962), Herzberg (1944), and Series (1957). 
Through its bibliography the article by McIntosh (1971) will 
set you on a path through abundant fascination; through 
accidental ^'degeneracy, projections of hydrogen atoms on to 
hyperspheres and hyperhyperbolas, and the four- and two- 
dimensional atom. Theoretical and experimental data for the 
hydrogen atom are collected in Table 16. 

hyperconjugation. The "overlap of o-orbitals and TForbitals 
such as the overlap of the methyl C—H a-bonds with the 
aromatic 7r-orbitals in toluene, is called hyperconjugation, or 
the Baker-Nathan effect. It constitutes a mechanism whereby 
the methyl group can behave as an electron donor, and its 
consequences include increased electron density at ortho and 
para sites, and concomitant effects on aromatic reactivity. 

The quantum-mechanical description considers the three 
a-bonds of the methyl group, or, what is equivalent for the 
present purpose, the three hydrogen 1s-orbitals, as a unit 
from which group orbitals may be constructed 
(Fig. HI6). If the in-phase combination of the three orbitals 
is taken, an orbital embracing all three may be formed; this 
orbital has cylindrical symmetry about the C—C bond 
direction, and so has no net "overlap with the TT-system. Two 
other combinations of the three atomic orbitafs may be made, 
and both have a single mode. One has its node perpendicular 
to the ring, but the other's lies in the plane of the ring, and 
therefore has the same symmetry with respect to the C -C 
bond as the TT-orbital on the ring carbon atom. It can therefore 
overlap it, form a very weak bond, and provide a means of 
mixing the C—H bond electrons with the TT-electrons. 

Further informatiof}. See §2.3 of Coulson (1961) and §5.7 of 
Streitweiser (1961) for many references. See also Murrell, 
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FIG. HI 6 . Group orbitals on CH 3 . Only (c) has non-zero net overlap 
with the TT-orbital on the neighbouring aromatic ring. 


Kettle, and Tedder (1965) and Salem (1966). A discussion 
of the evidence and consequences for hyperconjugation are 
described by Baker (1952) and in a conference proceedings on 
the subject. Baker (1958). Group orbitals are discussed by 
McGlynn, Vanquickenborne, Kinoshjta, and Carroll (1972), 
especially §2.8. Good evidence for hyperconjugation comes 
from "electron spin resonance: see Symons (1963), Ayscough 
(1967), and Bolton, Carrington, and McLachlan [1962). 

hyp^rfine interactions. A hyperfine interaction is an inter¬ 
action between an electron and a nucleus other than their 
point-charge Couiombic interaction. One may distinguish 
between electric and magnetic hyperfine interactions: the 
former arises because the nucleus may have an electric 
"quadrupole moment, and the latter because it may have a 
"magnetic dipole moment. We consider them separately. 

Magnetic hyperfine int^ractior}s. A nucleus with non-zero 
"spin possesses a magnetic dipole moment; this dipole gives 
rise to a magnetic field in its vicinity, and with this field the 
magnetic moments of the electrons of the molecule may 
interact. Consider the important case where the molecule 
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contains a single unpaired electron. This electron possesses a 
“magnetic moment by virtue of Its spin, and this moment 
interacts with the dipolar field of the nucleus by a conven 
tional dipoIe-dipole interaction. The interaction energy 
depends on the relative orier^tations of the spin magnetic 
moments (just as in the case of two small bar magnets) and 
also on the relative disposition of the two spins. 



FFG. HI7. Dlpofe-dipole intersctiort of parallel moments. 

Suppose that there is present an externaily applied 
magnetic field {as in the ^electron spin resonance experiment) 
which is strong enough to hold parallel the two magnetic 
moments of interest. The magnetic interaction energy now has 
the classical form for the interaction of two parallel dipoles, 
and this depends onr asr^^ and on the angle 9 as 1—3cos^0 
{Fig. HI 7 and Box S on p. 50). If the unpaired electron 
occupies an s-orbital on the magnetic nucleus it is spread 
isotropically about it {Fig. H18 a): the net field it experiences 
is zero, and so there is no dipole-dipole interaction in this 
case. If the electron occupies a p-orbital on the magnetic 
nucleus its distribution would not be isotropic, and in fact it 
would sample some regions of the nuclear dipole field more 
strongly than others (Fig. H18 b). In such a case the energy of 
interaction does not vanish. 

For a given electron spin orientation (expressed by the value 
of the “quantum number the energy of interaction depends 
on the nuclear spin orientation Since a nucleus of spin / 



FIG, HIS. Field from a rvuclear magnetic moment: (a) an s-electron 
samples positively and negatively directed field equally: (b) a p-electron 
samples the positive field more than the negative tin this orientation). 


may have 2/ + 1 orientations the electron may experience one 
of 2/ + 1 different values of the local magnetic field* In an 
“electron spin resonance experiment this leads to a splitting of 
the spectrum into 2/ + 1 lines with a separation determined by 
the strength of interaction between the two magnetic dipoles. 

If the molecule (radical) is rotated relative to the applied 
magnetic field, and the moments retain their original 
projections m and m., the electron samples different regions 

A r 

of the nuclear hyperfine field because the p-orbital distribution 
is carried around by the rotating nuclear framework. It follows 
that the dipole-dipole hyperfine interaction is anisotropic 
(depends on orientation of the molecule). If the rotation is 
very fast, as it is for a molecule in a liquid, the rotation causes 
the electron spin to sample all the different nuclear hyperfine 
fields: this spherical average is zero and so the hyperfine struc¬ 
ture disappears from the spectrum. 

Hyperfine fields at the position of an electron may amount 
to tens of gauss. Typical values are given in Table 9. These 




















values are for a p-electron confined completely to the atom 
containing the magnetic nucleus; therefore if a smaller va!u« 
is measured in an experiment the ratio gives the contribution 
of that orbital to a molecular orbital extending over the mole¬ 
cule. 

Although the above analysts predicts that the magnetic 
hyperfine structure of electron spin resonance spectra should 
disappear in fluid solution, experimental observatiori shows 
that this is far from the truth, for there usually remains a 
splitting of lines which is in many cases considerably larger 
than the anisotropic hyperfine structure just described Isee, 
for instance. Fig. E4 on p, 63), The interaction responsible 
for this is the ^Fermi contact interacthn. It was an approxi¬ 
mation in the preceedtng discussion that the nucleus gave a 
truly dipolar field. That would be sufficiently accurate if the 
nucleus were vanishingly small or if an electron could never 
approach it sufficiently closely to realize that it was not an 
infinitesimal point. The nucleus does have an extension (its 
diameter is of the order of 10”and if the electron is in an 
s-orbital it may approach the nucleus very closely. When It 
gets there it discovers that the field Is not a pure dipolar field 
(see Fig, FI on p. 72), Let us take the view that the electron 
actually penetrates the nucleus, and let us replace the nuclear 
magnetic moment by an equivalent current loop with the same 
radius as the nucleus. Outside the loop the field does 
average to zero when the electron spin samples it spherically; 
but inside the field is all in the same directiorr, no cancellation 
occurs, and the spin magnetic moment interacts with the non-' 
vanishing average of the field. This interaction is isotropic 
because it is independent of the orientation of the remainder 
of the nuclear framework. It is unique to s electrons because 
all others have a mode running through the nucleus and so 
cannot penetrate it. 

The Fermi contact interaction may be very large! some 
typical magnetic fields experienced by the electron by this 
mechanism are also listed in Table 9. Since It is characteristic 
of s-orbttai character the magnitude of the observed isotropic 
splitting may be used to determine the amount of s^electron 
character In a molecular orbital. 

Now let us turn off the external magnetic field, and let all 
the competition for magnetic coupling be between interactions 
within the molecule. The nuclear magnetic moment may 
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couple to the magnetic fields from various sources within the 
molecule, and the energy of this interaction wilf appear in the 
spectrum (particularly the rotational spectrum) as a splitting 
of lines; molecules with different nuclear spin states will give 
rise to slightly shifted spectra, and therefore the observed 
spectrum will be the collection of lines from all the different 
molecules in the sample. The other sources of magnetic 
moment in the molecule include the electron spin (which now 
couples differently because there is no applied field holding it 
parallel to some laboratory axis), the electron orbital 
magnetic moment, and the “molecular magnetic moment, 

Electric hyperfine interactions- It is not possible for a 
nucleus to have an electric dipole moment (on grounds of 
symmetry), but it may have an electric “quadrupoie moment 
if its spin quantum number / Is 1 or larger. The presence of an 
electric quadrupole moment implies an asymmetry in the dis¬ 
tribution of charge in the molecule, and there are two possi¬ 
bilities, These are illustrated in Fig, HI9. In one, x\\eprolate 
case, there is an excess of positive charge in the polar regions 
of the nucleus (with respect to the axis of spin), and a com¬ 
pensating slight relatively negative band in the equatorial 
zone. In the oblate case the distributions are reversed. An 
electric “quadrupole moment interacts not with an electric 
field itself but with the field gradient. If, therefore, there is an 
electric field gradient at the quadrupotar nucleus, the energy 
of the molecule will depend on the orientation of the nucleur 
in the molecular framework, and so we arrive at another 
hyperfine interaction. 




low energy high energy 


FIG, H19. A nucisar electric quadrupole in a field gradient. 
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Is there a field gradient at a nucleus in a molecule? If the 
surrounding electrons are in an s-orbitaJ, or constitute a 
closed shell, there is no field gradient. If however the electrons 
do not form a closed shelf and are not s-electrons there may be 
a very strong field gradient (see Fig. H19 and Fig. Q2 on 
p* 187), Therefore the magnitude of the electric quadrupole 
interaction in a spectrum gives information about the state of 
"hybridization of the orbitals occupied by the electrons sur¬ 
rounding it {that is, the amount of p-orbital character in the 
surrounding electrons). There are, of course, complications. 
One especially Important nuisance is that the valence electrons 
may distort the underlying closed shells. This distortion gives 
rise to a field gradient at the nucleus and therefore Increases or 
decreases the strength of the quadrupole coupling: these are 
the Sternhelmer anti-^ieldmg and d}hiding effects. The dis¬ 
tribution of charges in the vicinity of the nucleus may also be 
estimated by pretending that the molecule consists of an array 
of point charges (see '■dipole moment): iontcity has been 
estimated in this fashion. 

Questions. What is meant by the term 'hyperfine interaction'? 
What two classes of interaction are there? What is the nature 
of the magnetic coupling between an electron spin and a 
nuclear spin? Why does this interaction disappear {when there 
IS an external field present) when the electron is distributed in 
an s-orbital, or when it is in a pni^rbita] but the molecule is 
rotating rapidly in a liquid? What information can be obtained 
from the magnitude of the anisotropic hyperfine interaction? 


Why does there remain an interaction in fluid solution? Of 
what is the Fermi contact interaction diagnostic? In the 
radical NO 2 the hyperfine interaction to the nitrogen nucleus 
is 55 G for the isotropic component and 13 G for the 
maximum of the anisotropic component: what is the s- and p- 
character of the nitrogen orbital contributing to the molecular 
orbital occupied by the unpaired electron? (Use Table 9.) 

What is the source of the electric hyperfine interaction? What 
nuclei rlnav possess a quadrupole moment, and what does such 
possession signify? With what electronic property does the 
quadrupole Interact? What information may be obtained from 
a study of the interaction? What is the compitearing feature? 

Further information. See MQM Chapter 11 for a more detailed 
account of the magnetic hyperfine interactions. The way that 
they are employed m “electron spin resonance and "nuclear 
magnetic resonance (especially for ®spin-spin coupling 
constants) is described by McLauchlan in Magnetic resonance 
(OCS 1). See also Lynden-Bell and Harris (1963), Carrington 
and Me Lachlan (1967), Atkins and Symons (1967), Ayscough 
(1367), Bolton and Wertz (1972), Slichter (1963), and 
Abragam and Bleaney (1970)* The role of hyperfine inter¬ 
actions in spectra, and the structural information they may 
be used to obtain, are described in Sugden and Kenney 
(1965), Herzberg (1950), and Townes and Schawl ow 
(1955), See Freeman and Frankel (1967) for a basic dis¬ 
cussion. Magnetic and electric properties of nuclei are listed 
in Table 17. 









ionization potential. The iontzation potential (IP) is the en¬ 
ergy required to remove to infinity an electron from the orbital it 
occupies in an atom or molecule. The more tightly bound the 
electron the greater its ionization potential- The energy is 
normally expressed in electronvolts (1 eV is equivalent to 
96*49 kJ mol"^), and its value depends on the orbital involved 
and the state of ionization of the atom. The first fP is the 
energy required to remove the least tightly bound electron 
from the neutral atom, the second iP is the energy required to 
remove the least tightly bound electron from the singly 
charged ion, and so on, IPs are a good guide to the chemical 
properties of elements, and the periodic table can be discussed 
in their light. A useful exercise of this nature is the discussion 
of the IP of the atoms from He to Ne along the first row of 
the periodic table (see Table 18). These can be rationalized in 
terms of “penetration and shielding effects. 

Questions, What is an ionization potential? The ionization 
potential of atomic sodium is 5T4 eV; how much heat is 
evolved when 1 mol of sodium atoms is formed from a gas of 
Na Ions and electrons? Could an atom have a negative 
ionization potential? Account for the IPs of the elements of 
the first row in terms of penetration and shielding effects. 

Further information. Lists of ionization potentials will be 
found in Kaye and La by (1956) and §7b of Gray (1972). In 
Puddephatt's The periodic tabfe of iheefements (OCS 3) will 
be found a discussion of their dependence on penetration and 
shielding effects, and the role they play in determining 
chemicaJ properties. This aspect is developed in detail by 
Phillips and Williams (1965). The ionization potential is used 


to calculate “electronegativitres, and is a basis of the experi¬ 
mental technique of photoehctron spectroscopy (see 
“photoelectric effect). 

mtermolecLilar forces: a synopsis. The principal classifi¬ 
cation of the forces between molecules is according to their 
range. The short-range forces are repulsive, and reflect the 
increase in energy that occurs when two electron clouds are 
forced into contact and penetration. As two closed-shell 
species approach each other some of the electrons may be able 
to adjust their distribution so that they occupy energetically 
favourable regions, but the “Pauli principle does not permit all 
the electrons to settle into these regions, and the remainder are 
forced to occupy regions that tend to raise the energy of the 
approaching pair (they enter the “antibonding orbitals in the 
“molecular-orbital theory). This disruptive effect overcomes 
the attractive effect of the more favourably sited electrons, 
and so the energy of the pair of species rises sharply as the 
distance diminishes: this may be interpreted as a force that 
drives the molecules apart, and so we see the repulsive force to 
be rooted in the operation of the Pauli principle. 

Long-range attractive forces between molecules must exist, 
for otherwise no condensed phases would exist. The simplest 
attractive interactions are between charged species (ion-ion 
interactions, the ionic “bond), where the Coulomb force draws 
the components together until repulsive forces supervene. 

Most molecules are uncharged, but attractive forces stili 
operate. In polar molecules these can be identified with the 
attractive interaction between the permanent electric moments 
of the molecules (the ^dipofe-dipo/e interaction, or the dipofe— 
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BOX 10: In ter molecular potentials 
Rigid spheres: 

^ R < o 


V[R] 


j » /? 

“to/? 


> 0, 


Point centres: 

Wfl) = Dfi~^ 

9 < 6 <! 15 usually. Maxwellian molecules have 5 = 4. 
Square well: 

“ R < a 


V[R) = 


a < R < ra 
R > ra. 


Sutherland: 
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R< 0 
-Cfl^ R > a. 


Lennard-Jones: 

VIR) = DR'^ - 
Special case: (6,12)-potential 
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Buckingham: 
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Modified Buckingham (6-exp): 
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R is the value of R for which the upper expression for 

m 

V(R) attains a maximum* 

Stockmayer: 

l/(R) = V^^j[R) + 

where V.j (/?) is the Lennard-Jones potential, and 

is the dipole-dipole interaction energy gi'/en in 

Box 5* 


point-charge interaction if one is charged, or the dipofe— 
induced-dipofe interaction if one is polar and the other not: in 
the last case the strength of interaction depends on the 
"polarizability of the nonpolar molecule). Then there are the 
forces between nonpolar molecules: the most important of 
these IS the London ^dispersion force which is also termed an 
induced'dipoie—induced-dipoie interaction because it depends 
on the fluctuation of the electron density of one molecule 
leading to an instantaneous dipole moment which may m turn 
induce an instantaneous dipole moment In the other, these 
two dipoles then sticking together* This interaction depends on 
the polarizability of both molecules and its energy depends on 
their separation as /?"*, 

The name van der Waafs forces is a general term applied to 
these tntermolecular interactions. The term Keesony force is 
reserved for the interaction between polar molecules, and 
London force refers specifically to the dispersion force. 

The d/stance-dependence of the forces and the angular 
dependence of those between non-spherical species are 
normally expressed in terms of an empirical formula which 
has more-or-less the correct qualitative form and contains only 
a few adjustable parameters. Some of the more common inter- 
molecular potentials are illustrated in Fig. 11 and Box 10. 

All make a crude approximation to the repulsive interaction 
which, in reality, because it depends on details of molecular 
“wavefunotions and “overlap, has a complicated behaviour. 

The most cavalier approximation is to replace the repulsive 
part by an impenetrable hard sphere. The Lennard-Jones 
potentiai assumes that the potential rises sharply at small 
separations according to R~"; when, for mathematical con¬ 
venience, n is chosen to be 12, we have the {6, 12)-Lennard- 
Jones potential (the-dependence [see Box 10] reflects the 
presence of the dispersion forces). The Buckingham exp-6 
potential retains the R~^ component but pretends that the 
repulsive forces vary exponentially. The Keesom potentiai is 
an expression for the interaction of non-spherical molecules 
which treats them as cylinders capped by hemispheres. The 
Stockmayer potentiai adds to the Lennard-Jones potentiai a 
term representing the Interaction of two dipoles placed at the 
centres of the molecules, 

Intermolecular forces must be taken into account if the 
properties of real gases and liquids are to be understood, and if 
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quantitative calculations are to be made. One important route 
to thermodynamic quantities is through the virial equation of 
state, where Py is expressed as an expansion in MV; the coef 
ficents in this expansion, the virhi expamton, are the vina! 
coefficients. Expressions for these may be obtained from the 
intermolecular potentials and the coefficiems used to calculate 
the properties of the gas. The structure of liquids depends on 
the form of the intermolecular forces* The forces {and the 
parameters in the empirical expressions) may be determined 
by fitting calculated virial coefficients to experimentally 
determined values, from transport properties, and, best of all, 
from scattering experiments \n moiecuiar beams, where 
individual molecules are used both as targets and projectiles 
and their deflexion Is determined by their interaction. 

Further information. An excellent book on the subject, which 
has a synoptic review In an early chapter and detailed accounts 
in later chapters, is that by Hlrschfelder, Curtiss, and Bird 
(1954). A heipful account of Debye's contribution has been 
given by Chu (1967), and details of the quantum-mechanical 
equations involved, and their derivation, will be found in 
MQM Chapter 11, Kauzmann (1957), and Margenau and 
Kestner (1969). The determination of Intermolecular poten- 
tials is described by Hirschfelder, Curtiss, and Bird (1954), 
Curtiss (1967), and Dymond and Smith {1969). Molecular 
beams and their application to the determination of inter- 
molecular potentials are described by Levine and Bernstein 
(1974) and Ramsey {1956), and reviewed in a collection of 
articles edited by Ross (1966). Experimental and theoretical 
aspects of intermolecular forces have also been reviewed by 
Hirschfelder (1967). 

inversion doubling. Inversion ^doubling can be discussed 
in terms of the specific and important example of the 
ammonia molecule. This pyramidal molecule can vibrate in a 
symmetrical bending mode, rather like an umbrella being 
shaken dry. And, like an umbrella, there is some probability 
that it can be inverted into another configuration where it 
continues to vibrate. The original and inverted configurations 
are physically indistinguishable, and vibrate with the same 
frequency; this situation can be pictured as In Fig. 12, where 
the molecule vibrates in one of the two potential wells. But 
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FIG, J2* Inversiof\ doubling in ammonia: black lines are the ^confined' 
states of the two welis: coEoyred lines are the true, interacting states. 

the fact that tfie molecule has some chance of inverting, or 
of ^tunnelling from one well into the other, implies that the 
‘Vibrational wavefunctions of one well (which represent the 
displacement of the nuclei) seep through into the other. If 
the vibrational wavefunctions were wholly confined to one 
well the molecule would not be able to invert. Since the 
wavefunctions seep through the potential barrier their 
amplitudes overlap, and, Just as in the case of the formation 
of a “molecular orbital, the correct description of the 
vibrational state of the molecule is in terms of a ■^super¬ 
position of the functions. Thus we take either their sum or 
their difference. The two new functions so formed correspond 
to different energies, because one is concentrated more with¬ 
in the barrier than the other. It is important not to conclude 
that the lower state is the one with the node within the 
barrier, even though this has the lower potential energy. We 
must also, as always, take Into account the "kinetic energy, 
and discuss the total energy. When a mode is Introduced into 


a function it becomes more curved, and its kinetic energy 
rises. This is the case for the tunnelling states of ammonia, and 
an analysis shows that the kinetic energy dominates and that 
the unbuckled, nodeless, symmetrical function corresponds 
to the lower total energy. In this connexion see “torsional 
barrier. It follows that, instead of having pairs of “degenerate 
vibrational states in the ammonia molecule, the inversion 
causes the degeneracy to be removed and each pair splits into 
twoi each level is ^doubled. 

The energy separation depends on the difference in 
amplitude (and therefore probability) that the nuclei will be 
found within the potential barrier: this depends on the 
strength of the overlap between the vibrational wavefunctions 
in the two wells, and this in turn depends both on the height 
of the potential barrier above the interacting levels (the higher 
it is the smaller the penetration) and on the mass of the 
"tunnelling species (the greater the mass the less the tunnel- 
ling). In NH^, the splitting, which is known as the inversion 
frequency, is 23 786 MHz (0*793 cm“M for the lowest level. 

On a classical picture of the process this frequency would be 
identified with the frequency with which the inversion 
actually occurred. In quantum mechanics that concept is 
untenable in detail, but a “wave packet localized in one well 
(and representing one configuration of the molecule) would 
wriggle through the barrier and emerge on the other side, with 
more or less the observed 'inversion frequency'. 

Questions, 1, Why is inversion doubling so called? What is its 

source? Why do the positive and negative combinations of the 

vibrational levels correspond to different energies? Which has 

the lower energy? What determines the separation? Discuss the 

dependence of the separation as the barrier height is reduced 

from infinity to zero. How does Inversion doubling affect the 

spectrum of ammonia? What changes would you expect to 

observe on deuteration of ammonia? Discuss inversion 

doubling in the other Group V hydrides. 

2. Consider a double square-well potential with a rectangular 

potential barrier; take the potential V to be infinite for 

X < 0 and x > £, to have the value 8 between x — ^L-b and 
1 * 

2 L + 6, and to be zero elsewhere. Set up and discuss the solutions 
of the "Schrddinger equation for a particle of mass m in this 
system, and discuss the doubling of the energy levels that is 



























brought about by lowering the height of the barrier from 
infinity. Discuss the effect of changing the mass of the 
particle. 

Further mformathn. See MQM Chapter 10. For the spectro^ 
scopic consequences of inversion doubling see §9.19 of King 
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(1964), §8.2 of Sugden and Kenney (1965), various parts of 
Herzberg (1966), and Chapter 12 of Townes and Schawlow 
(1955). The inversion process is the basis of maser action {a 
microwave "laser process) and so has been studied in consider- 
able detail: for applications of this nature see the references 
under "laser, Vuylsteke (1960), and Troup (1963). 
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J. The letter J is worked hard in quantum theory, but the con¬ 
text normally eliminates confusion* J andy are ^quantum 
numbers used to denote the totaf °anguiar momentum of a 
system: the former is used in a many-electron system, or for 
the overall Totation of mofecufes, and the latter is used when 
only a single particle is involved* As a consequence of this use 
both J and / are used to distinguish the ^ieveis of ^terms* J is 
also used to denote the ^$pm-spin coupling constant in *n*m*r* 
and the ^Coulomb integral for the electrostatic interaction of 
electrons. J or j is used for the current, be it the current of 
eiectrons induced by applied fields in metals, atoms, and 
molecules, or the flow of matter, heat, and entropy* 

Jahn-Teifer effect- To those for whom the natural tendency 
of Mature is to states of highest symmetry, the Jahn-Teller 
theorem is a bitter pill, for its contention is that in a variety of 
situations a molecule of high symmetry is intrinsically unstable 
and will attain a lower energy by distorting into a lower 
symmetry configuration. To be more precise, the theorem 
states that no non-linear molecule can be stable in a 
“degenerate electronic state. Therefore, if the molecule is 
found, by calculation, to be degenerate, that form of the 
molecule will not be the stable form in Nature, and a less 
symmetrical and non-degenerate form will be its natural state* 
The theorem does not apply to linear molecules, and so these 
may exist in an undistorted degenerate state; but there is an 
analogous higher-order effect, the *Renner-Teller effect, which 
takes care of that loophole* 

As an example of the Jahn-Teller effect we shall consider 
the case of a Cu^*^ ion in an octahedral environment* We 


proceed to deduce its electronic structure on the basis of 
“crystal-field theory {which is good enough for our present 
purpose), and discover that its configuration is t^e^* This is a 
degenerate configuration because the two configurations 
ad 2 2 snd 2 2 d 2 have the same energy. The 

molecule is non-linear, and so the JahnTelier theorem 
predicts that the molecule must distort and eliminate its 
degeneracy. 

The physical reason for this may be understood by com 
sidering the forces operating on the iigands: in the first 
configuration there is more electron density along thez-axis 
than in the equatorial plane, whereas the opposite is true 10 
the second configuration. In the first case there is a tendency 
for the ligands along the z-axis to move away from the central 
ion, and for the equatorial ligands to move in; in the second 
configuration the opposite shifts are to be expected. If the 
molecule does distort by stretching along the z-axis, the 
electronic configuration _ 2 will have 3 lower energy 

than the other electronic configuration In same environ* 
ment {Fig, J1 a). If the complex flattens along the z-axis, for 
that conformation the second configuration will have the 
lower energy (Fig, J1 b). Therefore we see that there does 
indeed exist a distortion of the molecule that removes the 
degeneracy of the electronic states, and we should expect the 
molecule to be found in either the elongated or the compressed 
form, [Which form it attains is very difficult to predict*) 

Several electronic configurations are predicted to produce 
Jahn-Teller distortions in octahedral complexes: we simply 
have to seek cases in which degenerate configurations can arise* 
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FIG, J1. The eHect of (a} elongation and (b} flattening an octahedron 
on the energy of electrons in d^2 ^2. 

The high-sptn d** configurations the fow-spin con¬ 
figurations t*e\ and the configurations are all cases in 
which there is degeneracy because a single electron or a single 
hole has to occupy the two degenerate e-orbitals (d ^2 and 

Examples are Cu^’^{d^)and Cr^'*^ (d^), whose com¬ 
pounds often have closely related distorted structures, 

(d^), and the rare low spin (d^), low-spin Ni^* (d^l, and 
Ag^^ (d^). Jahn-TeJIer distortions are not expected for 
high-spin d^, low-spin d^, or d®, 

Jahn-Teller distortions might be predicted also for con¬ 
figurations that give rise to degeneracy in the t-orbitals, such 
as high-spin d*, and high*spin d^. In practice the 

t-orbitals are directed between (rather than along) the metal- 
ligand axes, and uneven electron occupation therefore fails 
to produce observable distortions. 

The d® configuration is rather special in the sense 
that small distortions are not expected; if a distortion does 
occur it is large. Because the spins are paralleh one electron 

must occupy d 2 and the other'must occupy d 2 2 1 there- 

z X ^ y 


b) fl^jflened 
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fore in a small distortion the energy of one electron increases, 
the other falls, and so overall there is no change in the energy. 

If the distortion is great enough, however, the energy differ¬ 
ence between the d 2 and d 2 2 orbitals can exceed the 

z X - y 

energy required to cram both electrons into either d 2 or 
d 2 2 (that is, to overcome the first *Hund rule). Strictly 

speaking, this is not a Jahn-Teller distortion because it does 
not lower the degeneracy of the system. 

Two effects complicate the analysis of the effect. The first 
is the dynamic Jahn-Teffer effectf in which the centre of 
attention Is the motion of a molecule in which a degeneracy 
may arise at certain nuclear conformations. The second is the 
role of "spin-orbit coupling, which generally reduces the 
effect's magnitude. The experimental detection of a true Jahn- 
Teller distortion is very difficult as there are other reasons why 
a complex may be distorted. In particular it is difficult to 
distinguish it from a distortion due to the packing requirements 
on formation of a crystal. 

Questions. What is the Jahn-Teller theorem? What molecules 
are excluded? When a molecule is predicted by calculation to 
have a degenerate electronic state, what are the consequences 
of the theorem? Account for the content of the theorem in 
terms of the crystal-field model of transition-metal complexes: 
why may a lower energy be attained when an octahedral com¬ 
plex is distorted? What numbers of electrons must such a com¬ 
plex possess in order for this description to apply? Why is the 
Jahn-Teller effect much less important in tetrahedral 
complexes? What situation arises when the configuration of 
the central ion is d®? What are the methods for distinguishing 
the Jahn-Teller effect, and what are the complications? When 
is the dynamic Jahn-Teller effect important? What is the 
digand-field (MO) explanation of the Jahn-Teller effect? 

further Information. See MQM Chapter 10, A simple account 
of the Jahn-Teller effect is given in §4,2 of Orgel (1960) and 
Coulson (1961). Some of the mathematics is put in a simple 
way in §8d of Ballhausen (1962), and a full and interesting 
discussion of the spectroscopic consequences is given in §1.2 
of Herzberg (1966). A discussion of both the static and 
dynamic effects is given in a book devoted to the subject by 
Englman {1972), and a simple example is worked on 
p. 45 of Herzberg (1966) and on p, 194 of Ballhausen (1962). 
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l<inetic 6n6rgy- The kinetic energy of a particle h the energy 
it possesses by virtue of its motion* In quantum mechanics the 
kinetic energy is related to the curvature of the °wavefunction* 
As the wavefunction becomes more sharply curved, so the 
kinetic energy of the state it represents becomes greater* Con¬ 
versely, a state represented by an almost flat function has 
virtually no kinetic energy* 

In the case of a free particle the wavef unction is of infinite 
extent and has a wavelength that decreases as the kinetic 
energy increases* The reason for this can be grasped quite 
easily from the connexion between curvature and energy: as 
the curvature of the wavefunction increases it becomes more 
buckled, and swings more rapidly from positive amplitude to 
negative; but increasing the rapidity with which the function 
changes sign is simply another way of saying the wavelength 
shortens* This connexion of wavelength and kinetic energy, 
and thence momentum, of free particles'is the explanation of 
the °de Broglie relation* 

In cases where the particle is bound to a potential centre the 
wave may not be sufficiently extensive for a wavelength to be 
discernible or meaningful, but the relation between curvature 
and kinetic energy remains. An example of this situation is the 
“hydrogen atom: the ground state arises from the balance of 
the kinetic and potential energies; the Is-orbital is a simple 
exponentially decaying function which never passes through 
zero, yet an electron in it possesses kinetic energy by virtue of 
the non-zero mean curvature of the exponential function, 

Questfons. I* What properties of the wavefunction determine 
the kinetic energy of a system? What is the connexion between 


the wavelength of a free particle and its kinetic energy? How 
is the wavelength related to the momentum? Calculate the 
wavelength of an electron with an energy equivalent to 1 eV, 

1 keV, 1 MeV (eV is "electronvolt). Discuss the role that the 
curvature of the wavefunction plays in determining the 
structure of the ground state of the 'hydrogen atom; what 
would happen to the energy of the atom if the electron were 
pinched more closely towards the vicinity of the nucleus in 
order to lower its potential energy? 

2* The kinetic energy of a one-dimensional system is calculated 
by evaluating the “expectation value of the “operator“^fi^/ 2 n 7 ) 
(d^/dx^K and the corresponding operator for a three dimensional 
system is -{h’^/Tw) {b^/bx^ + or 

[l;i^/2m)V^ in terms of the “laplacian. Evaluate the kinetic 
energy of a particle with the following wavefunctions: 
explkx, sinA'x, sinn/:x s\nmky, exp[- exp{—nr/a ). 

Plot the kinetic energy of a particle with the last wavefunction 
as a function of n, and so see the connexion between the 
curvature of a hydrogen-like exponential function and the 
kinetic energy* 

Further information. See MQM Chapters 3 and 4 for some 
more specific examples. Ail standard books on quantum 
theory bring out the connexion of the curvature and the 
kinetic energy: therefore see Chapter 5 of Davydov (1965), 
Landau and Lifshitz (19585), and Messiah (1961)* An 
interesting account that emphasiies the optical-mechanical 
analogy is given in Chapter 3 of Bohm (1951)* Scattering 
phenomena are excellent examples of the wavelength's 
connexion with kinetic energy; therefore see books on 
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scattering theory, such as Rodberg and Thaler (1967) and 
Goldberger and Watson (1964), as well as the appropriate 
sections in the other books referred to above* Levine (1969) 
applies scattering theory to the discussion of molecular 
reactions; and this is presented in a more pictorial form by 
Levine and Bernstein (1974), 

Koopmans' theorem* Theorem' is a name too grand for 
this approximation; Koopmans' rule would be better, for it is 
transgressed frequently, and is never obeyed to the )etter. The 
rule states that the^ “ionization potential of an electron is equal 
to the energy of the orbital from whence it came. This appar- 
ently trivial statement is based on the fact that the energy that 
has to be supplied in order to ionize an atom or molecule must 
be expended in overcoming the combined effect of nuclear 
attraction energy and the electron's repulsive interaction with 
the other electrons present, and these factors determine its 
energy in its orbital* 

The rule is an approximation because it assumes that the 
remaining electrons will not reorganize themselves in order to 
take advantage of the absence of the electron which is being 
removed. Therefore, when one^electron energies are calculated 
in the Hartree-Fock “self-consistent field manner, the ion¬ 
ization potentials calculated by Koopmans' rule are often in 
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error because it is assumed that the electrons in the ion occupy 
the same orbitals as they did in the atom. Furthermore, the 
Hartree-Fock scheme neglects electron ^correlation effects, 
and is non-relativistic: the latter approximation can be 
seriously in error for electrons that are strongly bound and so 
subject to strong forces. 

Questions. 1. State Koopmans' rule. What is its justification? 
Why is it only an approximation? Would you expect it to 
overestimate or underestimate ionization potentials? For 
which electrons should it be a better approximation? For 
what species is the rule exact? 

Z The one-electron energies of the CO molecule are as follows: 
4a, 21-87 eV; 5a, 15-09 eV; Itt, 17-40 eV. Estimate the ion¬ 
ization potential for the molecule when an electron is removed 
from these orbitals (experimental values are 19'72 eV, 14*01 
eV, 16-91 eV). Di scuss the structure of the molecule in the 
light of these values (which are taken from p, 36 of Richards 
and Horsley, loc. ch* infra). 

further Information. Koopmans' rule is now of interest 
because of the development of photoelectron spectroscopy: 
for an account of this see Turner, Baker, Baker, and Brundle 
(1970). Molecular energies are listed in the bibliography com¬ 
piled by Richards and Horsley (1970)* 















laplacian. Pierre Stmon de Laplace {1749-1827) was a 
notable French mathematician, and to his work his formidable 
Mecanique celeste is a profound and worthy memorial. 

Among its many notable pages of mathematics is the Laplace 
equation, + {0V/0y^) + — 0, where f is 

some function* Although the equation was set up in order to 
account for the properties of gravitational fields it has Turned 
out to be applicable to a wide variety of phenomena. That it 
governs properties like the flow of incompressible fluids, 
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gravitational and electromagnetic fields, and heat flow is 
probably due to the fact that it is an equation that expresses 
the tendency of natural phenomena towards uniformity: to 
the elimination of curvature in the distributions. So important 
is it that the differential operator (0^/0x^) 4 (3^ /by ^) + 
(0^/0z^) IS given a special symbol the laplacian, and read 
'del-squared'. Laplace's equation then becomes simply ^f = 0. 

It is not always convenient, and often foolish, to work with 
the lapiacian expressed in cartesian coordinates; for systems of 
a predominantly spherical nature the spherical polar form is 
more convenient, and both forms are collected in Box 11, The 
part of the laplacian involving the angular derivatives is referred 
to as the legendrian and written A^. 

Further information. The laplacian occurs widely in quantum 
mechanics because it is the ^operator for the "kinetic energy; 
it therefore appears as a component of the “hamiltonian and is 
the differential part of the ^chrbdinger equation. For an 
account of its transformation from cartesian coordinates to 
spherical polars see §6.8 of Kyrala (1967) for swift methods 
and Appendix 5 of Moelwyn-Hughes (1961) for slow. A brief 
biography of Laplace has been written by Newman (1954). 

laser. The word laser is an acronym formed from Might 
amplification by stimulated emission of radiation' and is a 
development of the maser, where the m denotes microwave, 
according to some, or molecular according to others, A laser 
operates by absorbing energy and emitting it at a well-defined 
wavelength by a stimulated emission process (see "‘Einstein A 
and B coefficients). As a simple example, consider a sample of 
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material in which most of the atoms are in an excited state, 
and let the sample be contained in a cavity with reflecting 
waKs* One atom will emit a photon as it falls spontaneous^y 
into the ground state, and this photon will rattle around inside 
the cavity, its presence stimufates another atom to emit, and 
so a second photon appears in the cavity and travels in phase 
with the first* The pair of photons stimulates another 
emission, and very rapidly a cascade of emission occurs and an 
intense light field grows inside the cavity* The process ceases 
when the population of the excited state has fallen to its 
equilibrium value* If one of the walls of the cavity is semi¬ 
transparent, light will leak through it and an intense, mono¬ 
chromatic burst of phase-coherent light will emerge. 

How h the process realized in practice? The cavity is 
normally in the form of a long thin tube, if the sample is a gas, 
or a cylinder of material if it is a crystalline solid; this configur¬ 
ation implies that the emitted radiation will have a very small 
lateral divergence because only those photons ricocheting 
backwards and forwards along or very close to the axis con¬ 
tribute to the amplification cascade: the remainder pass 
through the side waifs and drain away from the system before 
their intensity amplifies. Thus the geometry of the system 
leads to a beam with very little divergence* 

The principal problem that remains is how the population- 
inversion necessary for stimulated emission, and therefore for 
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FIG. LI. fa) A two-level laser sod (b) a three-level laser* 
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laser action, is achieved* Two basic systems may be envisaged* 
In the first {Fig. LI a) the laser action takes place between an 
excited state and the ground state: the difficulty of this 
primitive arrangement is that it is necessary to remove more 
than 50 per cent of the atoms from their ground state into the 
excited state, The second method obtains laser action between 
two excited levels: the popuiation-inversion Is much easier to 
attain, especially if the lower excited state can relax rapidly 
into the ground state. In such a three-level laser {see Fig, LI b) 
intense radiation excites the absorbing atoms or ions into the 
uppermost level, and if this pumping step is sufficiently 
effective the population in that level is significantly, and 
even enormously, greater than that in the lower excited level 
f 1 , if the £2 population does not leak away into the lower 
levels by non-radiative processes, laser action may take place 
between E 2 and E | because photons passing back and forth 
within a reflecting cavity stimulate the £2 ^ f 1 emission; a 
leaky mirror at one end of the cavity permits a highly 
collimated {non-divergent>, coherent (all waves in phase, 
because they are generated by stimulation), polarized (because 
of the polarization of the transition or because the cavity has 
polarizing windows), and monochromatic radiation of 
frequency 1 ^- (£2 “ ^ 1 to emerge. 

An example of the laser process is the helium-neon laser in 
which the active material is a mixture of the two gases in the 
ratio 1:5. A radio discharge, being no respecter of ^selection 
rules, excites the helium atom, and although many of the 
excited states decay very rapidly, the first excited singlet state 
is relatively long-lived {because s-s transitions are forbidden), 
and atoms in this state swim around in the sample for some 
time because they cannot return to the ground state except by 
a forbidden transition. Whilst swimming an excited helium 
atom may collide with a neon atom in its ground state, and by 
a coincidence (a coincidence at the heart of this laser system) 
the energy that the heiium atom possesses almost exactly 
matches the energy of an excited state of neon. There occurs 
"tesonant transfer of energy, the helium is deactivated and the 
neon is in an excited state £3 (Fig* L2), This state has two 
unpopulated energy states below it which do not resonate 
with excited helium* Therefore it is in a configuration typical 
of a three-level systenr>; laser action occurs between £3 and £ i, 
and red light is emitted at 632-82 nm* 
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FIG. L2. The He—Ne laser (for the 632'8 nm rtiodeX 

Ruby is a famous laser, and is an example of a sort of three- 
level system Involving four levels, but acting like a two-level 
system in so far as laser action involves a transition to the 

ground state. These somewhat perplexing remarks can be 
resolved by a glance at Fig. L 3 . Ruby, which the prosaic 
know to be AljOs with about 5 per cent of the ions 



FIG. L3. The ruby laser transitions. 


replaced by Cr^"*, gives delight to poets by virtue of its two 
intense transitions in the green (to £2) and the violet (to £3). 
Having pleased poets, ruby proceeds to please physicists as its 
chromium ions drop from £3 and £3 into £,: this is a 
radiationless decay and relies on the transfer of the electronic 
excitation energy into the vibrations of the surrounding lattice 
(which gets hot)* The initial absorption is so efficient that 
when intense illumination is used the population of Ej may 
exceed that of the ground state, and laser action occurs with 
the emission of red light {694-3 nm). 

Lasers may be either continuous wave [CW), when the light 
emerges in a continuous flow so long as the pumping 
operation is in progress, or pulsed, as in the case of ruby, when 
the laser light emerges in a short burst as the stimulated 
emission occurs. The emergence of the light in short bursts 
means that very high powers may be obtained, albeit only for 
very short times* A typical procedure In a ruby laser is to 
employ a brilliant pumping flash emitting about 2^5 kJ of 
energy. Much of this is absorbed by the ruby rod, and although 
much of the absorbed energy appears as heat, about 25 J 
appears as laser radiation* But the pulse of light lasts for only 
about 5 X 10'^s, and so the power that emerges is a splendid 
50 kW, but of course this power Is maintained for only 
5 X TO ^s. It is possible to Increase the power output by 
shortening the length of the pulse in which the same amount 
of energy is delivered: the technique of effecting this is 
Q-switching. A crude way of describing this is to imagine a 
cavity with one of the mirrors removed; then pumping 
radiation is applied in a flash and the population of the upper 
level attains its maximum value and h not depleted by 
stimulated emission* Then the lost mirror is hurriedly slapped 
back into place while the population is still inverted, and it 
all drops out, by stimulation, and a giant pulse is obtained in 
about 10'®s, The power of the laser, if the pulse carries 25 J, 
is a massive 2 '5 X TO^ W, which is roughly the output of a 
massive power station (but power stations have the 
economical advantage of working for some years at that level, 
rather than for ICT^s)* The removal and replacing of the 
mirrors was done mechanically in early models but now the 
Kerr cell or Pockels cell is an electrical substitute. 

Some of the common laser materials and their wavelengths 
are listed in Table T9. 
















































Further mformation^ See MQM Chapter 10 for a fu rther dis¬ 
cussion of the ruby system, A simple account of lasers is given 
by Schawiow (1969), Wayne (1970), and Lengyel (1971), and 
in review articles by Jones (1969) and Haught (1968), The last 
gives information about the expressions mode-hckmg (a 
manner of achieving short, picosecond flashes), Q-switching, 
various laser systems, and many pertinent references, A simple 
account of liquid lasers has also been given by Heller (1967), 
The stimulating source need not be radiation: chemical re¬ 
actions that leave product molecules in excited states are also 
the basis of laser action—a chemical laser is a remarkable 
device that turns chemical energy directly into coherent light 
For an account see Haught (1968) and Levine and Bernstein 
(1974}, Chemical applications of lasers reviewed by Jones 
(1969) and Haught (1968), See Pressley (1971) for a com¬ 
pilation of data on lasers, and Levine and DeMaria (1966 et 
seq,) for recent advances, 

teveL In atomic structure and spectroscopy the name/eve/ 
denotes a particular value of the total ^angular momentum J. 
For example, from the ‘^configuration 1s^2s^2p arises a 
doublet P "term written The two levels of this doublet 
correspond to J ^ and 7 = for only these angular 
momenta may be constructed from Z. — 1 and S=^ (see 
^angular momentum). The two levels of the term therefore are 
written ^Pi/^ and 

The number of levels of a particular term is its 
wuttfpifdty. Thus in ^P there are two levels, and in there 
are three levels (^Dj, ^D 2 , and ^Ds), The levels differ in energy 
because of the “spin-orbit coupling, and their order can be 
predicted on the basis of the '^Hund rules. The angular 
momentum*/ may have Z/ + 1 different values of its 
component on some arbitrary axis; in common with the 
practice of angular momenta these are distinguished by the 

value of Mj. The state of a level of a term is denoted 
etc, 

Questioris, Define the use of the term 'level' in atomic 
spectroscopy* Write down the levels that may arise from the 
following terms: ^P, ^F, ^S, Under what circumstances 

does the superscript not denote the mutiplicity? (See “term 
symbols,) 
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Further in format f on. See Chapter 8 of MQM for more detail 
about atomic spectra. Levels, multiplicity, and fine structure 
are discussed by Kuhn (1969) and Herzberg (1940), Turn to 
^atomic spectra and *fine structure for further information, 

ligand-field theory: a synopsis. The ligand-field theory of 
the structure of complexes of transition-metal ions Is an 




FIG* L4* The 6 ligand orbitals and the 6 syrn me try-adapted 
combinations* 
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ligand-fietd theory: a synopsis 


extension of the "crystal-field theory which takes into 
account the known delocalization of the electrons of the ion 
into the orbitals of the surrounding ligands; at the same time it 
makes use, like the crystal-field theory, of the very high degree 
of symmetry of the complexes normally encountered. The 
ligand-field theory is essentially a ^molecular-orbital theory of 
complexes, and begins by concentrating its attention on the 
d-electrons of the central ion. We shall illustrate the method by 
considering an octahedral complex in which the central ion 
possesses r? d-electrons. 

Consider the ligands as bearers of Q-orbitals which approach 
the central ion with a “lone pair of electrons. We denote these 
by the spheres In Fig. L4. From these six orbitals six combin¬ 
ations may be formed: the six chosen have well-defined 
symmetry properties (For those who know "^roup theory, we 
select ‘"linear combinations that span irreducible represen¬ 
tations of the octahedral point group,) The six combinations 
are illustrated in the figure: they fall into three groups. Only 
one of the groups, that labelled e, has a net ^overlap with the 
d-orbitals of the central ion, and so only this combination can 
form bonding and "antibonding molecular orbitals with the 
d-orbitals. It follows that a molecular-orbital diagram of the 
type shown in Fig. L5 may be anticipated. The energies of the 
ligand and ion orbitals are such that the lower-energy combin¬ 
ation is largely ligand in nature, and the antibonding combin¬ 
ation is nearly metal ion in character. 


llqaxls 


complex 





largely Ir^and 
character 


odd n efechons 


brqety metol 
character 


FtG. L5. The Eigand-field splitting in an octahedral compiBK. 


Into this set of eleven orbitals {a doubly "degenerate 
bonding-orbital labelled e , four degenerate nonbonding- 
orbitals confined entirety to the ligands and labelled tiu and 
ajg, three triply degenerate nonbonding-orbitais confined 
entirely to the metal ton and labelled t 2 g, and an antibonding 
combination labelled ep we must insert [12 + r?) electrons 
(2 from each ligand and n from the ion). Applying the ^sufbau 
principle it should be clear that the first 12 electrons will 
occupy the orbitals e , t , a , and that these are of predomi- 
nantly ligand character. The nextrj electrons have to compete 
for places in the orbitals t^ and e*: this is just the situation 
encountered in the "crystai-field theory and Figs. C6 and C7 
should be consulted; there we see that if the energy gap 
between the orbitals is large {the strong-fietd case] all the 
electrons attempt to enter the t^^ set, and enter the upper e^ 
set only if the *Pauli principle forbids them entry into the 
lower set. If the orbital separation (there called lOOi?) were 
small (the weak-fie/dcase) it might be energetically favourable 
for the electrons to enter the t and the e* orbitals, but to do 

2g g 

so with their spins parallel ("Hund rules). 

The distinction between the strong- and weak-field cases, 

and their generation of low- and high-spin complexes, is 

carried over from the crystaFfield theory into the molecular- 

orbital theory: the difference lies in the source of the splitting. 

Another difference Is the fact that the e*-orbital is not wholly 

g 

confined to the metal ion: since it is formed from the overlap 
of metal and ligand orbitals it contains some ligand character. 
This means that any electrons that occupy it may spread over 
on to the ligands. The evidence that this happens comes from 
spectroscopy, especially "electron spin resonance (where 
"hyperfine structure due to the ligands has been observed). 

The other important improvement of IlgandTield theory 
over crystal-field theory is the natural way that the former 
permits TT-bonding between the metal and the ligands. This 
is especially important when the ligands are species such as 
CO or NO. In order to see the effect of permitting TT-bonding 
consider the octahedral complex again, and this time, in 
addition to the a-bonds, let each figand possess two orbitals 
that are perpendicular to the metaMigand bonds. From these 
12 orbitals, which are illustrated in Fig. L6, 12 combinations 
may be constructed. Three of the combinations have the same 
symmetry as the d -,d d -orbitals of the central ion 

T T xy xz * yi 




















FIG. L6^ The 12 jT-orbital3 of octLihcdratly disposed ligands^ 






FIG* L7, JT-bondlng* theeHect on energies* In (a) the ligand ir-levels 
are ini'tfally full; in (f>l they ^re empty. 
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{which so far have formed the non bonding set of orbitals 

confined to the metal)* When we permit this overlap to occur 
the molecular-orbital energy^level diagram is modified. Two 
situations need to be distinguished: In the first the TT-orbitals 
of the ligands are full (and lie below the o-orbitals); in the 
second they are empty (and lie above the cr-orbitals). The two 
cases are illustrated separately In Fig* L7, In the former case 
the ligands bring up their TT-electrons and fill afl the bonding 
combinations of TT-orbitals. This leaves the n electrons from the 
metal to be distributed between the antibonding TT combin¬ 
ation (t* ) and the untouched e* combination. Since the 
previousfy nonbonding orbitals ?iave become slightly antibond¬ 
ing, the gap (IODq) has been reduced by the presence of the 
TT-electrons, The opposite Is the case when the TT'Orbltals of the 
ligands are empty, for now the n electrons compete for places 
between the bonding combination and the antibonding e* 
combination. Thus the splitting has been increased by the 
presence of unfilled TT-orbitals, 

The size of the splitting IODq determines the spectroscopic, 
magnetic, and chemical properties of the complex in the same 
way as there are determined by the ^crystal-fieId theory, but 
the distribution of the electrons on to the ligands gives them 
some of the latter's ^spin-orbit coupling energy* 

Further information. See MQM Chapter 9 for an account of 
ligand-field theory. A simple introduction to the Ideas of 
ligand-field theory is provided by Earnshaw and Harrington In 
The chemistry of the transition eiements (DCS 13); this is 
developed further in CouIson's 77je shape and structure of 
mo/ecufes (OCS 9), The effect of these Ideas on the explan¬ 
ation of the magnetic properties of complexes is described by 
Earnshaw (1968). For spectral consequences see Jorgensen 
(T962, 1971)* A simple and good introduction to ligand-field 
theory has been given by Orgel (1960), Coulson {1961), and 
Murrell, Kettle, and Tedder (1965), and developed more 
mathematically by Figgts (1966), Ballhausen [1962), and 
Griffith (1964)* See also ^crystal-field theory and the "Jahn- 
Teller effect, 

linear combination of atomic orbitals (LCAO). An 
LCAO is a method of describing a molecular orbital covering 
several nuclei in terms of a sum of atomic orbitals centred 
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linear combination of atomic orbitals (LCAO) 


on each nucleus. Thus the bonding orbital in the hydrogen 
molecule is really a complicated function spreading round 
both nuclei, but since it is expected to resemble the Is-atomic 
orbitals on each nucleus the orbital is expressed as the LCAO 
formed by the “superposition of the two Is-orbitals (Fig. L8}. 



if all the atomic orbitals were used in order to reconstruct 
the true molecular orbital the LCAO procedure would be 
exact, but this task is too heavy and normally a small number 
of atomic orbitals is selected as the basis set; used in this way 
the LCAO procedure is an approximation. In the elementary 
discussion of the “hydrogen molecule the basis set consists of 
the two Is-atomic orbitals, and this gives a reasonably good 
description of the bond, but it can be improved considerably 
by expanding the basts to include the 2s- and 2p-orb!tals, and 
others. The use of a small basis set in the LCAO description of 
molecular bonding is one of the gravest sources of error in the 
method, and the selection of too small a set can make a 
nonsense of an otherwise elaborate calculation. 

The use of the LCAO method has a theoretical justification 


that lies deeper than the mathematical device of being able to 
expand any function in terms of a sufficiently complete set of 
simpler functions. This deeper justification is provided by the 
“superposition principle. When one has the possibility that a 
variety of processes can occur the superposition principle 


FIG, L8. in the LCAO method the wavefunctioos of the atoms (blackj 
are superposed to give a molecular orbital (colour}. 


demands that one should consider the probability amp/ittjdes 
for the individual processes rather than the probabilities 
themselves. The total, composite process is described by the 
total, composite amplitude, and all manipulations and thought 
must be applied to this object, and the probability for an 
individual process extracted only at the end of the calculation. 
In the case of a molecule we have an example of such a 
composite situation, for there is a probability that an electron 
Is on one of a number of nuclei. Our problem is the distribution 
of this electron in the face of these various possibilities, and 
the superposition principle tells us that in order to find this 
distribution we should construct the overall amplitude 
(molecular-orbital wavefunction) by superimposing the 
amplitudes of the individual processes (the atomic-orbital 



































wavefunctions)* But this is precisely the (ine taken by the 
LCAO method in its attempt to construct the molecular 
orbital from the individual atomic orbitals* 

Questions. What is the LCAO procedure? Is it accurate? What 
is the worst source of error in the method? Can the method 
be justified? What is the basis set in the simplest description 
of molecular oxygen (that is, we require minimal basis set)! 
How can a simple description of molecular hydrogen be 
improved? What guidance can the physical nature of the 
problem provide in the problem of extending the minimal 
basis set? (Think about energy, size, and orientation of the 
orbitals, and how the polarization of anatom by nerghbounng 
nuclei can be taken into account) 

Further information. The LCAO method Is at the foundations 
of molecular*bonding theory, and more information will be 
found under appropriate entries. See in particular Coulson's 
The shape and structure of molecules (OCS 9) and MQM 
Chapter 9* See also Couison (1961), Murrell, Kettle, and 
Tedder (1965), and McGlynn, Vanquickeoborne, Kinoshita^ 
and Carroll (1972)* For a simple introduction to *self- 
consistent field calculations on molecules see Richards and 
Horsley (1970). The choice of orbitals to combine into a 
particular molecular orbital must conform to the symmetry of 
the molecule, and “group theory can be extremely useful for 
determining appropriate combinations. See MOM Chapters 5 
and 9, Cotton (1963), Tinkham (1964), and Bishop (1973). 

localiZGd orbitals. The chemistry of many molecules suggests 
that to a significant extent electrons may be regarded as 
belonging to different parts of the molecule; '^molecular- 
orbital theory gives the impression of predicting that all 
electrons are spread throughout each molecule, and therefore 
it seems to runx:ounter to the chemical evidence. The 
deficiency Is apparent rather than real. It is possible to 
manipulate the form of molecular orbitals (by taking various 
sums of them) and to generate localized orbitals, orbitals that 
are localized almost wholly in the vicinity of different groups 
of the molecule* This procedure is illustrated in Fig* L9 (which 
IS based on the calculation in Question 2). 

!t is possible to take the appropriate linear combinations 
because the actual many-electron wavefunction of a molecule 
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fufly locoJiied orbitals 



FIG* L9* The formation of localised orbitals. Only when = A is full 
localization obtained. 


must satisfy the “Pauli principle, and this is ensured if It is 
written as a ^Slater determinant. It is an elementary feature of a 
determinant that rows or columns may be added to other 
rows or columns without changing its value. Therefore similar 
manipulations applied to the Slater determinant do not change 
the total wavefunction, and the localized description is 
mathematically equivalent to the original delocalized descrip' 
tion. An example of the procedure is set as a Question. 

Questions. 1* What is the aspect of the molecular-orbital theory 
that seems to conflict with chemical evidence? What evidence 
supports the view that electrons are indeed delocalized 
throughout the molecule? How are localized orbitals generated? 
What do they succeed in achieving? Why is it a permissible 
procedure? Why are delocalized and localized descriptions 
equivalent? Suppose we have an orbital which is a sum of an 
s-orbital on atom a, an s-orbita! on atom b, and an s-orbital on 
atom c, and we call this then the orbital is -h 

^ there be a similar orbital in which the 

D D C C 
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lone pair 


central atom b contributes a p orbital^then the bondtng 
orbital is si/, ^ c $ + + c's . Show that the combin- 

ations ipi + 1/^2 and ^4 — )p 2 are largely localized in the 
a—b and b—c regions respectively, and sketch the resulting 
localized orbitals. The reason why it is correct to take these 
combinations is treated in the next, harder Question. 

2. Consider a linear triatomic AB^ molecule [BAB), and lei the 
occupied orbitals be of the form = s -f ^(a + b) and 
^^^2 = P ^{3 ~ (for the notation see Fig. L9). These 
orbitals contain four electrons, and so the anttsyrnmetrized 
wavefufiction is the "Slater determinant 1 //== (1/4*)^“ 

1, where 0 £ and (3 denote the spins. 
Show that this determinant may be manipulated, without 
change of value, into the determinant (1/4!)^" 

I, where ii^ = ^^ 2 )- Form 

these orbitals from the original pair and show that they are 
localized, but that the localization is complete only in the case 
where X. The procedure is illustrated in fig. L9> Discuss 
your result in terms of the fiybridization of the central atom. 

Further in formation. See MQM Appendix 9.2 for an account of 
localization and a worked example. See also CouIson's The 
shape and structure of mo/ecufss (OCS 9) and Coulson (1961). 
See also Murrell, Kettle, and Tedder (1965), Slreitweiser 
(1961), Salem (1966), and Pilar (1968)* Good accounts in the 
literature on the formation of localized bonds are those of 
Lennard-Jones and Pople (1950), Boys (1960), and Edmiston 
and Ruedenberg (1963, 1965). 

lone pair. A lone pair of electrons is a pair of electrons of the 
valence shell not engaged in bonding. As an example, consider 
the tetrahedral distribution of electrons around the oxygen 


atom in H 2 O: two electrons stick one proton to the atom, two 
stick the other, and the remaining four form two lone pairs 
sticking out like rabbit's ears on either side of the molecular 
plane. We may consider the last four to be electrons in 
localized, nonbonding orbitals. 

Lone pairs are important both structurally and chemically. 
They influence the structure of a molecule by exerting large 
repulsive effects on the electrons in neighbouring bonds: for 
example, the pyramidal shape of ammonia may be traced 
partly to the effect of the single lone pair on nitrogen 
exerting a repulsive force on the six electrons in the three 
N—H bonds. This analysis of molecular structure in terms of 
the I one-pair Interactions is the basis of the Sidgwfek-Poweff 
rules which state that lone pairs dominate the repulsive inter¬ 
actions in molecules. In chemistry the lone pair is a nucleo¬ 
philic centre because it can so readily form a dative bond to an 
electropositive centre: lone pairs act as a base (in the Lewis 
sense). 

Since lone pairs are not tied into place by a parasitic 
nucleus they also contribute strongly to spectra, and the 

—n (read 'n to pi star') transition in carbonyl compounds 
is a major mode of excitation (see ‘■colour). The n stands for a 
lone-pair (nonbonding) orbital, and the transition takes the 
electron from the oxygen lone pair and spreads it over the 
carbonyl group by depositing it in the "antibonding TT-orbital. 
Note that this transition changes the charge distribution in the 
carbonyl group and so is strongly responsive to solvent effects. 

Further information. See MOM Chapter 10, For a discussion of 
the Sidgwick-Powell rules and their modern development see 
Bader (1972). For references to the role of lone pairs in 
spectra see “colour. 








magnetic dipole and electric quadrupole radiation. 

The most intense transitions in molecules are due to 'Electric 
dipole transitions, but when these cannot operate (when they 
are forbidden by “selection rules) other mechanisms may have 
sufficient strength to cause a transition, albeit at a much lower 
intensity. One such mechanism is the magnetic dtpo/e tran¬ 
sition, which relies for its operation on the magnetic com¬ 
ponent in the light field; the other mechanism, of similar 
strength, is the e/ectric '^gi/adrupaie transition, which relies 
for Its operation on the variation of the electric field of the 
light over the space occupied by the molecule (that is, there 
must be a field gradient on a molecular scale if the quadrupole 
transition is to operate). 

The magnetic dipole transition generates the magnetic 
component of a light field just as an electric dipole transition 
generates an electric component (but, of course, in each case 
the other component is forced to accompany the generated 
component). There are two principal differences. 

The first is the weakness of the interaction of the molecule 
and field via the magnetic dipole. Pictorially, this can be traced 
to the rotational nature of the magnetic dipole transition: if 
during a transition charge is displaced in a curved path It will 
possess a magnetic transition dipole (Fig. Ml). But in a region 
as small as the extent of a molecule the curvature of the dis¬ 
placement will be only weakly apparent: if D is the diameter 
of the molecule and Xthe wavelength of the emitted or 
absorbed light, it is plausible to suppose that the efficiency of 
the coupling is of the order of DfK Since the intensity of a 
transition is proportional to the square of its "transition dipole 
moment, this suggests that the intensity should be only about 


(D/X)^ of the intensity of an electric dipole transition, where 
curvature need not be detected. For typical molecules and 
wavelengths (D/X)^ "^10"^, and this is the order of magnitude 
of the intensities observed in practice. 

The other difference between electric and magnetic dipole 
transitions is in the selection rules: a magnetic dipole transition 
is akin to a rotational displacement of charge; a rotation is not 
reversed when it is inverted through a point (Fig, Ml); there¬ 
fore a magnetic dipole transition has even parity (see '^gerade 
and angerade). Unlike an electric dipole transition (which is a 
translation of charge, and which is therefore of odd parity, 
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FIG, Ml, The charge displacement in transitions of different type. 
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magnetic moment 


and where the selection rules AL = ± 1 and g u emerge) in 
a magnetic dipole transition AL = 0, g ^ g, and u — u. The 
over-all selection rule AJ— ± 1 applies to both the electric and 
magnetic dipole transitions, because both are dipolar. (See 
'‘electric dipole transition, and the account of the role of 
photon angular momentum.) 

The efectnc quadrupo/e transftion arises from a displace¬ 
ment of charge that has a '^quadrupolar nature* This somewhat 
subtle (but simple) type of charge displacement, which is illus¬ 
trated in Fig. Ml,can be detected with an efficiency of the 
order of D^/ X^(in intensity), and so we expect magnetic dipole 
and electric quadrupole transitions to be of comparable inten- 
sity. But detailed analysis shows that the latter also depends on 
the square of the frequency, and for visible light the intensity 
is reduced by a further two orders of magnitude* Therefore, an 
electric quadrupoie transition has an intensity of only ICT^ that 
of an electric dipole transition. 

Since we are now dealing no longer with a dipole but with a 
quadrupole, the selection rules differ* A quadrupole can be 
envisaged as two dipoles in opposition: therefore we expect it 
to be of even parity* Consequently g g, u u transitions 
are allowed. More detailed analysis shows that the angular 
momentum selection rules are A£ = 0 , ± 1 , ±2 and 0 , ± 1 , ± 2 , 

One might ask what has happened to our arguments concern¬ 
ing the unit spin of the “photon? The answer lies in the quad- 
rupolar nature of the transition: as the photon is flung off the 
radiating molecule the spatial variation of the transition 
endows it with an orbital angular momentum. The total angular 
momentum of the photon may exceed unity, and so a selec¬ 
tion rule of = ±2 can still be understood in terms of the 
conservation of angular momentum. 

Further mformatfon. Magnetic dipole transitions are nicely 
discussed in §11 ID 2b of Kuhn (1962), in §3.2.2 of Griffith 
(1964), and in §7.6 of Hameka (1966). See also Heitler (1954) 
and Berestetskii, Lifshitz, and Pitaevskii (1971). The tran¬ 
sitions that are responsible for "electron spin resonance and 
"nuclear magnetic resonance, where a magnetic moment couples 
with an oscillating electromagnetic field, are important 
examples of magnetic dipole transitions. If a molecule can be 
excited to the same state by an electric and a magnetic dipole 
transition it is optically active (see “birefringence), 


magnetic moment. The magnetic moment of an electron due 
to its “orbital angular momentum (which may be pictured as 
arising from a circulating current) is — yj, where 1 is the 
orbital angular momentum and a constant of proportion¬ 
ality known either as the magnetogyric ratio or as the 
gyromagnetic rath (the former name is more helpful). 

Simple calculation shows to be equal to —e/2m ; 
the negative sign of 7 (which arises from the negative charge 
of the electron) shows that the direction of is opposite to 
the direction of 1, but they are coll inear (see Fig* M2), 



FIG. M2, Orbital and spin magnetic moments. 

The “spin angular momentum also gives rise to a magnetic 
moment (as a simple picture of a rotating charge would suggest) 
but its magnitude is 'anomalous' (which means that people 
could not explain it when it was first encountered), and in 
order to express the moment in terms of the magnetogyric 
ratio 7 an extra factor (the 'y factor, is introduced: then 
Experiment, and later theory, showed that ” 
2'0023, and this is frequently approximated as^ = 2. The spin 
magnetic moment and the spin momentum are colli near but 
anti parallel. 

The magnetic moment is often expressed in terms of the 
Bohr magneton p — eh /2m , which is a positive quantity and 
may be considered to be a basic unit of magnetic moment (its 
magnitude is 9-273X 10”^'* J "r\ or 9-273 X 10 “^^ J G"'). In 
terms of the magneton we have 7 ^ = and so 

Just as the electron is the elementary negative charge and 
representative of the lighter fundamental particles (the 











leptonsf but note that the dass lepton contains neutrinos and 
muons) and is the elementary unit of magnetic moment, it is 
convenient to consider the proton as the elementary positive 
charge and representative of the heavier fundamental particles 
(the teryons; the proton and neutron, a subset of this class, 
are called nuc/eons). The corresponding elementary unit of 
magnetic moment is the nuclear magneton, = eh/2m^, and 

it has the magnitude 5 051 X 10“^^ JT^or 5*051 X 10'^^ JG"^ 
The enormous difference in magnitude between the Bohr and 
nuclear magnetons is due to the difference in mass of the 
electron and the proton (to achieve the same spin angular 
momentum as an electron, the heavier proton needs a much 
smaller angular velocity, and so the equivalent current loop 
carries much less current, and the magnetic moment is smaller). 
The nuclear magneton is of a size convenient for the expression 
of the magnetic moments of nuclei (and, incidentally, of the 
magnetic moments of rotating molecules: see “^f-value). If a 
nucleus has a spin angular momentum f its magnetic moment 
isff^(/ifg/Jt)lr where the nuclear r value, which depends on the 
nucleus, is defined by this relation and is determined by 
experiment (and in the future, one hopes, by calculation in 
terms of the nuclear structure). It is found that may be 
positive or negative, depending on the element and the isotope, 
and It should be food for thought to be told that even the 
uncharged neutron has a magnetic moment. Typical values of 
the magnetic moments of some common nuclei are listed in 
Table 17. Note that 7 —g (W^./fi). 

Further information. See MQM Chapters 8 , 9, and 10 for a 
discussion of magnetic moments. The classical electromagnetic 
theory concerning magnetic moments is welt described in 
Corson and Lorrain [1970). The Maxwell equations are sum¬ 
marized in Table 20. The quantum-mechanical theory of 
magnetic moments is described further under “spin, “^f-value, 
and “magnetic properties. See also "Dirac for his contri¬ 
bution. See “electron spin resonance and muclear magnetic 
resonance for one way of harnessing magnetic moments into 
useful employment. 

magnetic properties. When a substance is immersed in a 
magnetic field it has an effect which may be visualized 
(Fig, M3) in terms of the distortion of the lines of force of the 
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FIG. M3. A schematic indication of the magnetic induction (magnetic 
flux density} in magnetic materials of different kinds. 


field. In a diamagnetic material the number of lines of force is 
reduced (or the magnetic Induction B is less within the body 
than in free space), and in a paramagnetic material the number 
(and induction) is increased. An alternative way of expressing 
this behaviour is to regard a diamagnetic sample as magnetized 
in opposition to the direction of the applied field, and so to 
give rise to an opposing field which partially cancels the applied 
field; conversely, a paramagnetic sample is magnetized in the 
same direction as the applied field, and the field that this 
induced moment generates augments the applied field. A 
physical manifestation of paramagnetism and diamagnetism is 
that a paramagnetic sample tends to move into a magnetic field, 
and a diamagnetic sample tends to move out of it. 

The ratio of the induced magnetic moment to the strength 
of the applied field is the magnetic su^ept/bflity of the sample. 
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BOX 12: Magnetic properties 

Magnetization 

is the magnetic susceptihility and H the field strength. 

V 5= 

^n\ 

paramagnetic susceptibility ^ 0 

diamagnetic susceptibiiitv 
Magnetic induction (flux density) 

B = + ^M = Mo (1 + Xrn 1^' 

Curie law 

X =C/r; C = /UoZ.jU*/3A: 

(M is the magnetic moment; for example, M^ + 1) 

for spin-only paramagnetism). 


Curie^Weiss iaw 

Briiiouin function 

SAx\ = 


X^ = CI(T-0). 

coth 


~{h) (^) 

Perturbation theory expression for the molar 
suscep tibiaties: 


UP 


^ x:- (at) f 
(^) 




<r > (Langevin-Pauli 


equation). 
See Table 20 for the Maxwell equations. 


and it is normally denoted (see Box 12 and Table 20). For 
a diamagnetic material the susceptibility is negative, and for a 
paramagnetic material it is positive (in accord with the differ¬ 
ent directions of the induced magnetization). The susceptibilit 
of all materials can be written as the sum of a paramagnetic 
susceptibility a diamagnetic susceptibility x^: 

X^ = X^ + X^ (remember that X^ < 0 and that for most 


molecules the diamagnetic term dominates the paramagnetic). 
When the molecule possesses unpaired electrons the paramag¬ 
netic susceptibility dominates, and it is generally found that x^ 
diminishes as the temperature is raised and that in the vicinity 
of room temperature it is proportional to l/T (the Curie faw\. 
in a few cases the paramagnetic term dominates the diamagnetic 
even though all the electrons are paired; in such cases It is also 
found that this weak paramagnetism is independent of tempera¬ 
ture; for this reason it is referred to as temperature-independent 
paramagnetism {TIP) (an alternative name h high-frequency 
paramagnetism ). 

1. Diamagnetism, All molecules have a diamagnetic 
component of their magnetic susceptibility which arises by the 
applied field exerting a torque on the electrons present. The 
torque tends to drive the electrons in circles within the molecu¬ 
lar orbitals (Fig. M4 a), and the circulating current so produced 




FIG. M4. (a) Diamagnetic and (b) paramagnetic currents. In fa) the 
field drives a current within atomic orbitals; in (b) it excites it through 
the molecular framework by mixing m excited states. 

sets up a magnetic moment and field in opposition to that 
applied. Because the diamagnetic susceptibility arises from 
processes happening within the ground state of the molecule, 
Pascal was able to draw up a table of contributions to the total 
diamagnetic susceptibility of a molecule In terms of its'struc¬ 
tural features which could be transferred between molecules. 
Aromatic molecules, in which there is a cyclic path for the 
electrons of the Tr-system, show anomalously large suscepti- 
























bllities, which are ascribed to ring currents. These ring currents 
are of particular importance in determining the form of 
“nuclear magnetic resonance spectra, but there has been some 
quarrel over their existence. 

2. Paramagnetism, The spin paramagnetism is easily under¬ 
stood in terms of the “magnetic moment associated with the 
electron's '^spin angular momentum. In a magnetic fieid the 
energy of a magnetic moment depends on its orientation; 
since an electron may have one of only two orientations with 
respect to a selected axis, the application of a magnetic field 
to a collection of molecules, each with a single unpaired spin, 
lowers the energy of those with j3-spin (m = and raises 
by an equal amount those with o^spin {m — + 2 ^^ Very 
quickly the collection of molecules relaxes into thermal 
equilibrium, and the sample then contains more /J-spins than 
ft-spins, (Fig, M5)(the proportions are determined by the 
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FtG. MB. materials dependent ori electron spin* 

Boltzmann distribution). The spin magnetic moment lies in a 
direction opposite to the spin angular momentum (because 
the electron is negatively charged), and so at equilibrium there 
is a net moment parallel to the applied field. The field it 
generates augments the applied field and the sample is 
paramagnetic. As the temperature is raised the Boltzmann 
distribution becomes more even between the two spin orien- 
tations because the thermal motion jostles the spin alignment, 
and consequently the net induced moment falls; a simple 
calculation applicable to room temperatures (see Question 2) 
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leads to the Curie law, and a simple extension that leads to an 
expression valid at all temperatures may also be deduced (so 
long as the material does not turn ferromagnetic, see below); 
this is the Brifhuin function. Both these expressions may be 
calculated for molecules with arbitrary spin, [For instance, 
molecular oxygen is a paramagnetic species with S — I, and so 
there are three orientations with different energies.) 

An important point about the role of the magnetic effects 
of the orbital angular momentum should always be remem¬ 
bered: in many molecules this motion is “quenched and so 
makes no contribution to the magnetic suscepttbifity—the 
magnetic behaviour is then referred to as ^in-onfy 
paramagnetism. When the orbital motion is not fully 
quenched the situation is more complicated; so too Is it when 
the “spin-orbIt coupling energy is large, and then the magnetic 
susceptibility cannot be calculated simply by counting spins 
and applying the Bnllouin or the Curie formulas. 

Tempera ture-independen t param agne tism i s a p rope r ty of 
the “orbital angular momentum of the electrons. If there are 
low-lying excited states the magnetic field can make use of 
them to induce a migration of electrons through the molecular 
framework, and the orbital angular momentum of this motion 
gives rise to an orbital magnetic moment. This orbital motion 
differs from the diamagnetic current in so far as it arises from 
a distortion of the electronic distribution by the field, whereas 
the diamagnetic current occurs within the undistorted 
molecular orbitals. This difference leads to a current which 
percolates through the molecule in the direction opposite to 
the diamagnetic drifts within the molecular orbitals (Fig. M4), 
and so It gives rise to a magnetic moment that enhances the 
applied field. The magnetic field determines the sense of 
circulation of the current, and therefore the direction of the 
magnetization. It follows that the latter is Independent of the 
jostling motion that randomizes the spin magnetic moments, 
and so this paramagnetism is temperature-independent. 

3, Ferrom agne tism and an ti ferromagne tism . At s uf f i ce n tl y 
low temperatures many paramagnetic materials undergo a 
transition to a state where all the spins align co-operatively 
and strongly enhance the magnetic properties of the materlai 
{Fig, M5), When the neighbouring spins align in the same 
direction throughout a reasonably extensive region {a domain) 
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of the sample, a strong magnetization is obtained and remains 
after the magnetizing field is removed. This is the ferromagnetic 
phase, and a common examples are those of iron with a transition 
temperature {known as the Curie temperature) of 1043 K, and 
of cobalt, with a Curie temperature of 1403 K (these high 
temperatures explain why 'permanent' magnets are made of 
these materials). Their magnetic susceptibility above the 
Curie temperature follows the Curie-Weiss law (Box 12), in 
which the 1/7" of the Curie law is replaced by 1/(r^+T), 
being the Curie temperature (more accurately, 1/(0^+71, where 
0 ^is the paramagnetic /nfercept, which is slightly larger than 
for Fe, = 1100 K and for Co, 0^ = 1415 K), Another 
group of materials, of which NiO is a famous but far from 
unique example, shows a transition to an antiferromagnetk 
phase, in which neighbouring spins are aligned in opposition 
(Fig. MS); therefore the'spin paramagnetism is strongly 
quenched in this co-operative state* The transition tempera¬ 
ture is known as the Neei temperature. The sptn-sptn 
interactions responsible for the alignment in both kinds of 
phase are electrostatic in origin and related to the ^exchange 
energy; see Further information. 


Questions. 1 . How could you recognize diamagnetism and 
paramagnetisim in a material? low is the susceptibility related to 
the induced moment? What are the dimensions of ? 

Consider the work necessary to insert a magnetic sample into 
a magnetic field: which is easier to insert, a paramagnetic or a 
diamagnetic sample? What is the source of paramagnetism? 
What is the difference in energy between 1 mol of electron 
spins in the i3-orientation and 1 mol In the a-orientation when 
a field of 5 kG (0'5 T) is present? What is the population 
difference when the spins are in thermal equilibrium at 300 K? 
What is the magnetization of this sample, and what is its 
susceptibility? {Try to get your units right: magnetization has 
units of A so does the field strength; magnetic induction, 
or flux density, has units of Wb or kg A“\ or T; see 
Table 20J What is the difference between the currents giving 
rise to diamagnetism and those giving rise to TIP? How can you 
justify Pascal's rules? What is the difference between 
ferromagnetism and antiferromagnetism? What are the tran¬ 
sition temperatures called in each case? What is the nature of 


the interaction between the spins that gives rise to the co¬ 
operative phenomena? 

2, Deduce the Curie law as follows. The magnetization 
(magnetic moment) of a sample in a magnetic field B is equal 
to the magnetic moment of an ct-spin multiplied by the 
number of o-spins, plus the moment of a |8-spin multiplied 
by the number of (3-spins. The numbers of Oiand j3 spins are 
determined by the Boltzmann distribution at a temperature T, 
the energy of the spin with magnetic moment m being -m^ 
as the field lies along z. When this energy is small the 
exponential in the Boltzmann distribution may be expanded* 
Your answer should be the Curie law exhibited in Sox 12* 

3* Repeat the calculation for a general spin S, and find the 
expression for the temperature dependence of the magnetiz¬ 
ation at all temperatures: this is the Brillouin function. The 
answer is shown in the Box. Plot this function's dependence 
ongpi^BlkT, 

D 

Further in formation, standard work on magnetic 
susceptibilities is by van Vleck (1932), but as it was written 
so long ago it uses rather old-fashioned language. See MQM 
Chapter 11 for an account of the calculation of magnetic 
properties and their interpretation in terms of currents* 
Earnshaw's book (1968) gives a discussion of many of the 
points mentioned in the preceedtng paragraphs, and other 
volumes of interest are those by Davies (1967) and Selwood 
(1956)* A good introduction to co-operative phenomena is 
provided by Stanley (1971), and a tough but good intro^ 
duction to co-operative magnetic phenomena is given by 
Matt is (1965)* Much interest in magnetic properties arises 
from the application of ‘*ligand-field theory to transition- 
metal ions; therefore you should took at Earnshaw and 
Harrington's 77?e chemistry of the transition eJements 
(OCS 13), Earnshaw (1968),Orge[ (1960), and 
Griffith (1964)* More information about magnetic properties 
wilt be found under "electron spin resonance, mud ear 
magnetic resonance, and "^chemical shifts. The controversy 
over the existence of ring currents may be traced by referring 
to Musher (1966). An excellent compilation of magnetic 
properties of a wide variety of materials is in §5 of Gray 
(1972)* The Maxwell equations are summarized in Table 20. 








matrix. A matrix Is a rectangular array of numbers* It may be 
regarded as a generalization of the concept of 'number' in the 
sense that an ordinary number isa 1 X 1 matrix and is therefore 
a special case of the general n X m matrix of numbers* In an 
n X m matrix (which we denote the numbers that constitute 
it (the matrix e/e/nenfsj may be labelled according to the row 
and column they occupy* Thus each element may be denoted 
\ the first subscript labels the row, the second the column. 
In a square n x matrix the number of rows is equal to the 
number of columns, and there are n^elements* Square matrices 
are very important in quantum mechanics (although oblong 
matrices also occur), and our comments will be confined to 
them* 


BOX 13: Matrices 

A square matrix M is the array of elements is 

the element in row r, column c\ 

^11 ^12 ‘ 

M2\ f^22 ^23 * • * 


MS 


M 


nl 


M 


m 


Af, 


rt3 


M 


nn ^ 


Addition M + N = P, where P = M + N . 

wC 4 O 


Muitiplication MN = P, where M 


N 


rq qc 


Examples 


: ifM=[^ and N= ^ j , 

L + e iiiixi fae-^bh af ^ bg\ 

M + N = I , * I MN — { * . , , I f 

\d-^h c + ffj Icte + c/i df ^ eg J 

i*b* NM - . ^ ^ 

\ah -^dg M -f c^J 


^ MM in general* 


bh af 
ch df 

df be + 
dg bh 

Speciai matrices land illustrations using the example of M 
defined above) 

Diagonal matrix 


— 0 unless r = c, for example, A = 


:]■ 
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Unit matrix 


A . 

^ j all elements on diagonal = 1 
\ all elements off diagonal = 0 ' 


t is often denoted and 
rc rc 


diagonal 

for example, ^ 

then called the Kronecker delta 
Inverse matrix M"“: MM“^ = M"*M — 1 (see below) 
Transposed matrix 


rv* 

M: M = M , for example, M 
rc ct 


a d 
b € 


Complex conjugate 

M*: (/W*)^^ = for example, M* » 

Adjoint matrix IVT: M^ = M*; that is (Af^L^ “ 


for example, , 


J- c 

Unitary matrix M^ — M"^ 

Hermitian or self-adjoint matrix Mt — M, 

Determinant of matrix: iMl or det M; 

for example, IM I = ac bd; 
n,b* if P = MN, lPl= iMl ImL 
To find the inverse, 

1* Find iMl; if iMl^ 0 the inverse may be found; if iMl 
— 0 the matrix is singular and has no inverse, 

2, Form M* 

3* Form M^, where the element Af ^ is the cofactor 

^ tc 

(the signed minor) of (Af)_. 

4, Form the matrix MVIMI; this is the inverse M“* * 

For example, 1 , iM I = ac — bd. 




c —b 

^ (contd) 
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Ceck; mm-' = (^) [- y ;] 

_ / 1 \ fac — -ab-^abl 

^ac bdj j^crf — cd —bd + acJ 

^ 1 =M"‘lVI. 

To solve a set of linear simultaneous equations 
If the equations for n unknowns are 

MiiXi +Afi2X2 + , . .MinX„ =Ci 
W 21 X 1 + + . . . M2„X„ =C2 

I* + P F 

■■ « * !F 

1 ^ ^2 * ' ♦ ^nn^n ” 

write them as Mx — c where x and c are the n X 1 matrices 



- 1 

>< X 

^ -1 


“c," 

C2 

X = 


! c =i 

* 

* 

>_ 


Then as M — 1 and lx = x 

X — M“*c* 

Therefore, find by the preceding rule, and form M'^c 
to find the n unknownsx^,., .x^. 


Matrices may be combined together by following certain 
simple rules* If two matrices have the same dimension (numb« 
of rows or columns) they may be added and multiplied 
together; the rules for each type of combination are given in 
Box 13, Some matrices have special properties; these are also 
given in Box 13, Note especially that the rule of matrix 
multiplication differs from that for the multiplication of 
ordinary numbers {or c-number$ as they still are occasionaliy 
called): for matrices it is not generally true that the product 
MN is equal to the product NM: matrix multiplication \snon' 
commutative in general. The difference MN—NM is known as 
the “commutator of M and N: the fact that the commutator 
does not necessarily disappear leads to the most significant 
differences between matrices and ordinary numbers, and, at a 
different level, is a manifestation of the differences between 
classical and quantum mechanics; see ^matrix mechanics. 


The language of matrices has spread into ordinary 
Schrddinger quantum mechanics, for there one encounters 
integrals over wavefunctions having the form/dTi^^*^i^^^, 
where Si is some ^operator, A convenient notation for this 
integral is and ail the objects that may be formed from 

r M 

the wavef unctions of the system, where the labels r and c run 
over all its states, may be arranged into the matrix SI (see, 
for example, “perturbation theory). 

Questions. Many of the techniques of matrix algebra may be 
illustrated with two-dimensional square matrices. The 
following simple problems are based on the three matrices 


1 2 

Q — 

5 6 


3 2-f4i 

3 4 

tJ — 

7 8 

Cf — 

5 6 


t. Identify the elements An, A ^211 

2 , Form A+B, A-B, A + BTC, AB, BA, A{BC), {AB)C, AB-BA, 
AC-CA, 

3, Form A, A*", A*, A"^, det A, C*, C\ 

4, Form BB~\ 

5, Using the rule for matrix multi plication and identifying the 
2 X .1 matrix x as^J^j , express the set of simultaneous linear 
equations x 4 2 y = 2 and 3 x T 4 / = 5 as a matrix equation. 
This equation will be of the form M x = N; show thatx and y 
may be found if M"' may be found. Find it and them. 

Further Information. See MQM Chapter 6 for a summary and 
simple matrix manipulations. See Chapter 10 of Margenau and 
Murphy (1956) for a moderately complete account, Ayres 
(1962) is a good source of accounts of application of matrices 
and the way that they can be used to solve a large number of 
mathematical and physical problems. Matrices are the basis of 
the formulation of quantum mechanics known as “matrix 
mechanics and are indispensable for any thorough discussion 
of “group theory, 

matrix mechanics. The formalism of quantum mechanics 
due to Heisenberg is based on the observation that the 
position of a particle along a coordinate g and its linear 
momentum along that coordinate, p, must obey the rule 
qp-pq = ih,whereii is Planck's constant/? divided by 2tr. 

If one assumes that the observables of position and momentum 



























obey this rule, then one obtains quantitative agreement with 
all experimental observations. Yet the rule is quite remarkable 
in content because it goes counter to all we have been brought 
up to believe in classical physics. 

In classical physics we may assign a number to the position 
(for example, a distance of 4 m from some origin) and a 
number to the momentum (for example, 2,5 kg m s”M- The 
product of the numbers for the values of these observables, 

10 J s, is the same whether vve calculatep X g or <7 X p, and so 
the difference QP^q is zero. Heisenberg's contribution was to 
assert that the difference is not zero, but is equal to the imagin¬ 
ary and very small number ifu It follows that q and p cannot be 
regarded as conventional numbers. Born pointed out to 
Heisenberg that the non-vanishing of the difference qp—pq 
would hold if the observables q and p were regarded as 
"matrices, for in general the product of two matrices depends 
on their order, This is the basis of matrix mechanics: instead 
of treating observables as ordinary numbers (so-called 
c-numbers, the 'c' denoting something classical) they should 
be regarded as matrices q^numberSj. 'q' denoting 

something quanta!) which satisfy the rule of matrix multipli¬ 
cation such XhdX qp—pq — ih. When mechanical calculations are 
carried through on this basis one finds excellent agreement with 
experiment. Note that the error Introduced by using the 
wrong rule qp^pq = 0 , and therefore of treating q and p like 
ordinary numbers, is only of the order of h; therefore classical 
calculations are good enough when inaccuracies of the order of 
Planck's constant can be tolerated, 

Heisenberg's matrix mechanics preceeded ®Schr 6 dinger's 
wave mechanics by an insignificantly short time, and very 
quickly they were seen to be equivalent mathematica] theories 
by Schrodinger himself. Today the languages of each formu¬ 
lation are used as convenient. The Heisenberg formulation, 
dealing as it does with the matrices, or what is equivalent, the 
^operators that represent physical observables, is often more 
convenient for formal manipulations, and the Schrodinger 
formalism (which is more easily visualizable in terms of its 
“wavefunction description of the state of a system) is often 
used for the actual calculation of the energy levels and states 
of complicated systems. 

There is a well-defined meaning to the terms Heisenberg 
picture and Schrodinger picture (or representations as they are 
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often too loosely called] of quantum mechanics. The differ¬ 
ence between the pictures is in where the time-dependence of 
the description of a system is taken to lie. In the Heisenberg 
picture the time-dependence is borne by the operators (or 
matrices): the state remains constant but the operators that 
extract the physical information change with time. Therefore 
we observers are presented with a changing view of the system, 
and conclude that it is evolving. In the Schrodinger picture 
the ofSerator for the desired information remains unchanging 
in time, but the wavefunction squirms around beneath it, and 
once again we are presented with a view of the system as it 
evolves in time. The difference between the pictures is simply 
one of mathematical formulation and is not of physical 
significance. There is an intermediate picture standing between 
the Heisenberg and Schrodinger viewpoints: this Is the 
interaction picture, or Dirac picture. In this picture the motion 
is divided between the state function and the operator: the 
simple motion (often a harmonically varying motion) is carried 
by the operator, and the wavefunction carries the extra, cxjm- 
plicated, but often slow, motion. This picture is very useful in 
the formulation of time-dependent "perturbation theory. 

Further information. An account of quantum mechanics 
entirely in terms of matrix mechanics has been provided in a 
short book by Green (1965). The original papers are 
Heisenberg (1925), Born and Jordan (1925), and Born, 
Hensenberg, and Jordan (1926), and English translations have 
been published by van der Waerden (1967). Born's involvement 
is nicely illustrated in the collection of correspondence be¬ 
tween him and Einstein (Born 1970). For more mathematics 
see Dirac (1958), Kemble (1958), Kramers (1964), and 
von Neumann (1955). A fourth picture, to complete those of 
Schrodinger, Heisenberg, and Dtrac, has been described by 
Marcus (1970). The mathematics of the first three of these 
pictures are well and simply described in §3,2 of Ziman (1969), 
§5,4 of Slichter (1963), and Roman (1965). 

molecular orbitals. The molecular orbital (MO) method 

gives a popular theoretical description of the chemical "bond, 
and is an extension of the idea of "atomic orbital to a col lec¬ 
tion of nuclei. An electron in a molecule may be found in the 
vicinity of all the nuclei, and therefore we can regard it as 
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FIG, M6» The molecular orbital responsible for bonding in H 2 - 


being distributed with varying density over the nudear frame* 
work* The '■wavefunction of an electron in a molecule contains 
information about its distribution, for according to the Born 
interpretation the square of the wavefunction at any point 
is proportional to the probability of finding the electron there. 
Therefore the wavef unction for the electron in the molecule 
may be regarded as a function spreading throughout the 
nuclear framework, and its square at any point is proportional 
to the electron density* This wavef unction is the moiecular 
orbitaL 

The distribution of the molecular orbital should account for 
the nature of the bond: we should expect a high amplitude of 
the orbital, and therefore a high density of the electron, to 
appear where our understanding of the chemical *bond shows 
such density to be desirable, namely between the nuclei the 
electron is attempting to stick together* Think about diatomic 
compounds* \n ^ homonudear bond (a covalent bond between 
two identical atoms) we should expect the orbital to spread 
equally over the two nuclei; and as the bond becomes increas¬ 
ingly polar (in a heteronuclear bond between different atoms) 
we should expect the molecular orbital to have increasingly 
greater amplitude on one of the nuclei* In the limit of a pure 
ionic doncf the molecular orbital is wholly localized on one 
nucleus* 

It is common practice to treat moiecular orbitals in the same 
way as atomic orbitals are used to discuss the structure of 
atoms: the ^aufbau process is applied to a set of molecular 
orbitals In order to build up the molecular electronic structure* 


As an initial example of this basic idea consider the hydrogen 
molecule* The molecular orbital responsible for the bonding is 
a symmetrical orbital extending over the two nuclei and 
having a considerable density in the region between the nuclei 
(Fig. M6)* Into this orbital we insert one electron, and then 
follow it with a second; according to the ^Pauli principle the 
latter must enter with its spin opposed to the first (Fig* M6), 
and no others can be accommodated* Therefore we see that 
in a very natural way the molecular-orbital theory accounts 
for the importance of spin ^pairing In the formation of a 
chemical bond* This idea of the aufbau principle will be 
enlarged on when we have discussed the common approach to 
the formation and calculation of molecular orbitals. 

In principle, it is possible to imagine an extension to the 
hydrogen molecule of the calculation of the solution of the 
*Schr6dinger equation for the “hydrogen atom, and even the 
direct calculation of molecular orbitals for a polynuclear 
molecule. This is horribly difficult, and about the only place 
where it has been done is in the case of the hydrogen molecule- 
ion (Hi), but even in that apparently simple one-electron case 
the calculation is not at all easy* Since chemists tend to be 
interested in molecules more complicated than Hi a scheme of 
approximation of the true molecular orbitals has been devised: 
this involves first the *8ornT)ppenheimer approximation (of 
freezing the nuclei into chosen geometrical arrangements), and 
then the application of the method of ’linear combination of 
atomic orbitals (LCAO)* More details will be found under 
those entries; for the moment we shall simply discuss the 
application of the LCAO approach to the case of the 
hydrogen molecule and one or two other simple molecules. 

In the LCAO approximation it is supposed that the true, 
complicated molecular orbital can be expressed as a sum of 
the atomic orbitals on the constituent atoms of the molecule. 
This provides a remarkably good approximation because it 
reproduces a number of the essential features of the exact 
solution. In the case of the atomic orbitals of principal 
importance are thels-orbitals on each nucleus.The molecular 
orbital is then expressed as the sum Th\s 

obviously treats the nuclei equally, and so the electron is 
spread among them equally* It also reproduces the significant 
accumulation of charge in the internuclear region. This arises 
from the wave nature of the two atomic orbitals: one Is orbital 









+■ 

FIG* M7* Bonding and antibonding orbitals in H 2 . 

may be considered as a standing spherical wave centred on 
nucleus a, and the other as a standing spherical wave centred 
on nucleus (Fig. IW7), The two waves werlap significantly 
in the internudear region, and If their amplitudes have the 
same sign they interfere constructively and the total amplitude 
in the internudear region is enhanced. It follows that the 
electron density in this region is also enhanced. The energy of 
the molecule therefore is lowered by virtue of the lowering of 
the potential energy of the electrons, which, on this model, 
accumulate in the internudear region and interact with both 
nuclei. (I do not want to complicate this description by 
invoking the role of "kinetic energy and the distortion of the 
atomic orbitals themselves. The true source of the binding 
energy must be sought in a consideration of the changes in both 
potential and kinetic energy, and the structure of the molecular 
orbitals must reflect the distortions of the atomic orbitals that 
occur when a bond is formed; see the last part of "bond.) 
FInaMy, it is clear that two electrons will form the bond with 
maximum stability for, according to the “Pauli principle, only 
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two electrons may occupy the bonding orbital, and then they 
must have opposed spins. 

The method of linear combinations for the construction of 
a moiecular orbitai leads both to bonding and to ^antibonding 
orbitals: the latter are formed when the atomic orbitals overlap 
with opposite phase (sign of their amplitude), so that destruc¬ 
tive interference occurs and electrons are eliminated from the 
bonding region between the nuclei (Fig, M7); electrons that 
occupy these orbitals tend to drive the bond asunder, A third 
electron added to H 2 would have to enter the antibonding 
orbital, and so the bond would be weakened. 

These ideas can be extended very easily to more complex 
molecules, and a diatomic molecule of considerable interest 
and importance, and to which it is instructive to apply the 
method, is oxygen Our kit of parts consists of two nuclei, 

sixteen electrons, and, since this is a beginners' kit, one 
Is-orbital, one 2s-orbitai, and three 2p-orbita]s on each 
nucleus. The structure may be deduced as follows: 

1. The tightest-bound orbitals are the Is-orbitals: if the two 
nuclei are pinned down at the known interatomic distance of 

these two orbitals overlap to a negligible extent; therefore 
the bonding orbital they give rise to is exceedingly weakly 
bonding, and the antibonding orbital Is weakly antibonding. 
This situation is illustrated in Fig. M8* 

2. The 2s-orbitals are the next tightest bound, but are much 
larger and overlap significantly. Like the orbitals in H 2 they 
form a bonding and an antibonding moiecular orbital at roughly 
die energies marked in Fig, M8, 

3. Next we encounter the 2p-orbttals, and here two quite 
distinct possibilities arise: the orbitals may overlap head on, or 
broadside on. 

(a) In the former case the enhanced electron density is 
accumulated in the internuclear region, and we can expect 
a strong bond when the orbitals are tn phase and a strong 
anti bond when they are out of phase. We note that the 
electron distribution in such an orbital is cylindrically 
symmetrical about the internuclear axis (Fig, M8), and so 
it is Termed a a-orbital, or a o-bond (this takes its name 
by analogy with the spherically symmetrical SKirbital of 
atoms). 



FIG, M8. Schematic energy levels and orbitals of homonuclear diatomic 
molecules of the first row elements; occupation as for O 2 . 

(b) The other possibility is for the broadside overlap of 
two p-orbitals. The overlap is not particularly extensive, 
and it is greatest in regions outside the internuclear axis; 
nevertheless, electrons accumulated in these regions can 
exert attractive forces on the nuclei and a moderately 
strong bond can result (and a moderately effective anti bond 
if the overlap is destructive). This distribution is a tt- orbital, 
or ?r-bond (by analogy with p-orbital in atoms). 

The complete range of orbitals for molecular oxygen con¬ 
structed in this way is shown in Fig. M8, Into these recep¬ 
tacles we now inject our 16 electrons, and play the game 
according to the rules of ^aufbau.lh% first tumbles down and 
down in energy until it enters Iso. The next joins it with 
opposed spin, the next enters IsO*, and so it goes on, and we 
encounter no ambiguity until we have inserted 14 electrons. (A 
slight hesitation might be noticed at the filling of 2p7r, which 
























takes 4 electrons; but we shoutd remember that 2p7r b really 
two molecular orbitafs, one formed from 2p^ overlap and the 
other frorti 2p^ overlap. Electron 15 we Insert into the antibond¬ 
ing 2p7r*-arbitaL Electron 16 may enter the same orbital with 
opposed spin, or it may enter the other 2p7r*-orbital of the 
pair wbh either the same or the opposite spin (Paufi allows 
either). What determines the outcome? The first "Hund rule 
informs us that in this situation the lower-energy arrangement 
is that with parallel spins in different orbitals; therefore we 
conclude that the ^configuration of O 2 b IsO^ tscr*^ 2sa^ 2$G*^ 
2po^ 2p7r^ 2p n* 2p tt*,- Is there a way of testing whether 
this configuration is plausible? A powerful way is by ^electronic 
spectroscopy, but another more immediate way is to note that 
the presence of the two unpaired spins leads us to predict that 
O 2 is paramagnetic: see ‘^magnetic properties. It was an early 
triumph for moiecular-orbital theory that O 2 b in fact paramag¬ 
netic. 

How does this structure fit in with a more elementary view 
that O 2 is a molecule with a doub/a bond, 0=0? Looking at 
Fig, M8 we can Imagine that the bonding due to the 
Is-electrons is cancelled by the antibonding nature of the 
electrons in Isa*; likewise the occupied 2sCrand 2sa* cancel 
in effect; 2pa is occupied but 2pa* empty, and so we notch up 
1 on our bonding tally; 2p^7r and 2p^7rare fully occupied, but 
2p TT* and 2p tr* are both half-occupied, and so we can cut 
another notch. In total the net bonding can be ascribed to 
two net bonds, and this we can signify by 0=0, as in elemen¬ 
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tary chemistry. It should stimulate profound respect for the 
early chemists each time their views on molecular structure- 
views formed more by introspection than by calculation—are 
confirmed by modern quantitative theory. Note too that we 
also see why a 'double bond' is less strong than two 'single 
bonds', A single bond is generally a full a-orbital plus a full 
TT-orbital, and we have seen that a TT-orbital does not have 
its extra accumulation in the prime bonding region. Earlier 
chemists ascribed this to 'strain': how right they were, A 
triple bond, which is also depicted in Fig, M9, is formed from 
one o- and two it- orbitals. The stability of double bonds to 
twisting (torsion) can also be understood in MO terms: 
rotating a CH 2 group in ethene relative to the other reduces 
the overlap between the 2p3r<jrbitals, the rr-bond weakens, 
and the energy of the molecule rises (Fig. MIO). 

What orbitals contribute best to the formation of molecular 
orbitals? First, they must have the right symmetry: it is no 
good attempting to form a molecular orbital from the sideways 
overlap of an s-orbital and a p orbital, for there Is no net 
"Overlap, (Head-on overlap of s and p can, of course, occur.) 
That criterion satisfied we then require the orbitals to have 
about the same energy (the energy-matching criterion] and to 
be roughly the same size (to have significant net overlap). 

These criteria are explored in the Questions, The extent of 
overlap can be increased by permitting "hybridization of the 
available atomic orbitals, and the study of hydridrzatlon and 
the formation of molecular orbitals Is the basis of the 



ba^nona 

bonds 


FIG. M9, The formation, and two 
representations of their appeeranoe, 
of single, double, and triple bonds. 
The bananas (which resemble the 
cfassieal picture of strained bonds) 
are formed by taking appropriate 
sums of the a, n representations 
of the bonds. 
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molecular orbitals 



FiG. MIO, Overlap and the torsional rigidUy of a double bond. 

molecular-orbital approach to the discussion of molecular 
shape* 

All that has gone before suggests that molecular-orbital 
theory is a modern triumph* Is it? In 3 word, yes* One can level a 
number of criticisms at it, but at the expense of losing the 
conceptual simplicity of the theory these can all be overcome* 
At a basic level the molecular-orbital method underestimates 
the tendency of electrons to stay apart: the simple theory of 
H 2 , for example, ascribes too much importance to structures 
like This can be repaired by doing some '■configuration 
interaction* The method is also poor at large distances: the 
separation of the hydrogen atoms in H 2 yields and H' in the 
products instead of just 2H; but this too can be overcome by 
permitting configuration interaction* At a different level lies 
the criticism that the molecular-orbital method does not reflect 
the chemist's view that different regions of the molecule can 
be considered for many chemical purposes as separate, isolated 
entities* The proponent of molecular-orbital theory can retort 
quickly that it is possible to take the molecular-orbitals we 
have discussed, and which spread throughout the nuclear 
framework, and manipulate them into a set of ^localUed 
orbkals which can be ascribed to different regions of the 
molecule* Therefore the criticism can be circumvented by the 
application of a mathematical transformation* 

The molecular-orbital theory can be adapted to quantitative 
calculation according to the method of "self-consistent fields; 


an enormous amount of effort has been put into the calcu¬ 
lation of accurate molecular vvavefunctions and energies by an 
extension of the methods used for atoms, and for more 
information see ‘■Huckel method and semi-empirical methods. 
See also ‘^ab imtio. 

Questions, 1* What is meant by the term 'molecular orbital', 
and what information does such an orbital contain? What 
features should we expect a molecular orbital to possess: 
where is Its maximum amplitude expected, and what can we 
say about its symmetry? Describe the changes that occur in 
the distribution of a molecular orbital as the bond it describes 
changes from pyre covalent to pure ionic* What is the bonding 
energy due to over this range? What commonly used 
approximation is resorted to in order to set up a molecular 
orbital? What are the deficiencies of this method? Discuss the 
formation of the hydrogen molecule in terms of moiecular- 
orbital theory* Account for the instability of the molecule 
He 2 on this basis* Set up a molecular-orbital scheme like that 
for O 2 shown in Fig, M8for all the diatomic molecules of the 
first row of the periodic table* Put the following molecules in 
order of increasing stability by referring to the diagrams you 
have just deduced: C 2 , C 2 , ISlJ, Na, Nl; Ol, O 2 , 02 ; 

^ 2 r F^r Fa; Mea, Nea, Nea* What is the major defect of a simple 
molecular-orbital treatment? How may it be overcome? 

2* Take the molecular orbital Is + Is. and show that when 

a D 

it is occupied by an electron the distribution can be interpreted 
in terms of a large proportion of in the wavefunction 
(think about the square of the function). Now consider two 
electrons in Is + 1s^ and two in Is as in the structure 

a b s b' 

of Hca: what is the electron distribution in this molecule? 

Take the orbital Is “F Is. and insert one electron* Write the 

a b ^3 

*hamiltonian for the molecule, and deduce an expression for the 
energy of the molecule in terms of integrals over the wave- 
functions* Some of these integrals can be identified with the 
integrals that occur in the description of the hydrogen atom, 
therefore the energy of the molecule can be expressed as the 
energy of the atom plus a part that can be ascribed to the 
formation of the bond* Analyse the expression In that way. 
Now insert two electrons into the orbital and so consider Ha - 
Repeat the exercise, using the appropriate hamiltonian, and 
attempt to analyse your expression* What you have probably 
forgotten to do is to allow for the "antisymmetrization of the 































electrons: you should write the wavefunction as a ’Slater 
determinant, and you will discover an extra enjoyable 
oontrlbution due to ’exchange. Analyse this new result* 

3, Consider an orbital 0 on atom a and 0^ on atom b, with 

fl o 

energies f and £ respectively. Allow them to overlap and inter- 

B D 

act, and make the approximation that the extent of interaction is 
proportional to the amount they overlap. Show by solving 
the "secular determinant that, of the two linear combinations 
that may be formed, one moves down In energy, and the 
other moves up: that the energy change Is greater when the 
energies and are similar and when the overlap Is greatest; 
that the bonding orbital is more iocalized on the atom with 
lower-energy atomic orbitals. These calculations illustrate the 
criteria mentioned in the text, and also show how the polarity 
of a bond reflects the relative energies of the contributing 
orbitals. 

Further mformation. See MOM Chapter 10 for a discussion 
of the molecular-orbital method, A simple account of 
molecular-orbital theory which fills in the details of the present 
discussion and gives many applications to chemically important 
molecules Is given by Coulson in The shape and structure of 
mofecules (OCS 9) and by Coulson (1961). See also Murrell, 
Kettle, and Tedder (1965), Streitweiser (1961), Saiem (1966), 
Pilar (1968), Slater (1963), and Doggett (1972), Many drawings 
of molecular orbitals for numerous molecules will be found In 
Jorgensen and Salem (1973), Calculations of molecular orbitals 
will be found referred to in "self-consistent field, *at inldo, 
and "Huckel method. Accounts of ’hybridization, "equivalent 
orbitals, "antibonding, and "bond extend this discussion. An 
alternative account of molecular structure is provided by the 
"valence-bond theory, which should be referred to, and the two 
methods are compared under "moleculaf'orbital and valence 
bond: a synopsis. 


molecuiar-orbital and v3lence*bond: a synopsis. The 
details of these techniques are given under their separate 
headings. In this synopsis an attempt is made to emphasize 
their similarities and differences* 

1, Both molecular-orbital (MO) and valence-bond (VS) 
theories seek to describe the structure of molecules, their 
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shape and their energy, and the valence of the atoms that 
compose them* 

2. Both theories, at least in their simplest interpretation, 
achieve their object by leading to an accumulation of electron 
density in regions where it is most effective in interacting with 
the nuclei. This region is in the vicinity of, or actually in, the 
internuclear region. This common interpretation neglects the 
contribution to the total energy of the "kinetic energy: in both 
the MO theory and the VB theory significant contributions 

to both the potential and the kinetic energies may be ascribed 
to the distortion of the orbitals of the atoms constituting the 
molecule* This additional, but important contribution is often 
neglected in an elementary analysis of the theories: we neglect 
it here, but refer to sources in Further information. 

3. Both theories achieve the object of accumulating electron 
density in the internuclear region by recognizing that electrons 
cannot be localized on a single atom when that is part of a 
molecule* The MO theory says that if an electron can be on 
atom a with wavef unction 0 (r ), which we abreviate to a (1), 
and can also be on atom b with wavef unction b (1), then, 
according to the "superposition principle, its actual distribution 
must be determined from the wavef unction a(1) ±t (1), The 
case of two electrons is obtained by dropping two electrons 
into this orbital to form t^(1) ± b (1)] [aj2) ±6(2)1 * The VB 
theory approaches the problem in a different way, and says 
that if atoms a and b were well separated the state of the 
electrons (one on each atom) would be well described by the 
wavefunctiona(l) 6(2), because that is the quantum-mechanical 
description of such a situation; it then pretends that the only 
difference in the function when the two atoms are at a bonding 
separation is that the electron originally on atom a may be on 
atom b, and vice versa* According to the "superposition 
principle this state of the two electrons is described by the 
function a(1) 6(2) ±6(1) a{2). Analysis of the expression for 
the energy in both the MO and VB cases leads to the con¬ 
clusion that the + sign in the composite functions gives the 
lower energy. The Implication of this is that the electrons 

that form the bonds must enter these wavefunctions with 
paired spins (this is required by the "Pauli principle); therefore 
both the MO and VB theories account for the importance in 
chemical bonding of the electron pair. 
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4* Although both methods emphasize the role of the 
electron pair, in practice they do so in different ways. The 
MO theory starts by ignoring the way that the electrons enter 
the molecule and calculates the molecular orbitals that may 
be formed from the available atomic orbitals. At the end of 
that work it inserts the electrons in accord with the ^aufbau 
principle and, perforce, the "Pauli principle. The VB method 
concentrates on electron pairs from the outset, and calcuiates 
the energy of various ('canonical') structures that have all the 
electrons in the molecule paired in all possible ways. Then 
having set up all these 'perfect pairing' structures it allows 
them to interact (that is, the true wavefunction is expressed 
as a "superposition of them), and then calculates the energy 
of the best combination. This process introduces the concept 
of "resonance. 

5. Electrons are allowed to spread over the whole molecule 
automatically in the MO method, but these delocalized orbitals 
may be transformed into a collection of "localized orbitals, in 
VB theory attention is concentrated on individual bonds right 
from the beginning, and this feature is largely preserved in the 
final superimposed wavef unction. Complete delocalization, of 
the sort found in "benzene, has as its counterpart strong 
"resonance, as between equivalent Kekule structures, 

6. Although both methods give a similar distribution of 
electrons, there are notable differences. Expansion of the 
two-electron MO given in Note 2 leads to 

a{^) a{2)^binb(2) ±a (1)(2) ±6 (1) a (2), This 
differs from the VB function in thB occurrence of the first 
two terms. These can be interpreted as the contribution to the 
total state of the situation in which both electrons are on the 
same atom, either on a or on b. As these extra terms appear 
with the same weight as the other terms, we conclude 
that the MO theory does not take Into account the effect 
of e/ectron corre/ation, the tendency of electrons to keep 
apart. There must be some probability of finding both 
electrons simultaneously on a or on b, and so we should 
expect the true function to be of the form 
a (1)6 (2) + 6{l)a {2) + Xa (1)a (2) + /i6 (1)6 (2) 
with X, 1, This modification can be introduced by 
the method of "configuration interaction. The VB theory 
moves to the opposite extreme and forbids both electrons 


to be on a or b simultaneously; therefore it overestimates 
the role of electron correlation. It can be improved by 
adding ionic terms to the original covalent wavefunctlon 
(ionic-covalent "resonance). 

7. The MO method is applied quantitatively by 
feeding the electrons into approximate wavefunctions, 
and then permitting the orbitals to distort in response 
to the electron-electron repulsions. This is taken care of 
by doing a "self-consistent field (SCF) calculation. The 
final answer is improved by permitting configuration 
interaction, MO theory has received far more attention 
than VB theory at this quantitative level because SCF 
nwthods are easily programmed for electronic computers; 
the difficulty of dealing with V8 calculations has been 
the very large number of canonical and ionic structures 
that must be taken into account, 

further /nformat/ort. See MQM Chapter 9 for more 
details of the methods and their comparison. See 
especially Goulson's The shape and structure of mo/ecu/es 
(OCS 9), which is mostly MO, Pauling {I960), which is 
mostly VB, and Coulson {1961) which compares them. 

A very careful scrutiny of the nature of the chemical 
bond has been given by Ruedenberg (1962) and Feinberg, 
Ruedenberg, and Mehler (1970), See Murrell, Kettle, 
and Tedder (1965) for another comparison of the 
methods. See the individual entries on "molecular orbitals 
and "valence bond for further information on each. 

momentum. In classical mechanics the momentum 
plays a fundamental role, and the same is true in 
quantum mechanics. In accord with the rules of con¬ 
structing quantum mechanics, the momentum, an 
observable, must be interpreted as an "operator. Once the form 
of this operator is known, other observables that depend on the 
momentum may also be expressed as operators, and so a com¬ 
plete scheme may be formed. The choice of the operator for 
linear momentum Is of crucial importance in quantum theory, 
and one common and familiar choice for the component of 
linear momentum along the Q-axis is the differential operator 
(ft/i) O/df?). It follows from this that the linear momentum of 
a system is related to the gradient of the "wavefunction that 









describes its state: steep gradients correspond to high momenta* 
This aspect of the wavefonction is compatible with the 
‘'de Broglie relation, which states that the wavelength of a 
wavefunction diminishes as the moroentum of the particle 
increases {p = /?A)* When the system is described by a standing 
wave the average gradient is zero, and in such states it follows 
that the linear momentum is zero* For example, a ’particle 
trapped in a one-dimensional square well is described by a 
standing wave, and its mean momentum ts zero, (Classically 
that would be interpreted as multiple reflections from the walls 
of the container reversing the momentum so often that its 
mean vanished,) 

If a particle's linear momentum along an axis is sharply 
defined, its position on the axis is indeterminate: this is an 
important consequence of the ’uncertainty principle and is an 
aspect of the wave-particle ’duality of matter. It can be 
understood by recognizing that a particle with definite 
momentum is described by a monochromatic wave of indefi¬ 
nite extent, and in such a wave, according to the Born Interpre* 
tation (see “wavefunction), the position of the particle occurs 
with equal probability throughout space. Conversely, the 
formation of a ‘’wave packet, which localizes the position of 
the particle, does so at the expense of superimposing so many 
waves of different wavelength that the momentum is broadly 
dispersed. 

Questions. 1 * What aspect of the wavef unction determines the 
momentum of a state? How may the de Broglie relation be 
justified in terms of this interpretation? Under what circum¬ 
stances IS the momentum of a particle zero? What is the 
momentum of a particle trapped In the ground state of a 
one-dimensional square well? Why may the “kinetic 
energy be non zero even though the linear momentum is 
zero? in what sense are the linear momentum and the 
position of a particle "complementary? 

2. By average value of the gradient is meant the ’expectation 
value* Evaluate the expectation value of the linear momentum 
for particles described by running waves of the form exp 
and expf — i^rx), (fslote that complex-conjugate wavef unctions 
correspond to opposite momenta,) Calculate the expectation 
value for the linear momentum of a particle in a one- 
dimensional square-well potential (see “particle in a square 


multiplicity 


149 


well for the wavefunction). Prove from the hermrticlty of 
the linear momentum operator that the expectation value of 
the momentum for a state described by a real wavefunction 
is necessarily zero* 

Further information. See MQM Chapters 3 and 4 for a detailed 
discussion of momentum in quantum mechanics* The 
fundamental role of linear momentum in quantum theory is 
described in Bohm (1951), Messiah (1961), Schlff (1968), 
Landau and Lifshltz (1958a}, Dirac (1958), von Neumann 
(1955), and Jauch (1968). 


multiplicity. The multiplicity of a "term is the number of 
“levels it possesses; that is, it is the number of different values 
of the ’quantum number ’J that may be ascribed to the term. 
When the values of the quantum numbers L and S of the 
term are such that L the multipHdty Is equal to 2 S + 1* 
This is because that number of values of the total angular 
momentum J may be formed by coupling the spin and 
orbital ’angular momenta together (7 may take the values 
L + S, L + S' ” 1, * * * , 1Z. — 5 I), When i < S the number of 
J values that may be formed is 2Z. 1, and so under these 

circumstances the multiplicity is equal to 2 L + 1 , 

The numerical value of 2S + 1 is normally denoted by an 
upper left superscript on the term symbol, but it is important 
to note that this gives the true multiplicity of the level only 
when L > S', As an example a term ('doublet D') has two 
levels distinguished by J = and J = j and written ^ 0^/2 snd 
^□ 5 / 2 ; likewise a term (a triplet P term) has a multipncity 
of three, and its levels are distinguished as ^P 2 , ^Pi, ^Po- The 
^ term, with Z. — 0 and S = j is referred to as a doublet 
term even though it has only one level = Beware of 
sloppy usage, and always think about the relative size of 
S and L. 

Questions. What is meant by the multiplicity of a term? How 
can it be calculated from a knowledge of the values of L and S? 
What is the significance of the left superscript on a term 
symbol? Under what circumstances does the superscript 
Indicate the multiplicity? How many levels do the following 
terms possess (that Is, what Is their muitlpllcity): 
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^P, ^P, ^D? In each case indicate the J labels 

of the levels. 


Further in formation. The muftipMcity of a term appears 
spectroscopically as the *fine structure. For the structural 
differences of singlet and triplet terms see the entry ‘^singlet 
and triplet states. For general aspects see ^angular momentum. 
For a further discussion see MQM Chapter 8 and books on 


atomic and molecular spectroscopy: Whiffen (1972), 

King (1964), Herzberg (1944), Kuhn (1962), White (1934), 
Candler (1964), and Condon and Shortley (1963). 
Stevenson (1965) gives a moderately simple and complete 
theoretical account of the mu I tipi et structure of atoms and 
molecules. See Calvert and Pitts (1966) and Wayne (1970) 
for an account of the way that the multiplicity of a species 
determines its chemical behaviour. 
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node. A node is the place where a ^avefunction has zero 
amplitude (that is, no displacement). The node may be a point, 
a line, or a surface. For the 'particle in a one-dimensional 
square wetl the wavefunction has a node at the walls and at a 
number of regularly spaced points within the box, and the higher 
the energy (or higher the harmonic of the fundamental wave) 
the more nodes are present. A 1 s-orbttal in 'hydrogen has no 
nodes, apart from a rather special one at infinity (see 'atomic 
orbital). A 2S'0rbital has one node which should be visualized 
as a spherical surface surrounding the nucleus; as the position 
of this node depends only on the radius and is spherically 
symmetrical it is called a radiai node. A 2p“Ofbital has no 
radial node (apart from the one at infinity), but it i$ divided 
into two lobes by an angular node, which i$ a plane running 
through the nucleus. A more complicated nodal structure 
occurs in the other 'atomic orbitals, but an s-orbital always 
has no angular nodes, a p-orbital always has one, and a 
d-orbital always has two. 

The significance of the nodal structure of a wavef unction 
stems from its connexion with the 'momentum or the 
'kinetic energy of the system: the more nodes in a given 
region the greater the kinetic energy. The reason for this is as 
follows. A node occurs where a wavef unction changes sign, 
and the number of sign changes in a region increases as the 
wavelength shortens. Therefore as a shorter wavelength 
implies, through the 'de Broglie relation, a greater momentum, 
it follows that the more nodes present the greater the mo¬ 
mentum and the kinetic energy. The connexion is illustrated 
by the example already mentioned of a 'particle in a square well. 

In the case of angular nodes the relevant momentum is the 


"Orbital angular momentum; so we can believe that as the 
number of angular nodes increases so too does the angular 
momentum. This is confirmed by calculation, for the number 
of angular nodes is equal to the numerical value of the 
'angular momentum quantum number C, and the magnitude of 
the angular momentum is proportional to / [Il{i2 + 1)!, For 
this reason the angular momentum of a d-electron (2 angular 
nodes) exceeds that of a p-electron (1 angular node). 

Questions. What is a node? What shape can it take? Can there 
be a nodal point (rather than a nodal line) for a particle in a 
two-dimensional well? How are the nodes tn an atomic 
system classified? How many nodes are there in the wave- 
function of atomic hydrogen corresponding to the principal 
quantum number n? Does the number of nodes depend on n 
and £? Does the value of affect your conclusions? Why is 
there a connexion between the number of angular nodes and 
the orbital angular momentum of a state? Discuss the nodal 
structure and the physical significance of the nodal structure 
of the orbitals in diatomic molecules. 

Further information. See MQM Chapter 3 for a variety of 
different systems showing nodes of various kinds. The nodes 
of functions, being places where the functions drop to zero, 
may be ascertained by locating the zeros of the function; the 
zeros of many mathematical functions are listed in Abramowltz 
and Stegun (1965), A general theorem on nodes states that the 
lowest energy level is nodeless: see §18 of Landau and Lifshitz 
{1958a). This theorem fails when many particles are present 
because Fermi holes occur in the wavefunction by virtue of 
'spin correlation. 
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non*crossfng rule. Consider two states of an atom or mole- 
cule, and let their energy depend on some parameter P (for 
example, a bond length}. As this parameter is varied the 
energies change, and it ts conceivable that a variation of P 
takes the energy of the upper energy state below that of the 
lower; that is, the energy curves cross. The non-crossing rule 
asserts that this crossing cannot occur if the states have the 
same symmetry. It follows that a variation of P leads to the 
energy variation illustrated in Ftg. NT 



FIG, Nl. The non-croSSing rule. Black lines correspond to slates of 
different symmetry (which may cross) and colour lines to states of the 
same symmetry (which may not). 

The rule is of considerable importance in the construction 
of correlation diagrams (see “united atom), because its 
application enables the energy of states of molecules and atoms 
to be followed as bonds are formed. 

Note that the non-crossing rule is an example of an 
“adiabatic process: if a system starts in 1/^2 | and the 

parameter is varied slowly, it will be in state \pi of the new 
system (corresp>onding to a different value of the parameter P 
on the right of the diagram). If the motion from left to right is 
done very rapidly, the system may be in ^2 at the final value 
of P: this corresponds to an excited state of the new system. 
Therefore we see that the non-crossing rule is applicable to 
time-dependent systems only if their motions are slow. 

Further information, A diagram like Fig. Ml may be deduced 
from perturbation theory by solving the Schrodinger equation 


for a two-state system. This is done in Chapter 7 of MQM. 

Such an analysis formed the basis of Teiler^s deduction of the 
rule (Teller 1937). A more abstract and earlier deduction is 
that of von Neumann and Wignei (1929), Both approaches 
have been strongly criticized, and a more rigorous proof has 
been given by Naqvi and Byers Brown (1972), and extended 
to poiyatomics by Naqvi (1972). For simpler and more con¬ 
ventional accounts, see Coulson (1961) and Herzberg (1950). 

normal modes. The number of modes of vibration of a mole¬ 
cule containing A/ atoms is 3/V—6 in general, but 3A/—5 if the 
molecule is linear. The source of these numbers is the fact that 
to specify the position of an atom requires three coordinates, 
and so the specification of the position of all the N atoms in a 
molecule requires 3N coordinates. Changing any of the 3/V 
coordinates corresponds to changing the molecule's shape 
(bending or stretching its bonds) or to moving or rotating it as 
a whole. Of the 3/V coordinates, 3 may be chosen to be the 
position of the centre of mass of the molecule (that is, they 
specify the position of the molecule in the room), and so the 
remaining 3Af—3 must specify the position of the atoms with 
respect to the position of the centre of mass. Of these, three 
may be ascribed to the orientation of the molecule (if it is non¬ 
linear), and the remaining 3/V—6 must then specify the 
relative positions within the molecule of all the atoms, and 
changing them corresponds to a bending or stretching of the 
bonds, that is, to molecular vibrations. If the molecule is linear 
only two coordinates are required to specify its orientation, 
and so the number of internal coordinates is 3/V—5, 

Consider now the case of carbon dioxide, a linear triatomic 
molecule having 9—5=4 internal degrees of freedom 
(coordinates necessary to specify the configuration of the 
molecule other than its position or orientation in the world). 
Suppose we identify one of the degrees of freedom with the 
stretching of one of the C—O bonds, and investigate the vi¬ 
bration of that bond. When the vibration of the bond is 
excited the other equivalent C—0 bond will very quickly pick 
up its energy, because of the motion of the shared carbon 
atom, and there will be a “resonant transfer of the vibration 
from one bond to the other. The process will continue, and 
the vibrational motion transfers back and forth between the 
bonds until some external process quenches the molecular 











vibration. Suppose now that instead of exciting just one of the 
bonds we were more canny and excited both equally, we 
should expect an equilibrium situation in which the vibration 
continued smoothly until it was quenched. Take, for example, 
the excitation of the symmetncai stretching mode 
O-—C—-^0 ^ 0—O: the carbon atom is buffeted 
equally from both sides, and there is no way (unless 
^anharmonidties are present) for the alternative combination, 
the antisymmetrhai stretching mode < — 0 —C -+^-0 ^ 

0->^C—0—to be excited. Nor can energy in these modes be 
transferred to the bending modes, because to do so a perpen^ 
dicular force is needed {this can be provided by the 'Coriolis 
interaction arising from molecular rotation). Thus we see that 
by a judicious choice of the modes of vibration of the molecule 
we may obtain a set of independent motions: these are the 
normal modes. The four internal {vibrational) modes of CO 2 
may be chosen as four normal (independent) modes, and 
because only four internal modes exist, any vibration of the 
molecule, however complicated, may be expressed as a super¬ 
position of the normal modes. 

The independence of the normal modes makes their 
quantum-mechanical discussion very simple, since each of 



F|G, N2. Normal coordinates in CO 2 and H^O (or other triatomic 
molecules). 
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them may be considered to be equivalent to a single "harmonic 
oscillator of a particular mass and 'force-constant vibrating 
along some equivalent coordinate, the normal coord mats. All 
the properties of "harmonic oscillators apply in the normal 
way to each normal mode, and the 'selection rule that governs 
a vibrational transition applies to the modes too. In particular, 
a mode is active In the Infrared region of the spectrum (and so 
gives a line in the ordinary "vibrational spectrum) only if there 
is a change of "dipote moment along the normal coordinate; 
that Is, if the dipole moment of the molecule changes when it 
is distorted in a particular normal mode. Some of the normal 
modes of carbon dioxide and water are illustrated in Fig, N2. 

Questions. Why does a non-linear molecule possess 3A /—6 
vibrational modes and a linear molecule 3A/~5? What happens 
to the extra mode in the linear case when it is turned into a 
bent molecule? What happens when a single bond is stretched 
and then released in CO 2 , H 2 O, and CH 4 ? How is it possible to 
achieve a 'steady-state' vibration? Under what circumstances 
does the independence of the normal modes fall? What 
advantages stem from the use of normal modes? What is the 
basis of the quantum-mechanical calculation of the vibrational 
frequencies of the norma! modes? What factors affect their 
frequency? If is replaced by in CO 2 , would you expect 
all the normal-mode frequencies to change? 

further Information. See Chapter 10 of MQM for a further 
discussion of the deduction and properties of normal modes 
and vibrations. See Chapter 6 of Brand and Speakman (1960) 
for a simple discussion of the classical and quantum mechanics 
of normal vibrations. A helpful introduction to normal-mode 
analysis is given by Woodward. (1972), and more advanced 
sequels may be found in Wilson, Decius, and Cross (1956). See 
also Barrow (1962) and Ganz (1971). All these books describe 
the "group-theoretical analysis of normal modes of vibration. 


normsiizod function. The Born interpretation of the 'wave- 
function views as proportional to the prob¬ 

ability of finding the particle in the volume element dr 
surrounding the point r; when the proportionality constant is 
unity the wavefunction is said to be normalised (or, more 
strictly, normalized to unity). 
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Suppose the wavefunction we are presented with is i//; 
how do we proceed to normalize it? The basis of the method is 
the observation that, if the wavefunction is to be related to 
the probability distribution of the particle, then the prob- 
ability of it being somewhere in the universe must be exactly 
unity. The probability of the particle being in the universe is 
the sum of the probabilities of it being in each of the volume 
elements dr into which the universe may be shattered; this total 
probability is the integral /dr^*\I/, which must equal unity. 
Therefore if in fact we find it equal to N we may normalize 
the wavefunction by dividing It by the number the 
normalized function is AT^ \l/ and is the norma/iz^tion 
constant When a function is both normal and •orthogonal it 
is orthonormaL 

Questions. What is meant by the term 'normalized function'? 
Why is it convenient to deal with normalized functions in 
quantum mechanics? What is the procedure for normalizing an 
arbitrary function? Normalize to unity the following wave^ 
functions: the constant a in a universe stretching from x = 0 
to X = £; the functions sln^x In the same short universe; the 
function expim0 in a universe stretching around a circle; the 
furKtion exp(~r/ao) m the whole of three-dimensional space. 

Further information. Simple examples of normalizing wave- 
functions are given in Chapter 3 of MQM. A particular 
problem arises with the normalization of functions that do 
not decay at large distances; for example, the function expi/rx 
oscillates for ever as x —^ « Resort is then made to a special 
device (5-function normalization): this is described in §5 of 
Davydov (1965), §4 of Mandl (1957), and §T3 of Goldberger 
and Watson (1964), 

nuclear magnetic resonance: a synopsis. The technique 
of nuclear magnetic resonance (o.m.r.) is the observation of 
the absorption of electromagnetic radiation by the magnetic 
nuclei of molecules, and in particular of protons, in the 
presence of an externally applied magnetic field. 

In a magnetic field the two orientations of the 'spin of a 
proton have different energy {a lies below/3) and transitions 
between them (inversion of the orientation, or reversal of the 
direction of spin) can be induced by an electromagnetic field 
of the appropriate resonance frequency. Typical spectro¬ 


meters employ a 15 kG magnetic field, and the resulting 
energy separation corresponds to photons of frequency 
60 MHz; recent developments have taken magnetic fields into 
the 50 kG region, where the radiation required is about 
200 MHz, These figures imply that n,m,r, is a form of radio- 
frequency spectroscopy. The experiment is generally performed 
by applying a fixed radiofrequency field to the sample, and 
varying the applied magnetic field until the radiation is 
absorbed most strongly: this is the resonance condition, A 
typical spectrum is shown in Fig, N3, 



FIG, N3. The structure of an n.rn,r, spectrum (of acetaldehyde). In 
each case the signal is due to resonance of the starred proton. 


The information forthcoming from an n,m,r. spectrum is as 
follows: 

1, The position of the resonance. Protons in different 
chemical environments resonate at different values of the 
applied magnetic field: this is the •chemical shift. It arises 

































because the applied field may Induce local fields in the mole¬ 
cule, and the nuclei sense the total field. The applied field 
induces different fields in different types of chemical groups, 
and so different groups resonate with the fixed radiofrequency 
at differerTt values of the applied field. More information will 
be found under ^chemical shift. The simplest application of 
the chemical shift is to the recognition of different types of 
groups in an unknown molecule (see Fig. N3). 

2. ThB fine structure of the spectrum. Under high resolution 
the lines of a spectrum are normally found to have a fine struc¬ 
ture. This is due to ^spin-^in coupting, in which the spins of 
the magnetic nuclei interact. As a first approximation the 
effect of the presence of the magnetic moments of the other 
nuclei is to modify the local magnetic field at the nucleus of 
interest, and the consequence of this is that it resonates at a 
value of the applied field which depends on the orientation of 
the neighbouring nuclear spins. The spin-spin coupling within 

a magnetically equivalent group of nuclei (a group with the 
same chemical shift) may be large, but it does not appear in 
the spectrum (this is a consequence of the selection rules that 
govern the spectrum). When the magnitudes of the spin-spin 
coupling and the^chemical shift are comparable the spectrum 
may take on a very complicated appearance, but when they 
are markedly different the interpretation of the spectrum is 
simple (Fig, N3), The fine structure Is an excellent fingerprint 
for the identification of an unknown molecule, or for the 
determination of structure. 

3. The width of the imes; the fine ^ape. The shape of the 
lines, and especially their width, is determined in solution by 
relaxation processes: these are described under the heading 
'Electron spin resonance. The same effects operate in n,m,r„ 
but as the nuclear magnetic moment is about 2000 times 
smaller than the electron spin magnetic moment its interaction 
with the environment is very much weaker and the relaxation 
times correspondingly longer (and line widths much less). 
Nevertheless, the determination of line widths and relaxation 
times is an important tool for the study of molecular motion 
in fluid solution. It is also important for the study of chemical 
motions; for example, tautomerism and proton exchange. The 
line shape is strongly affected by processes that occur on the 
n.m.r. time scale: if a motion modulates the chemical shift of 
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a nucleus (for example, if a proton jumps between two 
inequivalent environments) then the line will be broadest 
when the frequency of the motion Is of the order of the 
frequency difference between the two resonant positions. 

Further information. See the entries on the “chemical shift 
and “Spin-Spin coupling for more information, and an idea of 
the magnitudes involved. The magnetic moments of nuclei are 
listed In Table 17, A description of n.m.r. will be found in 
McLauchian's Magnetic resonance (OCS 1): this gives a des¬ 
cription of the method and the way that it may be applied. 
For other simple accounts see Lynden-Bell and Harris (1969), 
Jackman (1959), Roberts (1959), Carrington and McLachlan 
(1967). More details will be found m Pople, Schneider, and 
Bernstein (1959), Emstey, Feeney, and Sutcliffe (1965), 
Slichter (1963), and Abragam (1961). Recent advances are 
described in Advances in magnetic resonance^ Progress in 
nucfear magnetic resonance spectroscopy, Annuaf review of 
am,r, spectroscopy, and in ihs Speciatistperiodicai reports of 
the Chemical Society. For a description of rate processes in 
terms of n.m.r, see the above books, especially Chapter 12 of 
Carrington and McLachlan (1967). 


nuclear statistics. Nuclei, like electrons and other particles, 
must satisfy the requirements of the “Pauli principle: whenever 
any two equivalent nuclei are interchanged the overall wave* 
function must change sign If they are “fermions, but not change 
sign if they are “bosons. This requirement has stringent con¬ 
sequences on the possible “rotational energy levels that a mole¬ 
cule may occupy, for the rotation of a molecule is a mode of 
motion that interchanges nuclei. Unfortunately, rotating a 
molecule also drags round the electrons, and so it Is necessary 
to disentangle the exchange of the nuclei from the other effects 
that accompany rotation. We shall confine our attention to the 
hydrogen molecule, partly because It is pleasantly simple, and 
partly because it ts Important through the role that nuclear 
symmetry plays in the thermal properties of hydrogen gas. 

Consider what happens when a molecule of hydrogen is 
rotated through 180*^. The nuclei are interchanged, but so too 
is the orientation of the molecule as a whole, and the electrons. 
Inspection of Fig. N4 shows that it is a simple matter to 
return the electrons to their Initial position in space by in* 
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FIG, N4. Symmetry c^eretions on nuclei and electrons in a 
homonuclear diatomic. 

verting them through the centre of the molecule (no sign 
change on the electronic wavefunction for H 2 in its ground 
stated and then reflecting them back across the plane in 
which the molecule was rotated (also no sign change in the 
case of the ground state of ), A glance at the figure shows 
that the object of interchanging the nuclei without any net 
effect on the electrons has been achieved* 

At this point we analyse the effect of each of the con¬ 
stituent operators on the wavef unction of the molecule* 

The wavef unction is the product of the wavef unctions for 
the electronic state of the molecule 0 the vibrational state 

‘1 . 

w , the rotational state w . and the nuclear state ^ 

(of which more below). When the molecule is rotated through 
180 the rotational wavefunction changes sign if the 
“rotational quantum number J is odd, but does not change 
sign if it is even (think of the similar behaviour of s~, p-, d-, f-, 

*, * orbitals). Therefore from the overall rotation of the mole¬ 
cule, the first step of the chain, we get a factor of (—1 )'^, On 
the next two steps, the inversion and reflection of the electrons 
only, there is no change in the case of H 2 (although molecules 
in states other than may change sign), and so at stage D the 


wavefunction has changed sign by (’*‘1)'^, Finally, the spin 
orientations of the nuclei are interchanged; this takes the 
molecule from D to E, and the last stage results in the same 
molecule that would have been obtained simply by relabelling 
the two nuclei* 

When the two protons are relabelled the Pauli principle 
demands that the total wavefunction change sign; therefore 
going from A to E changes the sign of the function, and so the 
chain of operations A—B—C—D—£ must also lead to a change 
of sign* So far a factor of (—1)'^ has been identified, but 
the step D to E may also lead to a sign change* This may be 
appreciated by considering the possible spin states of the two 
equivalent protons: the spins may be parallel or antiparallel, 
just as in the case of two electrons. The wavefunction for the 
spins In their anti parallel configuration is (a)^^ (b) ^ 

(see “singlet and triplet states), and if ihe projections 

and j3^ are interchanged this function changes sign. Con¬ 
versely, the parallel spin arrangement (a nuclear triplet) is 
represented by the three states a^(a)oc^(b), 0 f^(a)^^(b) + 
j3^{a)Q?^(b}, (a)i8^ (b), and none of these changes sign when 

the orientations are exchanged* 

Suppose that the protons of are antiparallel, then the 
step from D to E introduces a factor of (—1) into the circuit, 
and so the overall phase in the trip from A to E is (’^1 )*^^^. 

But as the protons are fermions the wavefunction must change 
sign on going from A to E, and so we are forced to the con¬ 
clusion that when the nuclear spins are antiparallel the mole¬ 
cule can occupy only the rotation states corresponding to even 
values of the quantum number J. Conversely, if the proton 
spins are parallel the step from D to E leaves the sign 
unchanged, and so overall a factor of (—1 is obtained for the 
cycle from A to E; it follows that when the proton spins are 
parallel the molecule can occupy only the states with odd 
values of J. 

The restrictions on the quantum numbers of the occupiable 
states have two principal effects. The first is the modification of 
the appearance of the spectrum of the molecule: in a thermal 
equilibrium mixture the odd-J states are occupied three times 
as heavily as the states with even J because three orientations 
of the nuclear spins are compatible with odd values of J, and 
only one orientation with even values. This Intensity altern- 
ation is characteristic of the rotational structure of the spectra 

























of molecules containing equivalent nuclei. Hydrogen molecules 
with paired nuclear spins (and therefore even J values) con- 
sthutBpara-hydrogen, and those with parallel spins (and 
therefore odd-J values! constitute ortho-hydrogen. At thermal 
equilibrium a sample of gas contains three times as much 
ort/jo-hydrogen as para-hydrogen, except at the lowest 
temperatures, where all the gas tends to occupy the lowest 
rotational level J = 0 , in which case the thermal-equilibrium 
sample contains only para-hydrogen. Ortho- and para- 
hydrogen display different thermal properties at fow 
temperature because of the differences in their available 
rotational energy levels. 

The attainment of thermal equilibrium can be a very slow ‘ 
process because the relative orientation of the nuclear spins 
has to be changed. A pure para-hydrogen sample will change 
only slowly at room temperature to the thermal-equilibrium 
mixture, because many of the nuclear spins must be reorien¬ 
tated to make them parallel to their partners. This can be 
achieved more rapidly in the presence of a catalytic surface on 
which the molecules may dissociate and then recombine with 
random partners, or in the presence of a paramagnetic molecule 
(such as oxygen or a transition-metal ion) in which the 
magnetic field of the molecule can interact more strongly with 
one proton than the other and so drive them into new relative 
orientations (see Fig. S7 on p. 218). 

The nuclear statistical effects are lost when the molecule is 
isotopically substituted, for then the nuclei are no longer 
equivalent. The molecule HD shows none of the properties of 
the kind just described. On going to D 2 a situation with 
equivalent nuclei is regained, but the deuterons are bosons and 
the intensity distribution is modified accordingly (see 
Questions), The effect of nuclear statistics on spectra and 
thermal properties may be discovered also in other molecules 
containing equivalent nuclei, such as O 2 . HCCH, H 2 O, CH^CHa, 
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CH 4 ; the analysis gets quite complicated but depends on the 
same arguments. 

Qtiestfons. 1. What Is the basis of the effect of relative nuclear 
orientation on the rotational energy levels of molecules? Do 
the nuclei affect the energy levels or just their population? 

Why is it necessary to consider the peculiar complicated 
scheme depicted In Fig. N4? Why are even-J states associated 
with paired nuclear spins when the nuclei are fermions, and 
odd-7 states associated with parallel nuclear spins? What 
effects does the demand of nuclear statistics have on the 
spectral and thermal properties of hydrogen? What is the 
significance of the classication of hydrogen into ortho and para 
states? What is the thermal-equilibrium concentration of the 
two species at elevated temperatures? Why is the intercon version 
a slow process, and what can be used to accelerate it? 

2 . Consider the molecule the spin of the deuteron being 1 , 
and determine which nuclear states may be associated with 
even and odd 7 values. What is the lowest state of the molecule? 
Show that at elevated temperatures the eve nr odd 7 state ratio 

IS 2:1. 

3. Deduce that the ratio of even:odd nuclear spin states for a 
nucleus of spin / in a molecule containing two equivalent 
nuclei of spin / is (/ + 1 ):/. Proceed by counting the number 
of odd and even combinations of the states Im that may 
be formed. 

Further information. See MOM Chapter 10 for a further dis¬ 
cussion and a deduction of the general rule. A simple dis- 
cussion wif! be found in §4.5 of Sugden and Kenney (1965), 
and §5.13 of King (1964), who also discuss the spectral 
consequences. The thermal consequences are described by 
Davidson (1962). See Townes and Schawlow (1955) for the 
extension of these arguments to more complex molecules. 













operators. Classical mechanics deals with observables such a$ 
posttion and monnentumas functions, sometimes of each 
other, or of time, and Newton's laws of motion enable these 
functions to be discovered. Quantum mechanics recognizes 
that all the information about the system is contained in its 
“wavefunction and that, in order to extract the information 
about the value of an observable, some mathematical operation 
must be done on the function, (This is analogous to the 
necessity of doing an act, an experiment, on the system in 
order to make a measurement of its state.( Quantum mechanics 
really boils down to making the correct selection of the 
operation appropriate to the observable. 

In the simple quantum mechanics that concerns us it turns 
out that the right way to determine the momentum from a 
wavefunction is simply to differentiate it and then multiply 
the result by h/i. Thus the gradient of the wavefunction at a 
particular point determines the "momentum. The operator 
that extracts the position turns out to be simply 'multlpli- 
cation by x*, but this, as you can imagine, is deceptively simple. 
Once we know what the operators are for the dynamical 
variables of position and momentum we can set up the 
operators for all observables, because these can be expressed 
as functions of the two basic variables. Thus the kinetic 
energy in classical mechanics is a function of the momentum, 
namely with + p^ + therefore the 

corresponding operator can be obtained by replacingby 
etc.; this shows that the curvature of the wave- 
function determines the "kinetic energy. 

How does one find the operators forp and x in the first 
place? The choice is severely limited by the requirement that 
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the operators be such that the values of the observables they 
yield are real numbers (the result of an observation cannot be 
a complex number); this implies that the operators must have 
the mathematical prop^erty of hermlticity (they must be 
hermitian operators). Another requirement is that the 
operators must satisfy the rule that (xp — p x)i|/ must be 

i X X ^ 

equal to ih (We have denoted the operators corresponding to 
the observables x and p by x and p ,) Another way of putting 
this Is that the "commutator of x and p^ must be ih (see 
"matrix mechanics). The latter is a very stringent requirement 
and has profound consequences; from it one may deduce the 
"uncertainty principle. 

Having found the operator for the observable of interest, 
the value of the observable for the state of the system in 
question is an "eigenstate of the operator, if the state is not an 
eigenstate the result of the experiment is determined by the 
"expectation value of the operator. 

Questions. 1. Why are operators important in quantum 
mechanics? What is the operator corresponding to linear 
momentum in the x-direction, and in the y-direction? What is 
the operator corresponding to the position along the z- 
coordinate? What Is the operator corresponding to kinetic 
energy, and to the^-component of angular momentum? The 
state of a system is described by the function exp i/rx: what is 
the linear momentum of the state, and what is its kinetic 
energy? Another system Is described by the function cos/rx: 
what is its linear momentum and kinetic energy? 

2. What properties must operators possess if they are to be 
satisfactory in quantum mechanics? Confirm that the 





commutator of x and (h/i)(d/dx) is ifi If we had chosen 
'multiplication byp ' to be the operator corresponding to the 
x-component of linear momentum, what would have been the 
necessary choice of operator for position? In the momentum 
representation of the operators just encountered, what would 
be the appropriate expression for the kinetic energy, and the 
Coulomb potential energy of two charges at a separation r? 

Further informetiom Operators are at the very heart of 
quantum theory, and so books dealing with the fundamentals 
treat operators at length. For a simple account of the basic 
theory see MQM Chapter 4. The classical account of operators 
and observables is provided by Dirac (1958), and more 
mathematical accounts will be found in Mackey (1963), 
von Neumann (1955), Jordan (1969), and Jauch (1968), For 
a resume, see Appendix 1 of Roman (1965). An introductory 
account of representation theory is given In Chapter 4 of 
Davydov (1965). The formulation of quantum mechanicsas 
"matrix mechanics uses the properties of operators directly, 
and a succinct account is given by Green (1965). 

orbital anguiar momentum- The orbital angular momentum 
is the contribution to the total angular momentum that in 
classical mechanics would be ascribed to the circular motion of 
a particle around a fixed centre. In quantum mechanics it is 
found that the orbital angular momentum is quantized, and its 
values are constrained to two ways. 

1. The magnitude of the orbital angular momentum is 
confined to discrete values given by the expression 

h/ [fi(£ T 1)], where £ is the orbitaf angufar momentum 
quantum number, or azimuthal quantum number, and is 
limited to positive integral values (£ = 0, 1, 2,. ., ), Thus the 
angular momentum of any body is confined to the values 
0, h/2, fi/6, .... (Massive rotating bodies, such as a 
bicycle wheel, have angular momenta corresponding to 
10^.) In some situations (such as the "hydrogen atom) 
the maximum value of £ is limited by the value of other 
"quantum numbers. 

2. The orientation of the direction of rotation is quantized 
(this is space quantization). The orientation of the plane of 
rotation is determined by the magnetic quantum numtferm^ 
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FIG, 01. (aji shows how a vector of length proportional to [£|£+1JJ 
is related to a classical trajectory; the component on the z-axis is nih In 
(b) is tllustratetJ the discrete orientations (with respect to the ?-ax1s) 
allowed by quantum theory to a particle with 0 = 2. 

which can take all integral values between +£ and (there 
are [2£ + 1] such values). The plane of rotation is determined 
in the sense that the comf>onent of the orbital angular 
momentum about a selected axis (conventionally thez-axis) 
is limited to the value (Fig. 01), Therefore if the 
magnitude of the angular momentum of a particular body is 
h/ 6 (so that £ = 2) the angular momentum about the z-axis 
may have one of the give values —2!i, —Ifi, 0, h, 2h (the different 
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signs correspond to different (classical) senses of rotation) 

(Fig, 01b). 

The component of momentum about either of the other 
axes (x or y) is indeterminate (according to the njncertainty 
principle), and so if one denotes the angular momentum of a 
body by a vector I of length / [i2(3f + 1)] its projection on only 
one axis (thez-axis, by convention) may be determined at 
a particular instant: the simultaneous determination of either 
the X- or the ^-component is excluded by the uncertainty 
principle* Therefore, if we still wish to represent angular 
momentum by a vector we have to draw it in a way that does 
not give the impression that we know more about its orien¬ 
tation than is permitted by the uncertainty principle* The best 
we can do is to draw a cone of all the possible (but Indeter¬ 
minate) positions of the vector (Fig* 01b), alt of them of 
length proportional to h/ + 1)] andz-components pro¬ 
portional to mgh (see ^vector model). Sometimes the cone of 
possible positions is interpreted In terms of the "^precession of 
the angular momentum; but see the appropriate entry before 
you believe in such a description. 

The orbital angular momentum of a system is related to the 
number of ^nodes in Its wavefunction: the total number of 
angular nodes is equal to and the number of angular nodes 
that one encounters on encircling the z-axis is equal to Im^l, 
Thus a d'Orbital has two angular nodes, and £ = 2; the d^^- 
orbital has both nodes in the XK-plene, and so one encounters 
both on a circuit about the z-axis, consequently — 2* 

This connexion between angular momentum and nodal 
structure is easy to understand If one recalls the “de Broglie 
relation or, what is equivalent, recalls that the “kinetic energy 
of a particle increases as the curvature of the wavef unction 
increases. Thus a shorter-wave length wave (a more buckled 
function) has more nodes in a given length than one of longer 
wavelength* For angular momentum we are concerned with 
momentum on a circle or sphere; therefore a constant 
function (that is, a function independent of the angles 0 and 0) 
has no nodes, is of infinite wavelength, has zero kinetic energy, 
and therefore zero (angular) momentum (or by the de Broglie 
/elation has zero momentum)* A function with one angular 
node (such a node lies on a diameter, and cuts a circle twice) 
corresponds to one wavelength wrapped round a circle, and 


one with two angular nodes (four nodal pomts on a circle) 
corresponds to two wavelengths confined to the same circum¬ 
ference, and so on. Therefore we see that the wavelength is 
shortened and the angular momentum is increased as we pack 
more nodes into the function. This picture of fitting waves on 
to a circle also makes clear the reason why angular momentum 
IS quantized: only integral numbers of wavelengths can be 
fitted, for otherwise there would be destructive interference 
between waves on successive cycles of the ring {Fig, 02), 




FIG* 02, (a) Acceptable and (b) unacceptabJe waves on a ring. 

Questions. What is the classical definition of orbital angular 
momentum? How does quantization modify our view of the 
classical case? What values of the magnitude of the angular 
momentum of a rigid body are permissible? What orientations 
of a rotating body are permissible? Why is it not possible to 
represent an angular momentum by a vector in a fixed orien¬ 
tation? What is the connexion between the number of nodes 
in a wavef unction and its angular momentum (and which nodes 
do we count)? The number of nodes around the equator deter¬ 
mines \m^l: what is the significance of the difference between 
+/77jj) and “^£? How can the quantization of both the 
magnitude and orientation of orbital angular momentum be 
explained in terms of fitting a wave to a spherical surface? For 
more questions see “angular momentum Questions, 

Further information. See Chapter 2 of MQM for a discussion 
of the quantum mechanics of a particle on a ring and on a 
sphere; this is an introduction to the quantum theory of 
































BOX 14: Orbital angular momentum 


Ciasskai defintthn I = r A p, 

that is, %~yPz~^Py 

K^^^Py-yPx 

with magnitude £ = (£^ + £^ + £^)^. 

X y z 

Quantum definition 

C = r A p= (h/i)rA V, 
that is. = 

In spherical polar coordinates these become 

= —IFi/i) (sin0^ + cot0 cosi;&^) 

^ (h/i) tcos0 ^ — cot0 Sin0^) 

K*=-h^A* 

where is the legendrian (see Box IT). 

Commutation relations 

fi^] « ihK, [C^, = ififi^ [i^. CJ = ihBj, 

=0 g = x.y,z. 

Eigenvalues and eigenfunctions 

P i//j^(0, <i,) = £(£ + Dh^ (0,0) £ = 0, 1, 2 . . . 

m = C, £- T . -i 

'/'j)^(0. <t>] are the “spherical harmonics: see Table 22. 

Matrix elements. The only non^zero elements are: 

<G, /j?l£^f£,m> = mli 

(£.m± - (lV2)/[£(£+ ± 1)] 

<i/77 + llfi^l£,/n>=+(ih/2)/[£(£+ 
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Shift operators £^+ = £ ± i£ 

Z X y 

raising operator: 

£^l£, m) = h/ [£(£ + 1) m(^ + 1)] l£, m + 1) 
lowering operator: 

£_l£, = hJ [£{£ H- 1) - m{m — 1)] l£, m ^ 1). 


angular momentum. For a more general development, see 
Chapter 6. A summary of the properties of angular momentum 
IS given in Box 14, and It should be observed that the wave- 
functions for systems of given orbital angular momentum are 
the “spherical harmonics. In this connexion see Kauzmann 
(1957), For a detailed account of orbital angular momentum, 
see Brink and Satchler (1968), Rose (1967), and Edmonds 
(1957), Tinkham (1964) connects it with the rotational sym* 
metry of systems. For the role of orbital angular momentum in 
chemical problems, explore “atomic orbitals, “hydrogen atom, 
and “atomic spectra and its ramifications. 

orthogonal functions. Two functions 0i and 02 are 
orthogonal if the integral /dr 0?02 vanishes; therefore they 
are orthogonal ff their “overlap integral is zero, A trivial 
example would be the orthogonality of the Is-orbital on two 
widely separated hydrogen atoms. Another example is the 
orthogonality of the Is- and 2s- orbitals on the same atom, or the 
orthogonality of a fs-orbital on one atom to a 2pTr-orbital on 
the neighbouring atom in a diatomic molecule. 

A general result of “operator algebra is that eigenfunctions 
of an “hermitian operator are mutually orthogonal if they 
correspond to different “eigenvalues. When an eigenvalue has 
“degenerate eigenfunctions these need not be mutually 
orthogonal, but combinations that are orthogonal may be 
formed by the Schmidtorthogonaflzatlonprocess. In “group- 
theoretical terms, two functions are orthogonal if they belong 
to different irreducible representations of the point group of 
the system. Although orthogonality is a natural consequence 
of the type of operators one encounters in quantum mechanics, 
it is also a most desirable property because enormous numbers 
of potentially difficult integrals disappear automatically. 
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Questions. 1. What is meant by the term ^orthogonal function'? 
What are some examples of orthogonal functions? When can 
we be sure that a set of functions is mutually orthogonal? If 
they are not orthogonal, what process can be used to recover 
orthogonality? What group-theoretical property guarantees 
orthogonality? 

2. Consider the functions exp im0 in the range 0 < 0 < 27r: 
show that functions with different integral values of m are 
orthogonal. Show explicitly that the ®hydrogen-atom Is^ 
orbital is orthogonaf to the 2s- and 2p-orbitals. Show that the 
wavefunctions for a ^particle in a one-dimension square well 
are mutuatly orthogonaL Consider the lowest-energy degenerate 
wavefunctions of a ■^particle in a two-dimensional square well 
and show that it is possible to find either orthogonal or non- 
orthogonai linear combinations of the two degenerate 
functions which continue to satisfy the Schrodinger equation 
with the same eigenvalue. Sketch the form of some of the 
combinations* 

3* Orthogonalize the ^Slater 2s-atomic orbital to the Is-orbital 
fay the Schmidt procedure. This involves forrning the sum 

and determining c so that the new 2s-orbital 
IS orthogonal to How may the Slater Ss-orbital be 
made orthogonal to and ^ig? 

Further informetion. See MQM Chapter 4 for the proof that 
non-degenerate eigenfunctions of hermitian operators are 
orthogonal, and for other consequences of orthogonality. For 
the group-theoretical description of orthogonality see MOM 
Chapter 5, Tinkham (1964), Bishop (1973}, and Wigner 
(19B9), For the Schmidt orthogonaJization process see 
McGlynn, Vanqulckenborne, Kinoshita, and Carroll (1972), 

oscillator strengths The oscillator strength f \s a measure of 
the strength of a transition and is the ratio of the actual 
intensity to the intensity radiated by an electron oscillating 
harmonically in three dimensions. Thus for such an ideaf 
electron the oscillator strength is unity, and for strongly 
allowed transitions It Is found that f lies in the neighbourhood 
of unity. Oscillator strengths for several types of transition are 
recorded in Table 8, 

The oscillator strength can be calculated from two 
directions, the theoretical and the experimental, and so its 


importance lies in the connexion it provides between theory 
and reality, as well as in its usefulness as a classification of the 
strength of transitions. 

1 , The theoretfca/ caicufation of “electric dipole oscil¬ 
lator strengths is based on the expression f — 

where B is the '’Einstein coefficient of stimulated absorption. 
For electric dipole transitions 8 ts equal to , with d 

the transition dipole: this implies that f = )hvd^. 

Therefore, if we can calculate the ^transition dipole d for the 
pertinent transition we can find f, 

2, The experimentaf determination of the oscillator 
strength is based on its relation to the '^extinction coefficient 
e(i^) at the wave number P, through the formula f ~ 4’33 X 10" 
/diSe(i^), Therefore, if the extinction coefficient is known over 
the range of wavenumbers the integral provides an experi¬ 
mental measure of f for the transition. 

An important theoretical rule predicts that the sum of the 
oscillator strengths for all the electrons in an /V*electron mole¬ 
cule is equal to N: this is the Kuhn-Thomas sum rule. Thus 
overall the hydrogen atom behaves like an ideal oscillator, 
because the sum of the oscillator strengths for all transitions 
away from the ground state is unity. 

Questions. 1. What does an oscillator strength measure? What 
is the oscillator strength of a (three-dimensional) harmonic 
oscillator? What is the sum of oscillator strengths for all 
possible transitions from the ground state of the hydrogen 
atom? State the Kuhn-Thomas sum rule for an A/-electron 
atom. How is the oscillator strength related to the extinction 
coefficient for a transition? How is the oscillator strength 
related to the transition dipole moment? 

2, Calculate the oscillator strength for the transition from the 
nth to the (rr + l)th level of an electron in a one-dimensional 
square well, and for a one-dimensional simple harmonic 
oscillator. Compute the integrated intensity of the absorption 
bands. 

Further InformaTiom For the properties of the oscillator 
strength, its connexion with the extinction coefficient, and ^ 
the derivation of the Kuhn-Thomas sum rule, see MQM 
Chapter 10, See also Kauzmann (1957) for a discussion and 
Eyring, Walter, and Kimball (1944). For applications in 
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moderate conirrucfrve overJop itronq constructive overlap strong destructive overlap zero net overlap 

FIG. 03. (a) Jnierfereoce of waves (in btack} leads to Ihe resultant drawn in colour (since the interlering waves have different wavelengths w® have 
selected only a small domain)* tbj Shows the analogous Situation for overlapping s- and p^atoimtc orbitals and (c) denotes the regions of overlap 
pertinent to (b)* Note that horizontal hatching implies constructive interference, and vertical hatching destructive. 




photochemistry, see Wayne (1970) and Calvert and Pitts 
(1966(, 

overlap. When two waves lap into the same region of space 
they interfere and their superposition gives rise to a new wave 
with an increased amplitude in regions of constructive inter¬ 
ference (where the two overlapping waves have arnplitudes of 
the same sign) and diminished amplitude in regions of destruc¬ 
tive interference (where the amplitudes have opposite signs 
and so tend to cancel) (see Fig* 03a), Since the electron 
distribution is determined by the square of the amplitude of 
the "wavefunction, the electron will be concentrated in 
regions of constructive interference and will be to some extent 
banished from the regions of destructive interference* Therefore 
the overlapping of two wavefunctions can strongly modify the 
distribution of the electron (or any other species)* 

When an s-orbital is brought up to a p-orbital along the 
latter's axis {Fig, 03b) the amount of interference increases 
as the separation decreases, and if they are brought up with 
the same sign of their amplitudes the constructive interference 
increases and the electron accumulates strongly in the region 
of overlap. As the orbitals move even closer together, the region 


of overlap increases further, but the net amount of overfap 
decreases because the s-orbital begins to overlap the region 
of negative amplitude of the p-orbital on the other side of 
the node* When the two nuclei are superimposed the s-orbital 
overlaps the positive and negative lobes of the p-orbital 
equally: on one side there is constructive interference and on 
the other tfiere is an equal amount of destructive interference. 
As the s-orbital continues on its passage through the nucleus 
the overlap gradually becomes entirely destructive because the 
amplitudes tend to cancel, and over a fairly complicated 
surface do in fact cancel to give a node. As the s-orbital moves 
away the destructive interference disappears because where 
one orbital is large the other is small, and eventually goes to 
zero* Had the s-orbital been brought up along the line perpen¬ 
dicular to the axis of the p-orbital there would always have 
been an equal amount of destructive and constructive overlap 
at all distances, 

A measure of the net amount of overlap is provided by the 
over/ap Integra/, which is zero when there is no net overlap 
(either because there is no overlapping or because there is an 
equal amount of constructive and destructive interference in 
the regions of overlap) and is unity when there is perfect 
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overlapping (when the overlap of an orbital with itself is 
considered). Orbitals with zero mutual-overlap integral are said 
to be “orthogonal. The overlap integral S h calculated by 
taking the two functions at some point r, multiplying them 
together to give and then integrating this product 

over all space: S = It should be clear that this 

definition of the overlap integral conforms with the properties 
we have described. 

Questions. T What happens when two orbitals overlap? 
Describe the change in the electron distribution that occurs 
when two ts-orbttals approach each other, pass through each 
other, and then separate (let them approach with the same 
sign of their amplitodesl. Sketch the approximate value of the 
overlap integral for this process as a function of separation. 
What is the behaviour of the overlap as a Is-orbital is brought 
up to a 3d -orbital along (a) the y-ax\s and (b) thex-axis. 
Sketch the form of the '^hybrid orbitals that arise In each case 
when the nuclei coincide. 

2, The overlap of two hydrogen 1s-orbitals separated by a 
distance R is given by the expression 

Sds, Is) ^ (1 + /?/ao+ ffVSagl expl-Rfa^). 

So is the Bohr radius [53 pm, 0*53 A), Plot this function as a 
function of R. At what separation is S a maximum? The over¬ 
lap integral of a ts-orbitai and a 2s-orbital or a 2p-orbital 
approaching along the latter's axis Is given by 


S{ n, 2s) = [1/2/3){t + /?V34) exp(-/?/ao) 

2po) - (/?/2ao((1 + R/bo-^RVM) exp[-/?/ao}. 

Plot these functions, and find the position of maximum overlap 
in each case. 

3, Suppose that on one of the nuclei we have a “hybrid orbital 
of the form sin^4* where sin^ and cos^ are 

mixing coefficients, and we bring up a Is-orbital along the 
axis of this hybrid. Discuss the form of the overlap integral; 
sketch its dependence on R for a mixture of 2s and 2p that 
gives the maximum overlap at all separations. Plot this 
optimum I as a function of /?, 

Further information. Overlap is of importance in all discussions 
of bonding; therefore see MQM Chapter 9, and especially 
CouIson's 7776 shape and structure of mofecufes {OCS 9), 
Coulson (1961), and Murrell, Kettle, and Tedder (1965). The 
manner of calculating overlap integrals is described in Eyring, 
Walter, and Kimball (1944) and in more detail in McGlynn, 
Vanquickenborne, Kinoshita, and Carroll (1972). Extensive 
tables of overlap integrals have been published in a number of 
places: see the list of references on p, 421 of the book by 
McGlynn et 'ai (1972). Overlap is considerably enhanced when 
the orbitals involved are “hybridized, and the strength of the 
bond so formed is increased. The occurrence of overlap, and 
the consequent interference effects, are aspects of the “super¬ 
position principle, which is one of the fundamental aspects of 
quantum mechanics. 
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pairing. Electrons pair when they enter an ^Orbital with 
opposed *spins. Electrons nnust pair if they are to enter the 
same orbital, for that is a requirement of the ^Pauii principle. 

Electron pairs are of prime importance in the theory of the 
chemical bond, and at an elementary level it is sometimes said 
that bond formation reflects the tendency of electrons to pair. 
That shorthand must be based on the deeper remark that 
electrons will sink to lower energy if they do pair, and the 
reason for this may be found by considering the formation of 
a “bond. The first electron of a bond enters the region of 
lowest potential energy (between the two nuclei), and the 
second can enter the same region only if it has opposed spin 
and pairs with the first; because of the Pauli principle a third 
electron cannot enter the same region, and so it will be much 
less effective in bonding. The basis of this description may be 
illustrated by “molecular-orbital theory, for in order to be 
most effective in bonding an electron must enter a bonding 
orbital (which is a distribution concentrated between the two 
bound nuclei); for two electrons to enter their spins must be 
opposed; three or more electrons cannot enter this best, 
bonding orbital and are forced to enter higher-energy orbitals, 
which may be ■^antibondrng. Hence the great importance of 
electron pairs is merely a manifestation of the fact that only 
by pairing are two electrons able to enter the lowest-energy 
orbitals and be most effective In bonding, and more than two 
cannot get Into the most favourable orbital; and the tendency 
of electrons to pair is a reflection of their tendency to seek 
iowest-energy situations, 

A slightly different situation holds in atoms, for there the 
*Hund rules tell us that the outermost electrons tend not to 


pair: but here there is only one attractive centre, not two or 
more, and the important effect is the operation of “exchange 
and *sprn correlation. 

Further information. See ^bond and “molecular orbital for a 
guide to the role of pairing, and the “Pauli principle for its 
basic source. The “valence-bond theory is an approach to 
chemical-bonding theory that recognizes the importance of 
pairing at the outset, and develops that point of view 
quantitatively; refer to its entry for details. 

particle in a square welL A particle constrained to remain 
strictly within a particular region of space, with no seeping 
into or through the walls of the container, is a particle in a 
square well. It is so called because the confinement can be 
achieved by arranging a potential to be zero throughout the 
domain of freedom of the particle but to rise perpendicularly 
to infinity at the edges. The geometrical shape of the domain 
may take a variety of forms: a simple example is the one¬ 
dimensional square well, or box, where the particle can travel 
freely from 0 to Z. afong the x-axis, but be nowhere else. The 
two-dimensional square well may take any shape in a plane, 
and the rectangle or the square are particular examples. The 
three-dimensionai square wells include the cube and the sphere 
(which is sometimes called, without intention of paradox, a 
'spherical square well'). 

In each case the energy of the particle arises entirely from 
its “kinetic energy, because it cannot penetrate the region 
where the potential energy differs from zero. Since the 
particle is confined its energy is “quantized, and the permitted 
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BOX 15: Particle in a square well 

Linmr (one-dimensional) box of length L: 

1.2 


£ 

fl 




8m £. 

/7 “ 1, 2, *, 

Rectangular, diree-dimensional ^jox of sides 

/7|— 1,2,** 2, * * *j “ 1, 2, * * ** 

Spherical box of radius R 


nfi 


fw = 3-142, fii = 4-493. = 5-763, f^o = 6-283, 

fi3 = 6-988, f2t = 7-725, . .. 

k = f/R;j^ is a spherical Bessel function* See §36 of 
Davydov (1965), 


energies {which are set out in Box 15 for various box shapes) 
are obtained from the “Schrodinger equation for the problem 
and the boundary conditions characteristic of the well. From 
the requirements that the functions be continuous and the 
probability of finding the particle anywhere outside its domain 
of freedom be zero, one deduces that the wavefunction must 
always vanish at the walls. From this it follows that although 
the permitted functions are the same as free-particle functions 
Within the box, their wavelength must satisfy n)d2 = L, with 
n an integer greater than zero; otherwise their ^nodes would 
not occur at both walls. Since the wavelength determines the 
momentum by the ^de Broglie relation, and since the 
momentum determines the kinetic energy, it follows that the 
permitted energy levels are confined to the values given by 

This situation is a good example of the discussion of the 
quantum-theoretical significance of “kinetic energy and the 
curvature of the wavefunction for, as we attempt to cram more 


waves into a given length, the function has to be more buckled, 
and its curvature greater. The wavefunctions themselves are 
just ordinary sine waves of decreasing wavelength, and a few 
of them are illustrated In Fig, PI. 



0 


L 


FIG. PI. Energy levels and wavefunctions for a particle in a one- 
dimensional square well. 


We may summarize the properties of a particle In a square 
well in the following way. 

1 , In a one-dimensional box the energies are determined by 
a single quantum number n and are proportional to n^/L^ (see 
Box 15)* /? may take the values/? = 1, 2, 3,, * ., and since 

n = 0 is forbidden (the wavefunction with = 0 would vanish 
everywhere) the lowest energy Is greater than zero; therefore 
there is an [rrBmo^abie zero-point energy. All the states are 
non-degene rate. 

2. In a three-dimensionai box the energies depend on 
three quantum numbers, and in a rectangular box of sides 
































Li are proportional to (n\lL\) + {nl/L\) + 
with /?i, 02 , fti allowed all integral values above zero. There 
IS a zero-point energy corresponding to — 1. 

3. The wavefunctions are simple sine functions of 
different wavelengths {and therefore of different ‘^kinetic 
energies). The zero-point energy corresponds to a state in 
which the particle is most probably near the centre of the 
box, and furthest from the walls. At higher c^uantum numbers 
the probability density is spread more evenly throughout the 
region. 

4 The energy levels move apart as the walls become more 
confining: an integral number of half wavelengths must be 
fitted into a decreasing length; therefore the wavelength 
must decrease, and so the kinetic energy increases. As the 
confining walls move apart the energy separation diminishes, 
and in the limit of infinite separation the levels form a 
continuum, and the system is unquantized. 

5. Increasing mass has an effect similar to the effect of 
increasing the size of the domain: a particle of large mass 
behaves more classically than one of low mass for a box of 
given size. 

6 . A localized particle may be constructed by forming a 
suitable ‘‘super posit ion corresponding to a “wave packet at 
the point where the particle is located; the packet so formed 
moves in close accord with the predictions of classical 
mechanics for a particle confined to a region surrounded by 
infinitely rigid and perfectly reflecting walls. 

Questions. 1. What is the meaning of the expression 'square 
well ? What is the effect of the presence of impermeable 
walls on the allowed energy levels of the system? Why is the 
energy proportional lon^/L^7 From the classical expression 
for the kinetic energy in terms of the momentum, and the 
^de Broglie relation for the momentum in terms of the 
wavelength, deduce an expression for the energy of a particle 
in a one-dimensional square well, and compare your answer 
with Box 15. What is the lowest energy permitted to a 
particle in a box, and what is its dependence on the size of 
the box? What interpretation in terms of the ^uncertainty 
principle may be put on this zero-point energy? What is the 
mean momentum in any single energy state of the box? In 
what limit does the particle behave in a classical manner? 
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Calculate the lowest energy of an electron in a box of length 
1 m, 1 nm, OT nm, 10 ^^m: what is the energy of transition 
to the first excited levef in each case? Why is a fly in a room a 
.classical particle, to all intents and purposes (if flies have 
intents or purposes)? An electron in a conjugated polyene 
may be considered to be a particle in a one-dimensional box: 
estimate the transition energy from the nth to the {n + 1)th 
level in a chain of N carbon atoms, 

2 , The “Schrodinger equation for a one-dimensional box is 
^(li^/2n7)(d^/dx^ solve this equation in terms of a 

function of the form A sin kx + Scos kx^ and apply the 
boundary conditions that the function vanishes at x = 0 and 
X — Z., the edges of the box. Show that A may be deduced 
from the fact that the functions should be normalized, and 
show that states of different energy are “orthogonal, Show 
that a rectangular two-dimensional box may be solved in terms 
of 2 on^-dimensional boxes by the method of separation of 
variables (see “Schrodinger equation). 

Further informatton. See MQM Chapter 3 for detailed inf or ^ 
mation about the solution of the Schrodinger equation for 
particles confined in boxes. The spherical square well is more 
difficult, but its solution is outlined in Kauzmann (1957), and, 
since it is a fair model of an electron in liquid ammonia (metal- 
ammonia solutions), see LePoutre and Sienko (1964) and 
Lagowski and Sienko (1970) for its applications and properties. 
When the barrier is not infinite the particle can seep into the 
walls, and if the potential falls outside to some finite value the 
particle might “tunnel through the barrier: situations of this 
kind are discussed and solved in §32 of Davydov (1965), 

Schiff (1968), Messiah (1961), and Landau and Lifshrtz 
(1958 a). GoLdman and Kryvehenkov [1961) work through a 
number of problems involving barriers. See also Chapter 11 of 
Bohm (1951) for a good discussion of square potentials. 

Paschen-Back effect. The Paschen-Back effect is the de- 
cxjupling of spin and orbital angular momenta by an applied 
magnetic field. 

Consider an atom with both “spin and “orbital angular 
momenta, s and I; these are coupled together by the “spin- 
orbit coupling interaction and form a resultant angular 
momentum which is represented by the “vector |. Both s 
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Pauli principle 




FIG, P2* Pas,chen-Back effeci, 

and I precess around their resultant, and in a magnetic 
field of moderate strength the resultant vector also 
precesses about the field direction (Fig» P2 a): the energy 
of this interaction gives rise to the ^Zeeman effect* As the 
strength of the applied field is increased the strength of its 
interaction with the spin and orbital ^magnetic moments 
becomes so great that it begins to overcome the spin*orblt 
coupling. At this point the spin and orbital moments begin 
individually to precess around the direction of the field, 
and the spin-orbit coupling is broken; the motion is complex 
because the spin-orbit coupling and the applied field are in 
competition for the two moments. If the field is made 
sufficiently strong (of the order of tens of kilogauss) the 
battle is resolved in its favour, and the state is one of almost 
pure precesston each type of momentum about the 
field's direction (Fig, P2 b). The Paschen-Back effect has 
succeeded in decoupling the momenta. 

The spectral consequence of the effect is that the elec¬ 
tronic transitions occur in a simple fashion: the optical 
field interacts with the orbital angular momentum and 
causes transitions which are independent of the spin 
direction. The anomalous ^Zeeman effect, which depends 
on the interplay of spin and orbital moment effects, is 
replaced by the normal Zeeman effect, characteristic of 
systems without spin. 

The term Paschen-Back effect is also used for other 
situations in which the spin and orbital momenta are 


decoupled by a field; one example is the effect of the 
axial nuclear Coulombic electrostatic potential on the 
momenta in a diatomic molecule; its effect 1$ to modify the 
^Hund coupling case. 

Questions. What is the Paschen-Back effect? Discuss the 
effect in terms of the "vector model of the atom. Why does 
the effect simplify the anomalous Zeeman effect and 
replace it by the normal effect? If the spin-orbit coupling 
energy In an atom is of the order of 100 cm"' estimate the 
strength of the applied field required to decouple the 
angular momenta. 

Further information. See the discussion of the •Zeeman 
effect and MQM Chapter 8. See also §N,3 of Herzberg 
(1944) and §111 F3 of Kuhn (1962) for detailed accounts 
of its spectroscopic consequences, 

Pauli principle. The PauUexclusion principle states that no 
more than one electron may occupy a particular state: a con¬ 
sequence of this is the "aufbau principle which underlies the 
periodicity of the elements; for an atomic orbital labelled 
/?, fi, /77£, may be populated by no more than two electrons and 
these must differ in the quantum number m (and so must have 

•S’ 

opposite spin orientations). 

The exclusion principle is a special case of the full Pauh 
principle which makes a general statement about all particles. 
The Pauli principle starts from the view that if two particles 
are indistinguishable, when they are interchanged the caicu' 
lated properties of the system must remain unchanged. In 
particular, since the particle density Is proportional to 
(see “wavefunction), when two indistinguishable particles are 
interchanged (the first put where the second was and vice 
versa} the particle density, and hence must not change. 
This implies that ^ itself can either change sign when the 
particles are interchanged, or not change sign; no more 
complicated change is permissible. The change of sign, or lack 
of it, must occur for all possible pairs of Indistinguishable 
particles in the system when the two particles of each pair are 
interchanged, A fundamental distinction which determines 
whether or not the wavefunction changes sign is between 
“fermions (which are particles with half-integral spin, such as 
electrons, protons, neutrons, nuclei, and ^He) and “bosons 


















(which have integral spin, such as and photons). 

The principle states that if a collection of identical particles 
1, 2, ^ is described by the wavefunction r2,. . . r ) 

then the form of this function must satisfy a stringent 
requirement: if the partichs are fermions the function must 
change sign whenever the positions of any two particles are 
interchanged; whereas if the particfes are bosons the function 
must not change sign. Another way of saying this is that under 
particle interchange the total wavefunctiorr for identical 
fermions must be “antisymmetric, and for Identical bosons it 
must be symmetric. 

The principle is adequately illustrated by considering a two- 
particle state r2or i//( 1,2} for short: if the particles are 
fermions Nature demands that 1) = 2). The impli¬ 

cation of this for electrons (fermions) is as follows. Suppose 
we have a state which can be occupied by electron 1 and a 
state 4 /^ which can be occupied by electron 2, then the total 
system is described by a function of the form 4 / {r2), or 

for brevity. But this function does not sati’sfy the 
Pauli principle because it is neither symmetric nor anti¬ 
symmetric in the labels I, 2 (it is unsymmetric). We can turn 
it into an acceptable function for electrons by replacing 

by - 4 /J 2 )^J^),foT when 1 and 2 

are interchanged the sign of the function changes. This 
function demonstrates why only one electron can exist in a 
given state: if the states and were identical, so that 
both electron 1 and electron 2 were in the same state, the 
form of the function that satisfies the Pauli principle would 
be which vanishes: this shows that 

multiply-occupied states vanish and that the exclusion 
principle Is a special case of the full principle. If instead of 
electrons we were dealing with bosons, the appropriate 

two particle state would be ^^(t)0^{2) + ^ {2)4/ (1), and 

this does not vanish If therefore bosons do not 

satisfy the exclusion principle because multiply-occupied 
states are permitted (a large number of photons may occupy 
the same state and give rise to an intense monochromatic 
light beam). Remember that the Pauli principle applies to the 
total state of the system, so that and represent space 
(orbital) and spin states. 

The Pauli principle was introduced in order to account for 
the spectrum of helium, for an analysis of its spectrum showed 
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that many expected “terms were absent, and their absence 
could be explained on the basis that two electrons on a given 
atom could not occupy the same state. The principle can be 
given a theoretical foundation, and Pauli, by considering the 
problem relativistically, and demanding that the energy of a 
system be positive, showed that all particles of ha If-integral 
spin must have antisymmetric wavefunctions and behave as 
we have described. Possible exceptions to the principle are 
quarks, which are peculiar particles used in one theory of 
elementary particles; but as they have not yet been observed 
experimentally they may be figments of the imagination, and 
particles, not figments, are required to satisfy the Pauli 
principle. 

Without the Pauli principle matter would not be rigid; 
likewise, if electrons had no spin (and were bosons) matter 
would have less bulk, everything would be denser, nothing 
rigid, and everything very sticky. 

Further information. The expertmental basis of the Pauli 
principle is described in MQM Chapter 8. A product of 
functions may be made to accord with the principle by 
writing it as a “Slater determinant, and the discussion is taken 
further In that entry and in the one on “antisymmetric 
functions. Problems too will be found there and In Further 
information, Pauli deducing his principle may be observed in 
Pauli (1940); for quarks see “fermions. 

penetration and shielding. Like Castor and Pollux, 
penetration and shielding seem Inseparable twins: so they are 
in application but not in contemplation. Let us fix our Ideas 
by considering the sodium ion Na^, which consists of a 
strongly charged nucleus (Z= 11) surrounded by ten electrons 
filling the K and L shells (the ^configuration is ts^2s^2p*^). 
Drop an electron into the 3s-wbital and observe that, since 
the s-orbitals all have a non-vanishing probability of being at 
the nucleus, the electron penetrates the surrounding electrons 
to a small extent, and with a small but non^zero probability 
may be found in the vicinity of the nucleus. In that region It 
will have a low potential energy and be stabilized, if instead of 
dropping rt into a 3s-orbital we contrive to deposit it In a 
Sp-orbital, the electron is unable to penetrate so closely to the 
nucleus (p-orbitals have modes at their nucleus), and so it does 
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FIG, P3. The coloured lines show the 3s and 3p radral-distribution 
functions superimposed on K, L shell electron density. 


not attain the region of lowest potential energy {Fig. P3)* That, 
then, \sp6netration; we can believe that s-orbitals might lie 
lower in energy than p-, d^orbitals on account of their closer 
approach to the nucleus. 

Close approach is not of itself sufficient to lower the energy, 
because In the ^hydrogen atom ah the orbitals with the same 
principal "quantum number carry the same energy, irrespective 
of whether they are s, p, or d. In order for penetration to have 
an effect it is necessary to eliminate the peculiar property of 
the pure Coulomb interaction which is responsible for the 
unique properties of the hydrogen atom. This Is achieved by 
the shfeldmg effect of the other electrons that are present in 
the case of many-electron atoms (see Fig. P3). In these the 
potentiaf experienced by our extra electron Is that of a nucleus 
of charge Ze(Z == 11) at small radii, but at larger radii, when 
the test electron is outside the core, the potential is more 
characteristic of a nucleus of charge e, because the {Z — 1) 
electrons have shielded all but one unit of positive charge. 
Therefore the potential of the shielded nucleus drops off far 
more rapidly than the Coulombic law would entaii, and so the 
peculiar characteristics of the Coulombic potential are 
eliminated. Consequently the s-, p-, and d-electrons possess 
different energies. 

It should be clear that the different orbitals have different 
energies on account of the shielding effects, and the order of 


their energies and their separation depends on the extent of 
their penetration of the core. 

Questions. Which orbitals penetrate most closely to the 
nucleus? What is the essential role of shielding? What 
accounts for the fact that s-electrons generally lie lower In 
energy than p^etectrons. and p-electrons lie lower than 
d-electrons? What is the order of nooization potentials for 
S-, p', and d-electrons? 

Further inforrywHon. See MQM Chapter 8 for a description of 
the extent and role of penetration and shielding. Simple 
diagrams are given there, and in White (1934) and Herztaerg 
(1944), of the extent of penetration of various Inner shells by 
various outer electrons. For a discussion of the screening 
constant see ^Slater atomic orbitals. The effects of pen¬ 
etration and shielding are most important for the structure of 
the periodic table, for they influence the properties of the 
elements through the ^aufbau principle and the ^ionization 
potential. These matters are discussed by Puddephatt in 
The periodic table of die elements {OCS 3) and by Phillips 
and Williams (1965). 

perturbation* Most systems of interest are described by 
“Schrodinger equations too difficult to solve exactly,* but 
inspection of the problem often reveals that a simpler, 
solvable system closely resembles the true, intractable system. 
If the "wavefunctions and energies of this simpler system are 
known it is possible to adjust them so that they are distorted 
in the direction of the true wavefunctions and energies. If the 
true system resembles the simpler system very closely the 
amount of distortion required Is very small, and Is a mere 
perturbation of their form. The modification of the simple 
wavefunction can be achieved by mixing into it other wave- 
functions of the simple system in the appropriate proportions, 
and perturbation theory provides the recipe for the mixture. 
At the same time, perturbation theory shows how to cal¬ 
culate the additional terms that must be added to the energy 
of the simple system to yield the energy of the true system. 

First-order perturbation theory teaches that the wave- 
function of the simple system should be modified to 

+ + C 21//2 + ■ - where the 1 //^ are the various wave- 

functions of the model system corresponding to the energies 





















and where the coefficients are determined by the 
ratio of the strength of the perturbation (which is essentially 
the energy difference between the true and the simple systems, 
and is actually the ^matrix element of the perturbation 
hamiltonian-the difference between the true “hamiltonian 
and the simple hamiltonian) to the energy separation 
The wavefunction obtained in this way is the first-order 
wavefunction. 

An example to fix our ideas at this stage could be the 
distortion of the ground state of the hydrogen atom by an 
applied electric field (the '^Stark effect): the simple system 
would be the hydrogen atom in the absence of applied fields 
(the wavefunctions and energies, of course, are known), and 
the distortion (^polarization) of the atom by the applied field 
could be taken into account by adding some 2p^-orbital into 
the ground state, and then some 3p^*orbital, and so on. The 
coefficient of each orbital is determined by the ratio of the 
perturbation energy (in this case the efectrical interaction 
energy ezE^ which comes from the expression -d,E for a 
dipole d in our electric field E) to the energy separation for 
each orbital f , The proportion of 

the orbital in the mixture is determined by the square of the 
mixing coefficient (see “superposition principle), and so it is 
clear that only those orbitals lying fairly close in energy to the 
IS'Orbital will be mixed significantly. This is a general result of 
perturbation theory: the greater the energy separation, ifje iess 
the mixing. It follows that if all the energy levels fie far above 
the ground state, the simple system cannot be distorted very 
much, and so it will resemble very closely the true system. 
Conversely, if the perturbation is too strong (the true and 
simple systems being very dissimilar) a large amount of mixing 
may occur and the first-order theory might be inappropriate: 
the solution is generally to choose a better model system, 
it should be noticed that the form of the true wavefunctions 
emerges automatically from the perturbation-theory 
machinery, for the recipe generates the correct distortion. This 
is in contrast to the variation approach to the approximation 
of wavefunctions, where the final form depends on the 
original guess of the form of a sufficiently flexible function. 

The modification of the energy due to the perturbation 
may also be calculated, and although the first-order energy is 
sometimes sufficient, rt is normally necessary to calculate the 


perturbation 171 

second-order energy. The former is caiculated by taking the 
perturbation energy and calculating its average value over the 
andistorted wavefunctions of the simple system. The second- 
order energy correction takes into account the distortion of 
the simple wavefunctions by the perturbation: first the wave- 
function is distorted by the application of the perturbation, 
and then the average value of the perturbation energy is 
calculated over this distorted wavefunction. The name 
'second-order' indicates that the perturbation is involved 
twice, 

A helpful analogy, which enables one to appreciate how 
perturbations operate, is the mutilation of a violin string by 
suspending from it a number of smali weights. The weights 
hanging from the nodes affect neither its motion nor its 
energy, but those hanging from the anti nodes (the points of 
maximum displacemer»t) may have a profound effect on its 
vibrational energy and waveform. The first-order energy 
correction is found by averaging the effect of the weights (the 
perturbation) over the wavefunction (in this case the dis¬ 
placement) of the system. The weights also distort the wave¬ 
form of the string: the nodes are slightly shifted and the pure 
sinusoidal shape lost. This distorted mode can be reproduced 
by taking a suitable superposition of the harmonics of the 
unladen string, and if the weights are not too big it should be 
clear that only a few of the harmonics need be incorporated 
to give a good representation of the distortion. The second- 
order energy correction to the vibrational energy of the string 
can be found by averaging the effect of the weights over the 
distorted waveform. This second-order correction should be 
added to the first-order correction, and their sum added to the 
original vibrational energy of the unladen string, in order to 
find a good approximation to the true energy of the 
modified string. 

The order of magnitude of the correction to the energy 
brought about by a perturbation of energy P is for the 
first-order correction, and for the second-order 

correction, A being a typical energy separation of the undts- 
torted system. Often the first-order correction disappears 
identically (on grounds of symmetry). The first-order 
correction to the wavefunction yields coefficients of order 
P/A, and so the proportion of states admixed is of the order 
The application of perturbation theory is normally 
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valid so long as P is much smaller than A: that is, so long as 
lP/Al^ 1, It is important to note that the second-order energy 
can be obtained from the first-order wavefunction (in general 
the nth-order energy can be obtained with knowledge of the 
{n — 2)th-order functiont); thus jubilation at obtaining a good 
energy should be tempered with the reflection that the wave- 
function itself might still be very poor. Alternatively, the more 
sanguine will reflect with some satisfaction that such a good 
energy can be obtained from such a poor wavef unction. (For 
example, a wavefunctton correct to within 10 per cent can give 
an energy correct to within' 1 per cent.) 

The algebraic recipes for perturbation theory are set out in 
Box 16. 

Time-dependent perturbation theory allows the perturbation 
to vary with time and permits the calculation, as an important 
application, of the effect of the perturbation caused by a light 
wave. The distortions change with time and the admixture of 
the excited states of the system may be interpreted as tran¬ 
sitions from the ground state to another state. See ‘‘transition 
probabilities. 

Questions, 1, What is a 'perturbation*? What does it affect? 

How may the effect of the perturbation of the wavefunciion 
be taken Into account? What is the order of magnitude of the 
coefficients of the admixed functions, and In what proportion 
are they mixed? How is the first-order correction to the energy 
calculated? How is the second-order correction calculated? 

Why do they differ? What action should you take if you find 
that the wavef unction of the simple system has to be severely 
modified? What is the order of magnitude of the first- and 
second-order energy corrections and the first-order wave- 
function distortion when a perturbation of energy equivalent 
to 10 J moF^ is applied to a system in which the energy 
separations are of the order of 1 kJ mof^? A mass of 1 kg 
hangs from a spring of force-constant 1 N m"^: how will its 
motion be modified by the addition of a 100 g mass 
(^ “ 9’S m s“^)? Now consider a similar quantum-mechanical 
problem: let a atom be oscillating against an effective 
“force-constant of 40 N m"V, and let it be in the vibrational 


t Really, If the lower orders don't set us a good exampJe, whet on earth 
is the use of them? (Oscar Wilde, The importance of being earnest^ 

Act 1,) 


BOX 16: Perturbation theory 

We suppose that we know the eigenvalues and eigenfunctions 
of the hamiltonian 

and we require the energies and wavef unctions of a 
hamiltonian H: 

where is a first-order correction {of order X in some 
small parameter X) and is a second-order correction 
(of order X^). The true energies and wavef unctions are 
written 

£ =f(0) + f{l) + f{2) + . . . 
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Time-dependent perturbation theory 

We suppose that /? = 
and write 

n 

Then 

C^(f) = C„(0)- (i/tilE/o if') exp . 



















where 


and kjj =£(0) —p( 0 ) 

^nk ’ 

For weak perturbations applied to a state in which 
initiaJty = t, c^{0) — 0 (only state / occupied), then to 
first order: 

c.it) = 1 

If “ 2Vqqs(j^, 

'f"'=>'» [ - hto„A,i —+— J 

and if — co^ cj^, + co the probability of being in state 
f is 

[ 4V V 1 


ground state. Let it emit an a^particJe, What is the order of 
magnitude of the probability of finding the resulting ^^Pb 
atom oscillating In its ground state? 

2. The quamym-mechanical expressions for the perturbation 
corrections to the energy and wavefunction are given in 
Box 16. Take a ^particle In a one-dimensional square-well 
wavefunction and add to the system a perturbation of the 
form 0 ^ L: find the first-order energies and wave- 

functions. Using the same model, select a system that has a 
flat potential within the walls except for a small rectangular 
dip of depth D and width tV. Set the centre of this dip at the 
centre of the well, and let L. Calculate the first-order 
energy correction to a particle in the ground state (n = 1), 
and then in the first excited state (n = 21 What do you notice 
about the extent of correction in each case? Is the difference 
also reflected in the correction to the wavefunction? Now 
slide the centre of the dip to x - L/3; what happens? 

3. Estimate the extent of distortion and the correction to the 
energy that results when an electric field of 10^ V m^* is 
applied to a ground-state “hydrogen atom. 

Furtfier Informatioa See MQM Chapter 7 for the details of 
perturbation theory. Perturbation theory is one of the most 
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important methods for calculating atomic and molecular 
properties: therefore see MQM Chapter 11, Eyring, Walter, 
and Kimball (1944), Hameka (1965), Davies (1967), and 
Kauzmann (1957). The mathematics of perturbation theory 
and Its recent developments are described by Hirschfelder, 
Byers-Brown, and Epstein (1964) and by Wilcox (7966). The 
last two references describe the differences between the 
Hayfeigh-Schrodmger perturbation theory {which is the scheme 
set out in the Box), and the Wigner-Briflouin perturbation 
theory. The convergence of a perturbation expansion to the 
exact energy is a frisky problem, slightly tamed by the 
Retlich-Kato theorem described on p. 6 of Wilcox (1966). 
Time-dependent perturbation theory enables, among other 
things, the evolution of a wavefunction to be calculated as a 
function of time; see “transition probabtiity, Chapter 7 of 
MQM, Davydov (1965), and Heitler (1954), An account of 
Heltler's theory has been given by Hameka (1965). A recent 
review of ttme^dependent perturbation theory is that of 
Langhoff, Epstein, and Karplus (1972). 

phonons. Just as “photons are “quantized vibrations of the 
electromagnetic field so phonons are quantized vibrations of a 
crystalline lattice. Imagine first a linear chain of atoms which is 
vibrating in a low-frequency mode (Fig. P4): this vibration is 
quantized and may possess only discrete amounts of energy; 
if its frequency is V its energy must be some integral multiple 
of Instead of exciting a single vibrational mode through its 
successive evenly-spaced quantum levels it is possible to regard 
the rising energy of the system as resulting from the addition 
of hypothetical particles to that state; if/? particles enter a 
state of characteristic frequency v the energy of the system 
rises by /7 /jK This particle picture of excitation of vibrations 
is the basis of the concept of a phonon: a phonon is a 
quantum of excitation of a specified frequency, and may be 
envisaged as a particle of energy hv added to the system. 

In a complex solid, phonons of different frequency exist 
(just as in the electromagnetic field light of different fre¬ 
quencies exists). As in the case of light the phonons in a solid 
may be polarized, but as well as trsnsverse phonons, in which 
the lattice atoms are displaced perpendicular to the propagation 
direction (Fig, P4 a), fong/tudina/phonons, in which the dis¬ 
placement is along the direction of propagation, as in a sound 
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wave in a fluids may also exist (Frg. P4 b). A further compli¬ 
cation may be illustrated by the case of an ionic lattice con¬ 
taining positive and negative ions. First imagine the vibrations 
of the two interpenetrating lattices as independent: now con¬ 
sider the combined system. Two situations may arise (see 
Fig, P5K In the first the lattice of positive ions moves in phase 
with the lattice of negative ions: this gives rise to the 
acoustical branch of the phonon spectrum. In the second the 
phase of the displacement of the two lattices is opposite; this 
gives rise to the optical branch. The latter name arises from the 
modulation of the lattice dipole moment during the out-of- 
phase movements of the two sublattices, and the fact that a 
light beam can interact with this oscillating dipole and so 
stimulate that particular branch of the lattice vibrations. 
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FIG, P5, Acoustic and optical branches of the same wavelength. Note 
that the dipole changes only tn the latter. 
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FIG. P4. Transverse and longi¬ 
tudinal modes of the same wave¬ 
length: the extent of excitation 
can be expressed as the number 
of phonons present. 


Further Information. A good introduction to lattice 
vibrations is given in Kittel [197T) and a more advant^d one 
by Kittel (1963) and Ziman (1960, 1972), The role of 
phonons in determining the electncal, optical, and thermal 
properties of solids is discussed in these books. For a simple 
account of the matter see Jennings and Morris's A foms in 
contact (OPS 5), 

phosphorescence. When a phosphorescent material is 
illuminated it emits light, and the emission may persist for an 
appreciable time even after the stimulating illumination has 
been removed: in this sense phosphorescence differs from 
fluorescence, for in the latter the emission ceases virtually 
instantaneously. There is also a mechanistic distinction 
between the two processes, and this is connected with the 
persistence of the emission. 

Phosphorescence occurs by the following mechanism: the 
ground-state molecule, in which all the spins are paired (and 
which is therefore a ^singlet state Sg), absorbs the incident 
light and makes a transition to an upper singlet level. The 
electronic excitation is accompanied by a vibrational 
excitation (see Fig, P6), and this vibrational energy Is trans¬ 
ferred to the surrounding molecules by the type of processes 
described in fluorescence. Indeed, the molecule is well along 
the path that leads to fluorescence; but If the vibrational 
deactivation is not too fast another process may intervene. 
Let there be a triplet state of the excited molecule (in which 
two spins are unpaired): this is illustrated as the curve Tj in 
the diagram. There is a non-vanishing probability that the 
molecule will switch from the singlet state to the triplet as 






































It steps down the vibrational energy ladder (this is the 
Inter-syst&m crossing, iSC)* At the foot of the ladder it finds 
itself trapped. It cannot radiate its electronic energy and drop 
to the ground state because that involves a singlet-triplet 
transition (which is forbidden by the “selection rules). It 
cannot clamber back to the crossing point and then step down 
the singlet ladder, because the collisions with the lattice cannot 
supply enough energy. It cannot give up its electronic energy 
to the surrounding molecules by a radiationless transition, 
because we have supposed that even the vibrational deacti¬ 
vation is weak, and that involved a smaller energy (which is 
easier to remove). If the foregoing description were true, the 
molecule would be stuck in the upper triplet. But the remarks 
are not strictly true, like most remarks, and the important 
fallacy is that the '^singlet-triplet transition is forbidden. If it 
were strictly forbidden the molecule would have been unable 
to cross from the singlet state to the triplet. The fact that it 
did cross implies that there is enough “spin-orbit coupling 
present to break down the singlet-triplet selection rule, and so 
this becomes weakly allowed. But as it is only weakly allowed 
the transition Tj ►So is slow, and may persist even after the 
illumination has ceased. 
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Phosphorescence involves a change of ^multiplicity (an 
unpairrng of spins) at an intermediate step, and this h its 
mechanistic difference from '^fluorescence. From this point of 
view it follows that phosphorescence may occur if there is a 
suitable triplet state in the vicinity of the excited singlet states 
of the molecuie and if there is a sufficiently strong spin-orbit 
coupling to induce ISC: a heavy atom enhances this crossing 
probability {the heavy-atom effect). Furthermore, there must 
be enough time for the molecule to cross from one curve to 
the other, and this means that the vibrational deactivation 
must not proceed so fast that the molecule is quenched and 
taken below the point where the curves intersect before the 
ISC interaction has time to operate. It is for this reason that 
many molecules which fluoresce in fluid solution are found to 
phosphoresce when they are trapped in a solid lattice, such as 
a gel or glass. We can also predict from Fig* P6 that the wave¬ 
length of the emitted light should be longer (further into the 
red) than fluorescent emission: the lowest vibrational level of 
the triplet lies below that of the lowest excited singlet. Finally, 
it is not impossible for some molecules to clamber back into 
the singlet Sj, and to fluoresce into the ground.singlet: this is 
s/ow fiuorescence, the triplet state acting merely as a reservoir. 
What is the evidence that the triplet state is involved in 
phosphorescence? The first direct evidence came from the 
determination of the ^magnetic susceptibility of a phosphor¬ 
escent sample with and without illumination: it became 
paramagnetic when the light was on. The most sensitive 
procedure is to apply '■electron spin resonance to the phos¬ 
phorescent state: this shows unequivocally that a triplet 
state is involved. 

Questions. How does phosphorescence differ observationally 
from fluorescence? Sketch the diagram corresponding to the 
formation of a fluorescent state and superimpose it on the 
diagram that leads to phosphorescence. What competitions 
determine which path is taken? How may phosphorescence be 
enhanced relative to the fluorescent and radiationless decay 
routes? What Is meant by the term ^inter-system crossing', and 
how does it differ from 'internal conversion'? Why is phos¬ 
phorescence a slow process? What perturbation is responsible 
for the ISC and the emission? Now may this perturbation be 
enhanced? What is slow fluorescence, and how may it be 
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distinguished from phosphorescence? How may it be dis¬ 
tinguished theoretically and experfmentally from delayed 
®fluorescence? What evidence is there that the triplet state is 
involved in phosphorescence? Discuss the reason why it is 
appropriate to think of the ISC as occuring at the intersection 
of the two potential curves. 

Further information. See MQM Chapter 10, “fluorescence 
and iaser action. See also Bowen (1946), Wayne (19701, 
Calvert and Pitts {1966), and McGlynn, Azumi, and Kinoshita 
(1969), The electron spin resonance evidence for the role of 
the triplet state wilt be found in Hutchison and Mangum 
(1958) and Carrington and McLachlan (1967), and is reviewed 
in detail in McGlynn ef a/. (1969), 

photoelectric effect. When short-wave length light falls on a 
metal surface electrons are emitted. Three observations are 
very important: 

(1) the emission occurs only if the wavelength of the incident 
light is smaller than a threshold value characteristic of the 
metal; 

(2) emission occurs even at very low intensities so long as the 
threshold frequency is exceeded, and however dim the light 
there is no time^delay between its application and the appear¬ 
ance of photoelectrons; 

(3) the kinetic energy of the emitted electrons depends 
linearly on the frequency of the tight once the threshold is 
exceeded. 

The first observation suggests that the energy that can be 
transferred to the metal surface in order to eject an electron 
is related to the frequency of the light, and that the metal 
surface cannot gradually accumulate energy until it has 
sufficient for the job. This behaviour is non-classical, because 
an incident wave would be expected to deposit its energy 
into the metal irrespective of its frequency. 

The quantum theory and its concept of “photons can 
explain all the features of the effect in a simple and direct 
fashion. It recognizes that a light wave of frequency V may be 
considered as composed of a collection of photons each 
bearing the energy hP. The explanation of the three obser¬ 
vations is then as follows. 


1, When a photon strikes the metal's surface it can eject an 
electron by imparting all its energy to it, but the ejection will 
be successful only if the energy transferred hP h sufficient to 
overcome the energy that binds the electron to the metal (the 
“work function <^). If the frequency is less than the work 
function the electron will not be emitted, and the photon re- 
emerges from the surface as part of the reflected beam. Thus 
the threshold frequency of the photoelectric effect can be 
understood. 

2, The intensity and time characteristics are explained on 
the same basis, because so long as the frequency exceeds 
threshold the photon is able to eject an electron; the effect 
depends on single photon-electron collision events rather than 
the accumulation of energy from a passing wavefront . At low 
intensities (few photons) only a few collisions occur, but each 
photon carries the same energy hU as the photons in a heavily 
populated intense beam of the same frequency. 

3, The third point can be explained on the grounds that a 

successful photon is annihilated in the collision that ejects 
the electron, and, by the conservation of energy, all its 
energy must appear in the electron; of this energy an 
amount corresponding to the work function is expended in 
prising the electron out of the metal and setting it in free space, 
and the remainder hv — <p must be ascribed to the kinetic 
energy of the electron follows that the kinetic 

energy of the electron is proportional to the frequency of the 
incident light. 

The importance of the photoelectric effect, other than its 
technological value for light-sensitive devices, lies in its 
historical value in the development of the idea that radiation 
is “quantized and in its application to the study of the '"work 
function, for the latter can be determined from the threshold 
frequency. A rnodern development of this \sphotoeiGctron 
spectroscopy (PES), where electrons are ejected from molecules 
by a high-energy photon (from a short-wavelength source). The 
'work function* in this case is the energy required to extract 
the electron from the ^orbital it occupies in the molecule, and 
so the appearance of electrons with a variety of different 
kinetic energies under the influence of monochromatic 
radiation implies that they are being ejected from a corre¬ 
sponding range of orbitals of various binding energies 
(Fig. P7). Analysis of the kinetic-energy spectrum of the 
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FIG. P7. Formation of a photoelectron spectrum. 


ejected electrons provides detailed information about the 
energy levels of molecules. When the photon source is in the 
X-ray region each photon carries sufficient energy to eject 
electrons from the innermost shells of atoms, and so their 
energies can also be studied (Fig. PS). This X ray technique is 
known by the inglorious name of electron spectroscopy for 
chemical analysts (ESCAK See also “Auger effect. 

Questions. State the significant features of the photoelectric 
effect. Why cannot the classical wave theory of light account 
for these phenomena? What is the role of photons in the 
photoelectric effect, and how do they enable the features of 
the effect to be explained? What is the role of the work func¬ 
tion? Light of wavelength 750 nm, 500 nm, 200 nm falls on 
a surface composed of one of the following metals: Na (2‘3 
eV), K (2^2 eV), Cs f2’l eV), W f4-5 eV);the number in 
brackets is the work function for the metaL Predict the 
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FIG. P8. Ejection of alecirons from different regions of an aiom. 


kinetic energy of the ejected electron in each case where 
photoemission may occur; The kinetic energy of photo- 
electrons as a function of incident frequency was measured: at 
a wavelength of 625 nm the kinetic energy was 0 2 eV, at 
416 nm it was T2eV, and at 312 nm it was 2*2 eV. Calculate 
the work function for the metal. What is the relation of 
photoelectron spectroscopy to the photoelectric effect? 

Further information. Analysis of the photoelectric effect wih 
be found in Chapter 2 of Bohm (1951) and ^1.3 of Jammer 
(1966), The implications of the phenomenon for the concept 
of photons IS described by Born and Seim (1968). Photo¬ 
electron spectroscopy is described in Turner, Baker, and 
BrundJe (1970), Baker and Betteridge (1972), and Siegbahn 
etaL (1969). Siegbahn (1973) has given a simple introduction 
to ESCA and Turner (1968) a simple introduction to PES, 

photons. Light of frequency can impart energy only in dis¬ 
crete amounts ('"quanta) of magnitudewhere/? is Planck^s 
constant. A light beam of frequency therefore can possess an 
energy that is an integral multiple oi hv, and so it rs natural to 
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imagine this sLtccessive excitation of a frequency mode as an 
addition of hypothetical particles to a state. Thus a beam of 
frequency and energy could be regarded as containing n 
light corpuscles. These quanta of excitation, or hypothetical 
corpuscles, are photons. Each photon of wavelength X = 
carries an energy hP and, according to the *de Broglie relation, 
a linear momentum hp/c. LowTrequency photons carry little 
energy and momentum; high-frequency photons carry much 
of both. 

Does light exhibit any of the corpuscular features that this 
photon description suggests? Indeed it does, for the '■photo¬ 
electric effect confirms that energy can be transferred only in 
discrete amounts (corresponding to the annihilation of a 
photon), and the "Compton effect shows that each photon 
carries a characteristic amount of momentum related to its 
frequency. Radiation pressure can be understood in terms of 
the pressure imparted to a surface by a steady stream of 
incident photons. 

Photons may be polarized so that their electric component 
lies In a plane (plane-potarized light) or moves in a circle or 
ellipse; but in all cases the electric component must be 
perpendicular to the propagation direction. The photon 
possesses an intrinsic angular momentum (its "spin), and of 
this the existence of left and right circularly polarized light 
is a manifestation. The spin of a photon is unity : one pro¬ 
jection (that corresponding to a np/rf-hand screw along the 
direction of travel) corresponds to feft circylarly polarized 
light, one projection (the left-hand screw) to right circularly 
polarized light, and the third {remember that for "spin 1 
there are three possible components on a selected axis) is 
forbidden to particles moving with the speed of light, which 
photons do. 

The existence of the spin of a photon is the basis of the 
^selection rules for "electric dipole transitions. Since its spin 
is unity the photon is a "boson: this entails, through the 
"Pauli principle, that an indefinite number may occupy a 
single quantum state, and for this reason intense mono¬ 
chromatic beams may be prepared (see "laser). 

Questions. What is meant by the term 'photon'? What is the 
energy of a photon in light of frequency P, and what 
momentum does it carry? What is the energy of the photon 


of light corresponding to the microwave region of the 
spectrum (1 cm"M and Infrared (500 cm^M, the visible 
(^550 nm), the ultraviolet (300 nm), and 7-rays (10 m)? 

How many photons are emitted in a 1 mJ pulse from a 337 
nm wavelength nitrogen-gas laser? How many photons are 
emitted from a tungsten 100 W lamp each second: assume all 
the radiation is at 450 nm? What frequency of light Is the 
minimum that can be used to fracture a 100 kJ mol ^ bond 
in a molecule? What is the evidence for the corpuscular 
nature of light? Why is this view compatible with the exist¬ 
ence of the typically wave phenomenon of diffraction? 

Further information.Jhe quantum mechanics of photons 
can be made very complicated; but It is very important,now 
that lasers are ascendant. If you are really interested see 
Grandy (1970), Louisell (1973], Berestetskli, Lifshitz, and 
Pitaevskli (1971Akhiezer and BerestetskiE (1965), Levlch, 
Mayamlin, and Vdovin (1973), Jauch and Rohrlich (1955), 
and Kaempffer (1965), The "uncertainty relation for the 
phase of photons and their number Is discussed correctly by 
CaiTUthers and Nieto (1958), but rarely correctly elsewhere. 

The study of photons is helpful in the discussion of the inter¬ 
pretation of quantum mechanics: see Dirac (1958) and 
Feynman, Leighton, and Sands (1963). Quantum optics is 
the study of optics where the quantum, and therefore the 
photon, aspects are dominant. See Glauber (1969) for a 
review and Loudon (1974) and Louisell (1973) for a modern 
account. Are photons particles? See Born and Beim (1968) for 
a view. See p. 9 of ^W\XXakex’ ^Stereochemistryandmeohanlsm 
(OCS 5) for a helpful picture of the decomposition of a plane 
wave into its circular components, 

* 

polarizability* When an electric field is applied to an 
individual atom or molecule the electron distribution and the 
molecular geometry are distorted; the polarizability is a 
measure of the ease with which this occurs. The atomic 
polarizabifity is the contribution to the overall polarizability 
due to the geometrical distortion. It is usually significantly 
smaller than the electronic polarizability, which is the con¬ 
tribution due to the displacement of the electrons. There is a third 
contribution to the polarizability of a bulk sample: this is the 
or/entMtIon polarization. It arises when the molecules have a 











BOX 17 : Polarizabilitv 
Energy of polarizable molecules in a field E 

Dipole moment rn d field E 

p=:piO) +aE + yj3E^ + ... 

ti'°' is the permanent dipole moment, a the polarizability, 
and P the first hyperpolarizability. (For magnetic profierties, 
a is called the magnetizability, and written |.) 

Quantum expressions 

Q — — (3 j ^ A^'dQ„.dno. 

n 

^n~ ^ molecular excitation energy, 

do /7 = (0'^ the 'transition dipole moment. 

Polarization of medium 
Electric susceptibility P = 

Relative permittivity {dielectric constant): t + 

Refractive index: n — 

r r 

Lorent^ iocaf field: ^ E + P/3eo = + 2)E 

(the factor 3 is approximate). 

Lorentz-Lorenz or Clausius-Mossotti equation: j 



M IS the molecular weight, p is the density, and L is 
Avogadro's number, LcclZe^ is referred to as the molar 
polarizability * 

Debye equation {for molar polarizability of polar 
dielectrics): 



OL ^: atomic polarizability 


polarizability 


179 


electronic (molecular) polarizability 

0!^: orientation pofarizability, which is given by the 
Langevin confr//?i/f/o/7 for a molecule with 
permanent dipole moment as 

See Table 20 for the Maxwell equations. 

permanent dipole moment: the applied field orientates the 
molecules, and the entire sample acquires net polarization. The 
orientation effect is not complete because thermal motion 
disorganizes the sample: its magnitude may be calculated by 
applying the Boltzmann distribution to determine the mean 
dipole moment of the sample, and one deduces the Langevin 
contribution exhibited In Box 17, This mechanical con¬ 
tribution will not concern us further (although it is an 
important component of the total polarization); we shall 
concentrate on the source of the electronic contribution. 

Highly polarizable molecules respond strongly to the 
application of the field; they become highly polarized, and the 
centroid of negative electronic charge is displaced. If the mole¬ 
cule IS initially nonpolar the polarization leads to the form¬ 
ation of an electric "dipole moment; and if it is already polar 
it leads to an additional component of the dipole. The 
magnitude of the induced dipole is a good indication of the 
polarizability of the molecule, and the polarizability a may 
be defined as the constant of proportionality between the 
induced moment and the strength of the electric field: 
pdnduced) — of. The dipole moment might-depart from this 
linear relation if the applied field is very strong; in that case 
the dipole depends on and higher powers, and the coef¬ 
ficients of E^, E^,, ,. are known as the first, second,, ., 
hyperpolarizabilities. We shall neglect these non-linear response 
terms and concentrate on the linear response, the polarizability 
a. 

The quantum-mechanical calculation of the polarizability 
proceeds by calculating the energy of a polarizable molecule in 
an electric field, and relating this to a second-order 
"pertur bat ion-theory calculation (see Box 17). It is found that 
the magnitude of polarizability can be interpreted in a variety 
of ways. 
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1. One interpretation shows that the polarizability Increases 
With the size of the atom and with the number of electrons it 
contains; this can be understood in terms of it being easier for 

a field to distort the electronic distribution when the electrons 
are far from the nucleus, or well shielded from its charge* 

2. Another interpretation, which is based on the view that 
the distortion of the molecule can be represented by an 
appropriate ^superposition of wavefunctions, gives the 
expression for the polarizability as a sum of terms, each one of 
which represents an admixture of an excited state into the 
ground state. The amount of each state depends on its energy 
separation from the ground state and on the intensity of an 
optical, "electric dipole transition between it and the ground 
state: as the intensity of the transition increases the state may 
contribute more strongly, and as the energy increases it con¬ 
tributes less, A consequence is that it is reasonable to expect 
molecules that have intense transitions in the optical or lower- 
frequency region of the spectrum to be highly polarizable. On 
this basis it is understandable that the aliphatic hydrocarbons, 
which have weak optical transitions in the ultraviolet, are only 
weakly polarizable. 

3. A third interpretation remarks that the polarizability 
formula can be understood in terms of the magnitude of the 
fluctuations in the instantaneous electric dipole moment of 
the species. It Is possible to imagine local transient electronic 
movements in the molecule that give rise to a dipole moment 
which on the average is zero (for a nonpolar molecule); the 
greater these fluctuations the greater the polarizability. This, 
interpretation is related to the first, because the fluctuations 
are greater in large, weakly-bound systems. 

The polarizability of a sample is frequency-dependent At 
low frequencies (below about 10^^ Hz) the molecules, the 
atoms within the molecules, and the electrons of the molecules 

f 1 

can follow the changing direction of the applied field. At 
higher frequencies {above 10^^ Hz but below 10^"^ Hz) the 
molecules cannot reorientate themselves sufficiently quickly, 
and so the orientation polarizability ceases to contribute. At 
still higher frequencies the atomic nuclei are too sluggish to 
follow the oscillating field, and the atomic contribution is 
eliminated. This implies that at high frequencies (in the 
optical range) the only contribution to the polarizability is the 
electronic, but even this ceases at very high frequencies. The 


frequency-dependence {the d/spers/on] of the polarizability is 
a helpful property in distinguishing the contributions* 
Polarizabilities of molecules are related to the relative 
permittivity (dielectric constant) of the medium they compose 
{see Box 17), and its ^refractive index. Both properties enable 
the polarizability to be determined over a wide frequency 
range. (Since the refractive index is normally measured at 
optical frequencies it is related to the electronic polarizability,) 

Quest/ons. 1. What happens when a molecule is immersed in 
an electric field? How may the polarizability be defined? What 
is the dependence of the induced dipole moment on the 
applied field when the latter is very strong? Would you expect 
the polarizability of a molecule to depend on its orientation 
with respect to the field? Why should the polarizability 
incr ease as the species becomes larger and its electrons less 
strongly bound? Which is more polarizable, He or He’*'? What 
is the role of the Instantaneous fluctuations of the dipole 
moment of an atom in determining its polarizability? Can the 
polarizability be related to the strength and frequency of 
optical transitions? Why does the polarizability depend on the 
admixture of excited states? {Revise "perturbation theory and 
virtual transitions.) 

2. Apply the expression in Box 17 to calculate the polariz¬ 
ability of a charged simple "harmonic oscillator, an electron In 
a one-dimensional square well, and the "hydrogen atom* Where 
you feel it necessary apply the “closure approximation. Cal¬ 
culate the polarizability parallel and perpendicular to the axis 
of a 2p^-orbita[ In the carbon atom: use ^Slater atomic 
orbitals and the closure approximation* 

Furt/jer irtformat/on. See MOM Chapter 11 for a derivation of 
the relations in the Box and for a further discussion. See also 
van Vleck (1932), Davies (1967), and Buckingham (1960). 
Polarizabilities are listed in Landolt-Bornstein. For further 
applications see rintermolecular forces and ^dispersion 
forces. Hyperpolarizabilities and their measurement are dis¬ 
cussed by Buckingham and Orr (1967). See also Kielich 
(1970). 

polaron. A polaron Is a defect In an ionic crystal that is 
formed when an excess of charge at a particular point 
polarizes the lattice in its vicinity. Thus if an electron is 
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FIG. P9. A polaron in a simple lattice. The doubly hatched site is a 
doubly charged region; the singly hatched sites are singly charged 
with opposite sign. 


captured by a halide ion in an alkall-haiide crystal the metal 
ions move towards tt and the other negative ions shrink away 
{Fig, P9). As the electron moves through the lattice it is 
accompanied by this distortion* Dragging this distortion around 
effectively makes the electron into a more massive particle, 
and this is intended to be implied by the name polaron: a 
lattice distortion moving through the lattice like a massive 
particle* 

Further informathn. See Chapter 10 of Kittel (1971) and 
Kittel (1963). A good discussion is given in Chapter 4 of Mott 
and Davis (1971and the subject is reviewed in Kuper and 
Whitfield (1963). 

precession* in the ^vector model of the atom and in the 
general theory of “angular momentum, an angular momentum 
of magnitude \j{j + 1)] and ^-component/77ii is represented 
by a vector of length [/(/ + 1)] making a projection m on to 
a^-axfs. From the "uncertainty principle it is known that if the 
^'Component of angular momentum Is precisely specified then 
the X- and the /-components are completely uncertain* This 
situation may be represented in the vector diagram by 
indicating the range of possible orientations of the angular 
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FJG, PIO* Precession. The cone denotes the possible but indeterrninate 
orientations of the vector. 


momentum by a cone (Fig* P10, but see also Figs* A2 and A3): 
wherever the vector lies on this cone, it has the same 
component but its x- and /-components are completely 
undetermined* The cone is referred to as the cone of 
precession. Note that we avoided saying that the angular 
momentum activefy precesses around z: the cone represents 
the possible array of orientations of the angular momentum, 
and at this stage we do not wish to imply that the tip of the 
vector moves round the mouth of the cone* In the absence of 
magnetic fields the vector is at rest at an indeterminate position 
on the conical surface. 

When a magnetic field is applied along the z-axis the states 
with different projection m have different energies by virtue of 
the magnetic moment associated with the angular momentum: 
the energy of the state m is 5 for orbital angular 
momentum (and for “spin}* This energy can be 

expressed as a frequency by dividing by h: io— The 

vector diagram Is a symbolic code representing the quantum 
mechanics of the situation, and it can be augmented in a way 
that incorporates the energy of the state by adopting the 
convention that a state with energy mp B is represented by a 
vector that revolves around the z-axis with a frequency co 
(Fig, P11): this is precession, and the frequency is the Larmor 
precession frequency. Asthefietd is made weaker the 
precession frequency slows^ and In the limit of zero field the 
static, indeterminate distribition of vecots is regained. The 
state with the greatest value of \m \ precesses most rapidly, and 
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FtG. PI 1. Lafmor precession in the presence of a magnetic field, and its 
connexion with the vector model. 


that With zero;?^ precesses not at all; opposite signs of m are 
interpreted as opposite senses of precession. 

From this picture we see that the rate of precession about 
an axis represents the strength of coupling to that axis, and 
this view may be extended to situations where the energy 
arises from sources other than externa! magnetic fields. The 


FIG. PI 2. Two points of view about the precession of coupled vectors. 
In (aj we sit on I and observe s and j; in {b| we sit on j and observe s 
and I, 


case of "spin-orbit coupling Is an example: I and s are coupled 
by the spin-orbit interaction, and form a vector), If the spin- 
orbit coupling is strong the vector-coupling scheme involves a 
rapid precession of s about 1 (or, what is equivalent, a rapid 
precession of I and s about their resultant]): this is Illustrated 
in Fig. PI 2. When the coupling is weak the precession is slow 
and the coupling can easily be broken by other influences. 

The picture of precession is a superb example of the way 
that algebraic concepts of quantum mechanics can be 
represented by diagrams: each aspect of the 'picture* Is a code 
for some aspect of the quantum-mechanical situation. But 
then, you might think, is the quantum-mechanical algebra 
not itself merely a code? 

Questions. What does the cone of precession represent in the 
vector model of angular momentum when no field is present? 
Why is a cone forced on the model? What does it represent 
when a magnetic field Is applied? Upon what does the 
precession frequency depend? Calculate the Larmor 
precession frequencies for a p-electron in a magnetic field of 
1 G and 3 kG; what is the Larmor frequency for an electron 
^spin in a field of 3'4 kG and of a proton spin in a field of 
15 kG? What in general does the rate of precession represent? 

Is it easy to decouple two momenta that are rapidly precessing 
about each other? The spin-orbit coupling energy of an elec¬ 
tron in a first-row atom is about 50 cm"^: compute the 
relative precession frequency for this situation, and estimate 
the externa! magnetic field that would be required to cause a 
significant decoupling of the momenta and a significant 
orientation of the individual momenta with the field. The 
conversion of a triplet state into a “singlet can be brought 
about by changing the relative phase of the two electron-spin 
orientations: thus if one spin precesses faster than the other 
its orientation is shifted by 180*^ with respect to the other, and 
a singlet is generated out of a triplet (see ‘‘singlets and triplets, 
especially Fig. S7). Suppose that the two electrons of a triplet 
molecule are In fields differing by 1G, either by virtue of 
inhomogeneities in the field or because they experience 
different internal fields. Calculate, by determining the different 
Larmor precession frequencies, the rate at which the singlet 
is formed. Can you see a connexion with the intercooversion 
of ortho- and para-hydrogen [see "nuclear statistics)? 
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Further mformation. See MQM Chapters 6 and 8 far a dis¬ 
cussion of the algebra beneath the picture, and the applications 
of the ‘■vector model to atomic and molecular spectra. See 
a^$o Candler (1964), Herzberg (1944), White (1934), and Kuhn 
(1962) for applications in atomic spectroscopy. The language of 
precession is used extensively in the discussion of magnetic- 
resonance experiments: therefore see McLauchlan's Magnetic 
resonance (OCS 1), Lynden-Bell and Harris (1969), Carrington 
and Me Lachlan (1967), and Slichter (1963)* A good example 
of the decoupling of two precessing vectors is provided by the 
"Paschen-Back effect. 

predissociation. Ordinary,, well-behaved dissociation occurs 
when a molecule Is excited to a state that possesses more 
energy than the separated fragments. A transition from curve 
X to curve A in Fig. P13 a provides such an example; the 
spectrum is blurred where the upper vibrational states are not 
“quantized (where they are really translational states). Pre- 
dissociation is dissociation that occurs in a transition before 
the dissociation limit is attained, hence its name. 


them to remain until enough energy is added to exetothe 
molecule beyond the dissociation limit of the upper state. In 
Fig. P13 b we see that the vibrational structure disappears at 
this point. (Below this point it has the intensities characteristic 
of the “selection rules in operation and the “Franck-Condon 
principle.) in some cases it is observed that the vibrational 
structure of the spectrum disappears before the dissociation 
limit is attained. This may occur because another, dissociative 
state (B) crosses A, and because there exists an interaction 
(“perturbation) in the molecule that can flip the state of the 
excited molecule from A to B (Fig. P13 c). Put another way, 
this can be interpreted as the states in the vicinity of the 
region A in Fig, P13 c being a mixture: the vibrational states of 
A acquire some of the translational character of the states of B 
at that energy. Therefore a state within the region A has some 
propensity to dissociate even though its energy may be far 
below the dissociation energy for the state A. When the energy 
of the incident light is great enough to excite the vibrational 
state of A above the region A the lines are again observed to be 
sharp, for now the molecule is unable to switch into the state 



FIG. PI3. (a) Of&sociation by a transition to a dissotiiativa State, (bl Dissociation when enough energy is added to disrupt the upper state, tej Pre- 
dissociation due to the presence of a dissociative state. The appearances of the ^ectra are indicated on ihe left. 


Consider the transitions A ^ X shown in Fig. PI 3 b. On 
the “electronic transition rs superimposed a series of lines due 
to the transition to the vibrational states of A. At low 
frequencies (energies) the lines are sharp, and so we expect 


B, The presence of predissociation may be recognized therefore 
by a blurred region in the vibrational “progression of an elec¬ 
tronic transition. 

The mechanism of predissociation is closely related to the 
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'Auger effect, the principal difference being that the former 
dissociates a fragment of the molecule and the latter spits out 
an electron. In each there is a radiationless transition from a 
bour^d to an unbound state. Predissociation obeys certain 
'selection rules, and these wi[l be found listed in that section* 
induced predissochtion is predissociation that is induced 
by some external influence; in particular, collisions with a 
foreign gas {'collision-induced predissociation') or an applied 
field. The collisions are able to knock the excited molecule 
from A to B, and the applied field may relax some of the 
selection rules that govern the B transition (the wavy 

line denotes that the transition is radiationless). 

Questions. T What is meant by the term 'predissociation'? 
How may it be recognized in a spectrum? Suppose the 
emission of light from a molecule were observed: what effect 
would predissociation have on the appearance of the emission 
spectrum? What causes the molecule to flip from one curve 
to another? How may the efficiency of this transition be 
enhanced? In what senses is predlssociatioti a type of 'Auger 
effect? What happens to the rotational structure of the 
electronic transition in the region close to the predissociation 
domain? Suppose that the state dissociates with first-order 
kinetics and lifetime r, use the "uncertainty principle to find 
an expression in terms of T which determines whether or not 
rotational structure will disappear from the spectrum, and the 
find an expression for the disappearance of vibrational struc¬ 
ture, Choose typical values of the molecular properties you 
require, and assess the lifetimes of levels for which the 
rotational and vibrational structures disappear, 

2, In the text it was remarked that outside the region A 
there was only insignificant mixing of the states A and B, On 
what grounds may that statement be justified? Provide a 
classical and a quantum-mechanical interpretation; for the 
latter consider the role of overlap in the same way as in the 
justification of the "Franck-Condon principle. 

Further information. See MOM Chapter 10. See Herzberg 
(1950, 1966) for a thorough discussion of p re dissociation and 
many examples. See also Barrow (1962), Gaydon {1968), and 
King (1964). Induced predissociation is described by Wayne 
(1970), 


progression. In the "electronic spectra of molecules the 
excitation of the electron is accompanied by excitation of the 
'vibrations, and so instead of a single line in the spectrum there 
may be a complicated band of transitions. A progression is a 
"series of lines that arise from transitions from the same 
vibrational level of one of the states (the ground electronic 
state if absorption is involved) to successive vibrational levels 
of the other state. Thus the v' - 0 progression is the series of 
transitions starting in the P*' = 0 vibrational level of the ground 
electronic state of the molecule and terminating in the ^' = 0, 
1,2,,,* vibrational levels of the upper electronic state (Fig. 
P14). The V* = 1 progression is a similar series starting in the 
p" = 1 vibrational level of the ground electronic state. The 
lines in a progression are labelled {p\ ); therefore the 

l/* = 0 progression consists of the transitions (0, 0), (1, 0), 

(2, 0), etc,. 
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FIG. Pt4. A progression. 









































Questfons. What h a progresston? How does it differ from a 
"sequence? What information can you extract from the 
positions of the lines m a progression, and what information 
can you obtain by comparing the = 0 and the =; 1 
progressions? Would you expect the intensities of the pro^ 
gressions to be the same? Given that the energy of a 
vibrational level of the ground state depends on through the 
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expansion a similar 

expression for the upper state, calculate the frequencies of the 
= 0 and the = 1 progressions. 

FurtJier informatfon. See MQM Chapter 10, Detailed 
information about the appearance, analysis, and formation 
of progressions will be found in Barrow (1962), Whiffen 
(1972), Gay don (1968), King (1964), and Her z berg (1950). 















quadrupoles and other multipoles. The electric quadrupole 
moment is one of the series of multipols moments which are 
used to describe the way electric charge is distributed over a 
body. The first member of the series is the e\ecXnc monopofe, 
more commonly referred to as the point charge; then comes 
the electric ^dipoie moment, which may be regarded as the 
juxtaposition of two opposite charges, and so has no net charge 
(no monopole moment); then comes the electric puadrupofe 
which may be regarded as being formed from four charges 
arranged in a way that leads neither to net charge (no monopole 



monopole 




ocfopole 

FIG. Q1. Various electric multipoles. 


hejtadecapole 


moment) nor net dipole moment* An arrangement that 
achieves this is shown in Fig. Ql. Higher multipoSes may be 
constructed in an analogous way: for a 2^-pole {/? — 1 is a 
dipole, n = 2 a quadrupole, /? = 3 an octopole, n = 4 a 
hexadecapole) it is necessary to arrange 2^ electric charges in 
an array that possesses no lower multipole* Some of these are 
represented in Fig. Q1, but alternative arrangements may also 
be envisaged. 

Often many multipoles vanish by virtue of the symmetry of 
the molecule. Consider, for example, the molecule CO 2 which 
has the linear structure 0”C=0* As the molecule has no net 
charge, it has no electric monopole moment. It is symmetrical 
about the carbon atom, and so st has no electric dipole moment. 
The oxygen atoms are more “electronegative than the carbon, 
and so they bear a higher charge density than the central 
carbon; therefore the charge distribution has the form 
{5 (6 + 5 +)^(6 —This is of the form of a quadrupole, 

and so we can expect the quadrupole moment of CO 2 to be 
non*zero, as indeed is found* 

The potential arising from a general charge distribution may 
be represented by a sum of potentials of the multipoles into 
which the distribution may be divided. The efectnc potenttai 
due to a 2^-pole falls off with distance according to ; 

therefore the eiectfic field due to a 2^-pole falls off 
according to (the field is the negative gradient of the 

potential). It follows that the higher multipoles have a much 
shorter range than the lower: a monopole potential falls off 
according to the Coulomb law 1 /r, a quadrupole according to 
The more rapid decay of potential in the higher 
multipoles may be understood in terms of the way that a 


















cluster of elearic charges (as depicted in Fig, Q1), when 
viewed from great distance, is hardly distinguishable from 
having nothing at all: the cancellation at large distances occur 
more effectively the higher the rank of the multipole. 


BOX 18; Multipole fields 
FiG/d 3t r due to a point multipole at origin 


Potential at r 
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® separated by fl, ^ = qrft) 

linear quadrupole; (3cos^0-1) 

(quadmpole formed with ju, fi head-tO’head, eQ = 2gR^ 
Energy of multipole in a field 

(V) point charge (monopoie) ^ - g0(r), where 
E^ -"-d0/ck; 

(2) dipoler - —JU.E 

= = pldif>/bz}cosO; 

(3J quadrupole: ^ = ^O(a^0/3z^ )(3 cos^0-1). 


Different multfpoles interact with different features of the 
electric field. An electric monopole interacts with the electric 
potential itself (see Box IS). An electric dipole interacts not 
with the potential but with its gradient; that is, the electric 
dipole interacts with the electric field. This can be understood 
in terms of the structure of the dipole as two juxtaposed 
point charges: at a general orientation of the dipole one charge 
interacts with the potential at its position and the other 
opposite charge interacts with the potentraf at its position. 
Only if the potential is different at the two points is there a 
net interaction; therefore there is an interaction only if the 
gradient of the potential does not vanish at the position of 
the dipole. Those to whom extension of analogies gives 
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pleasure will be pleased to discover that the electric quad* 
rupole moment interacts with the second derivative of the 
electric potential; or, what is the same thing, with the gradient 
of the electric field. This may be understood by considering 
the situations depicted in Fig. Q2. In the first, where the 
gradient of the potential (the field) is constant over the 
quadrupole, the energy of interaction is independent of 
orientation, and so there is no net interaction. In the second, 
where the potential has curvature (and where the field has a 
gradient), the energy depends on the orientation, and 
therefore we conclude that there is an interaction. The 
mathematical form of the interaction is given in Box 18, 




FIG^ Q2. (a) A quadrupole in a constant fietd has an energy indepen¬ 
dent of orientation, (b) A quadrupole m a field gradient has an energy 
dependent on orientation. In each case the density of shading denotes 
the strength of the potentiaf. 

The typical magnitude of a molecular monopole is of the 
order of the magnitude of the electronic chargee (1.6 X 10‘^^C). 
A single charged ion may be regarded, by the pedantic or the 
neat, as a monopole of this magnitude. The magnitude of a 
molecular dipole is of the order of e/?, where ^ is a molecular 
diameter; for 0.1 nm {1 A) the order of magnitude is 10^^^ 
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C m (but see ''dipole moment for debye). In the same way we 
may estimate the order of magnitude of the electric quadrupole 
moment of a molecule as , or roughly 10 C Part of 
the absurdity of the size of the unit Is eliminated by defining 
the electric quadrupole moment as eQ, and calling Q the 
'quadrupole moment'. It is normally expressed In square 
centimetres; therefore a molecular quadrupole moment might 
be expected to be of the order of 10 cm^ (1 A^), and a 
nuclear quadrupole moment (see “hyperfine effects) of the 
order of 10“^ cm^. 

Questions. 1. Draw diagrams of charge distributions that 
represent an electric quadrupole, octopole, hexadecapole, 
32-pole, Now draw alternative structures with similar 
multipoles. What Is the dependence of distance of the 
potential due to a 2^-pole? What is the dependence on distance 
of the field due to a 2^-pole? Why Is the electric quadrupole 
moment the most important multipole moment of CO^? 

What Is the first non-vanishing multipole moment of the 
helium atom? Of methane? Of water? Why does the potential 
of a quadrupole fall off more rapidly that that of a dipole? 

With what aspect of an electric field does a quadrupole interact? 
Why does a quadrupole not interact with a constant electric 
field? With what aspect of the field does an electric octopole 
interact? Draw a diagram to illustrate the physical basis of 
your answer. How may a molecular quadrupole be measured? 

2, Take the quadrupole arrays of charges illustrated in Fig. Q1 
and consider a point at a distance r from the centre of both 
arrays. Write an expression for the potential at that point due 
to the multipole (by regarding each point of the multipole as 
the source of a Coulomb field). Assume that r is much greater 
than the separation cf of charges within the multipole, and 
expand the potential in powers of d/r; retain the leading term 
in the expansion. In this way find the electric potential due to 
a quadrupole. Then find the field at the point r. Compare your 
answer with the expression in Box 18. 

3. Put a single electron at a distance r from the centre of a 
quadrupole of (a) molecular dimension and (b) nuclear 
dimension. Calculate the energy needed to rotate the quad- 
rupofe through 90'^. What size quantum would be needed to 
invert a nucleus of this nature? To what frequency does that 
correspond? This calculation is the basis of the technique of 


nuclear quadrupole resonance (n.q.r.), where electric field 
gradients within molecules are determined by observing the 
energy required to rotate the orientations of nuclei with 
electric quadrupole moments. 

Further information. Simple calculations on the electrostatics 
of multipole moments will be found in Corson and Lorrain 
(1970); tougher accounts are given by Jackson (1962) and Rose 
(1955, 1957). See Sugden and Kenney (1965) for a simple 
account with special attention paid to the way that quadrupole 
moments play a part in molecular spectroscopy. The calculation 
of molecular quadrupole moments Is described by Davies (1967) 
and their measurement by Buckingham (1965), who also 
considers their role in intermoleculai forces. The determination 
of nuclear quadrupole moments Is described by Lucken (1969), 
who also gives a detailed account of nuclear quadrupole 
resonance spectroscopy; see also Das and Hahn (1958). A 
recent review of n.q.r. is that by Chihara and Nakamara (1972). 
See Carrington and McLachlan (1967) for a simple account of 
the effects of quadrupole moments in magnetic resonance, 
and Chapter 6 of Slichter (1963) for a more sophisticated, hot 
well stated, account. Tables of nuclear quadrupole moments 
are given in §8 of Gray (1972), and a few will be found In 
Table 17. 

quantum. A quantum of energy is the smallest amount of 
energy that may be transferred to or from a system. In 
classical physics there is no limitation to the smallness of 
permissible energy changes of a system, but quantum physics 
shows that only quantities of energy of a well-defined size 
can be transferred, the actual size depending on both the 
system and its state. A particularly simple example is provided 
by the '^harmonic oscillator of natural period P. In classical 
theory the oscillator may swing at its natural frequency with 
some energy, and its energy may be changed continuously. 
Quantum theory shows that the oscillator's energy can change 
only by some integral multiple of hP, where h Is Planck's 
constant. Thus an attempt to change its energy by a fraction 
of hP must fail. 

The magnitude of quanta involved in the behaviour of 
macroscopic objects is so small that the changes in energy are 
virtually continuous, but at a microscopic level the quan- 












tization cannot be ignored. For example, the size of the 
quantum needed to transfer energy to and from the pendulum 
of a grandfather clock {P^O.5 Hz) is only 3 X J; but 
the oscilfatron of a bond in a molecule occurs at a frequency 
of the order of 10^"^ times larger at 6 X 10"^^ J, or 36 kJ mol"^ 

When an atom falls from an excited state of energy f the 
change of energy is emitted as a quantum of light with 

a frequency given by the Bohr frequency condition hv — 

The size of the emitted quantum depends on the 
states involved in the transition: quantum changes of large 
energy appear as high-frequency radiation, and those of small 
energy as low-frequency radiation. 

Planck's constant itself has the dimensions of action (J s) 
and so may be regarded as the fundamental quantum of action. 
The early approach to quantum theory proceeded by limiting 
the action of a system to multiples ofand the 
Bohr-Sommerfeld quantization condition, which was the 
basis of the old quantum theory, was based on this 
quantization scheme. The dimensions of angular momentum 
are the same as those of action, and the natural quantum of 
angular momentum is also Planck's constant: the "Angular 
momentum of a rotating body may be changed only in 
amounts of the order of /? {h = /?/27r fs a better order of 
magnitude), and so a rotating wheel cannot be decelerated 
continuously and smoothly, but must deliver up its angular 
momentum (and its energy} in steps. Once again the angular- 
momentum quanta are so minute for macroscopic bodies that 
it can be varied virtually continuously, but on an atomic scale 
the effects of quantization are of profound importance. 

Questions. What is a quantum of energy? Discuss the excitation 
of a simple pendulum in both classical and quantum terms. 

How is the energy of the quantum associated with the 
excitation of an oscillator of frequency Vl Calculate the size 
of the energy quantum for processes of natural frequencies 
1 Hz, 10^^ Hz, and Hz. Calculate the energy of a 
quantum of red, yellow, and blue light, of ultraviolet light, 
and of X-rays (get help from Table 5). 

Furtfierinformation. See MOM Chapter 1 for an historical 
account of the realization of the necessity of quantization, 
and Chapter 3 for some of its simpler manifestations. See 
Jammer (1966) for an historical perspective, and Hoffmann 
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(1959), Heisenberg (1930), and Andrade e Silva and Lochak 
(1969) for gentle accounts. The experimental evidence is also 
reviewed in M oeIwyn-Hughes (1961), Slater (1968), and Bohm 
(1951). See Feynman, Leighton,and Sands (1963) fora 
thorough and Illuminating discussion of the whole subject. 

The Josephson effect provides an excellent method for 
measuring /j: for a description of the effect, see Langenberg, 
Scalaplno, and Taylor (1966), and for its application, see 
Taylor, Langenberg, and Parker (1970). 


quantum defect. The spectrum of atomic “hydrogen 
(which is ilfustrated in Fig. H10 on p, 104) consists of 
several "Series of lines which can be represented as the 
difference of two ^erms, both of which have the form 

where R is the ^^Rydberg constant and n is an integer. 
Hie spectra of the alkali metals may also be grouped into 
series that can be expressed as the difference of two terms of 
the form ft7/?^ ; but on account of the repulsive effect of 
the core electrons the number n, the effective quantum 
number, is no longer an integer. It may be written as 
^ 5, where n is an integer and 5 Is a correction called the 
quantum defect. This defect diminishes as the principal 
quantum number of the electron increases, for the electron 
is further away and the nucleus and its surrounding core 
electrons resemble quite accurately a single positive point 
charge, and the spectrum and the energies become more 
hydrogen-like. Since the quantum defect depends very 
strongly on the interaction of the valence electron and the 
core electrons it is not surprising that the greatest defects 
occur for s-orbitals, which “penetrate most closely to the 
nucleus. The quantum defect rs a guide to the extent of 
penetration, but it has little other theoretical significance 
or importance. 

Further information, The quantum defect occupied more of 
the older literature than it does of the modern. Mention of it 
will be found in S3.6 of King (1964), §1.5 of Herzberg (1944), 
and Chapter 111 of Kuhn (1962), who lists some values and 
discusses why they were of importance. In this connexion, 
see §8.5 of Hartree (1957) and §8 of Condon and Shortley 
(1963). 
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quantum electrody namics. The apotheosis of present-day 
quantum mechanics seems to be quantum electrodynamics, 
although it is not entirely clear that the theory exists. What 
might exist is a unified view of particles and fields in which 
the electron is a manifestation of the electromagnetic field. 

Like Hamlet's ghost the electron momentarily slips back into 
the electromagnetic field, loses corporeality, and then 
regroups itself again as a recognizable particle. The electron 
spends 1/137 of its existence as radiation {which, incidentally, 
is about one-quarter of the proportion of the play Hamlet 
pere spends as ghost), and the remainder as particle {see 
'■fine structure constant). This intimate connexion between 
matter and radiation is emphasized by quantum electro¬ 
dynamics, which treats the radiation field and the particle as 
the same object. One consequence of the electron being a 
manifestation of the electromagnetic field is that its motion 
cannot be smooth on a microscopic scale, but it should be 
envisaged as jitter bugging along: Zitterbewegung is the German 
with which the idea is elevated into respectability. 

For the chemist there are two important manifestations of 
this jitterbugging. One is the LBvnb shtft and the other is the 
free-spin “^f-value of the electron. According to the ^Dirac 
theory of the "hydrogen atom the levels ^ S1/2 ^nd 1/2 should 
be exactly degenerate, but Lamb measured a very small 
splitting (of the order of 1057 MHz), Therefore the Dirac 
theory, good as it is, must be wrong. 

In order to sketch the quantum-electrodynamic explanation 
of the Lamb shift we must first establish a crude picture of 
what is meant by the vacuum of the electromagnetic field. The 
picture of a light beam as a collection of '^photons is based on 
the view that a mode of frequency v of the electromagnetic 
field can be excited to an energy which is an integral multiple 
of hv. This is analogous to the way in which a harmonic 
oscillator can be excited, and it is tempting to extend the 
analogy, and to say that, when no excitation is present (no 
photons), the mode still possesses a zerO'point energy. This 
zero-point energy may be traced to the unquenchable zero- 
point fluctuations of the electric and magnetic fields, just as in 
a harmonic oscillator the motion cannot be entirely eliminated. 
The field oscillations buffet the electron, and so it jitterbugs 
about an equilibrium position. This slight smearing of the pos¬ 
ition of the electron affects the energy of an electron in an s- 


orbital slightly more than one in a p-orbital because in an s-orbital 
an electron goes closer to the nucleus and the smearing effect 
is more important, and the consequence is that their energies 
diverge. This shift may be calculated by quantum electro¬ 
dynamics, and almost exact agreement with experiment is 
obtained. 

The '^^-value of an electron measures its effective Tnagnetic 
moment arising from its spin. Once again we may envisage an 
electron as being buffeted by zero-point electromagnetic 
fields as it spins, and, instead of spinning smoothly, it rocks. 

If we imagine a vibration in the equatorial plane the magnetic 
moment may be calculated, and once again essentially exact 
agreement with experiment is obtained. 

Further inform^thn. Books on quantum electrodynamics, 
disarmingly referred to as QED, are difficult to penetrate. 

See Grandy (1970), Power [1964), Feynman {1962a, 1962/?), 
Roman (1969) (who gives a helpful guide to further reading), 
Bjorken and Drell (1965), Henley and Thirring (1962), 

Thirrtng (1958), and Schweber (1961). A collection of 
significant original papers has been prepared by Schwinger 
(1958). The existence of zero-point fluctuations in the vacuum 
is also related to the attractive force that two conducting sheets 
exert on each other at small separations: for details of this 
Casimir-Poider interaction, see p,142 of Grandy (1970) and 
§3,4 of Power {1964). 

Quantum numbers, Quantum numbers are labels that 
distinguish the state of a system and, in simple cases, enable 
the value of an observable to be calculated. Thus the state of 
a ^particle in a box is labelled by the quantum number n, which 
may take all integral values greater than zero, and a particle in 
a state labelled r? has an energy The state of an 

electron in a ^hydrogen atom is fully determined if we give the 
numerical values of the quantum numbers \ n is 

the principal quantum number and determines the energy 
through £ = being the "Rydberg constant); t/je 

azimuthal quantum number, or the orbital angular momentum 
quantum number, determines the magnitude of the orbital 
angular momentum through the expression [12(13 +1)1 ^hand 
the number of possible orientations of this momentum through 
2J2 + 1; mg selects which of the orientations the orbital angular 













momentum does in fact have {and therefore which of the 
2S + 1 atomic orbitals of given n and J? the electron occupies) 
and is called the magnetic quantum number (because if a 
magnetic field is present the electron will have an energy 

on account of its orbital '^magnetic moment)is the 
quantum number which determines the magnitude of the 
spin angular momentum Through [s{s + 1)] and for an elec¬ 
tron s is fixed at the value s = m^, the magnetic spin quantum 

number, determines the orientation of the spin angular 
momentum relative to some axis, and if a magnetic field lies 
along this axis there will be an additional contribution to the 
energy of 

For atoms other than hydrogen the orbital energy also 
depends on the value of 9. on account of the effect of 
'^penetration and shielding, but it is no longer possible to give a 
simple analytical connexion between the values of the quantum 
numbers and the energy of the state (but see ■’quantum defect). 


BOX 19: Quantum numbers 

Capital letters are used for quantum numbers referring to 

many-particie systems. 

F total angular momentum, including the contribution 
of nuclear spin. Interpretation as for/* 

/ nuclear spin quantum number, significance as for/. / 
may have integral or half-integral values, but one 
isotope of an element has a single, characteristic value 
of /* See Table 17* 

fj total angular momentum {excluding nuclear spin), or 
designation of a general angular momentum. /,J is 
never negative, and may be integral or half-integral 
depending on the system, 

magnitude of a.m.: hj [/(/ + 1)] 

number of projections on a specified axis: + 1 

magnitude of projection: see m. 

If / is composed from/i and /a, then permitted 
values are / =/i + - 1, . . * |/j - /^l. 

K component of a.m. about symmetry axis of an 
axially symmetric molecule: ^i* K is restricted to 
the 2J + 1 values, J, J—l, . , „ —J. 
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orbital a.m. quantum number (also called the 
azimuthal quantum number). Interpretation as for 
/ but S,Z. can take only integral values. 

m,M magnetic quantum number {often appearing as mg, 
^S' 

component of a.m. on a particular axis (by 

convention the z-axis): mli, 

energy of a magnetic moment in a magnetic 

field 

n principal quantum number; the energy of an 
electron in the ■’hydrogen atom: • with 

/? = 1, 2, * * *♦ (Note that C cannot exceed n — tj 

general quantum number in a variety of situations; 
for example, the '’particle in a square well has 
n — \,2, . , . and energy 

N total angular momentum, excluding electron and 
nuclear spin. Restriction and interpretation as for 

s,S '^^spin a.m. quantum number. Significance and 

interpretation as for/,J, ands',S‘ may have positive 
half-integral values* s Is a slngle'valuded intrinsic 
property of a particle* 

a,j3 spin projections for a spin*!- object, of corresponds to 
m^ — +^and j3to 

A, A component of orbital a.m. about sy mmetry axis of a 
■linear molecule: Ah, Ail A, A are restricted to 9 , 9 —}, 

*.., —if or L—}, , . ,, —L respectively* A,—A are 
degenerate to a first approximation* 

P \^ibrational quantum number. The energy of a 

‘’harmonic oscillator is {i^T j)hcOoi where P=0, 1, 

2 , .. .* 

0,2 component of spin a.m. about symmetry axis of a 
linear molecule: oil, 2h. Ocan lie dts,s—^, . .s, 
and23tS, S-T, ** *,-S* 

component of total electronic a.m. about symmetry 
axis of a linear molecule: coh, Qh. flcan take the 
2J + 1 values —J. 
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quantum theory: a synopsis 


In Box 19 are listed some common quantum numbers and 
the properties they determine: for further information, consult 
the appropriate entry* The reader might care to reflect on why 
quantum numbers are always cither integral or half-integral, 
and never fractions more vulgar nor numbers IrrationaL 


quantum theory : a synopsis. The view that energy could 
be transferred between systems only in discrete amounts rather 
than continuously arose from observations on the interaction 
of matter and radiation and on the behaviour of solids at low 
temperatures. The evidence came from the study of “black- 
body radiation, the ^photoelectric effect, the “Compton effect, 
“atomic spectra (especially the spectrum of atomic “hydrogen), 
and the *heat capacities of solids. The first quantum calculation 
was due to Planck, who deduced the distribution law for 
black-body radiation. The first quantum-mechanical calculation, 
where the quantum ideas were applied to a mechanical system, 
was '^Bohr's calculation of the energy levels of atomic hydrogen. 
The early theory of quantum mechanics was displaced by a 
new quantum theory in 1926, when “Schrodinger proposed 
his equation, and Heisenberg his ^matrix mechanics. These 
entailed a wholesale revision of classical physics, and gave a 
theoretical basis to the wave-particle "duality of matter. The 
incorporation of relativity into the theory was made by 
*Dirac, and relativistic quantum mechanics is now at the stage 
of ^quantum electrodynamics and quantum field theory. 

Further informBtion. See MQM Chapter 1 for an outline of the 
observations that led to quantum theory. See also Heisenberg 
(19301 and Jammer (1966) for a historical perspective. An 
interesting introduction has been given by Andrade e Silva 
and Lochak [1969}, A collection of the significant early 
papers (in translation) has been prepared by van der Waerden 
(1967). 


quenching. The angular momentum of a system is quenched 
when it is eliminated by the presence of some electrostatic 
potential. In an atom, and for simplicity we fix our attention 
on a hydrogen atom, the energy of an electron is independent 
of the angular coordinates (its latitude and longitude), and so 


its angular motion can occur smoothly and without hindrance. 

In such a case the "orbital angular momentum remains constant, 
and is well defined. When the atom is surrounded by ligarrds 
the energy of the electron depends on its angular coordinates 
and it experiences a force that accelerates it in a complicated 
manner. In classical terms the acceieration continuously changes 
the direction of the electron's motion and the average angular 
momentum is zero. 

One cannot use quite the same argument in quantum 
mechanics because the trajectory is an alien concept, but one 
can come to the same conclusion by considering the effect 
of the ligand potential on the wavefunction of the electron. 

The presence of the “ligand potential causes the electron to 
collect In pools of high probability, either close to the ligands 
if the potential is attractive or between them, if it is repulsive; 
but the formation of these pools implies that the original 
running wave has been turned into a standing wave {the 
stationary antinodes being the pools), and with standing 
waves there is associated no angular momentum. Therefore 
the momentum has been quenched by the anisotropic 
potential. 

OuBStions. 1. What does 'quenching of angular momentum' 
mean? When does it occur? What causes it? What is its 
quantum-mechanical explanation? Can the same explanation 
account for the fact that in diatomic molecules only the 
angular momentum about the internuclear axis is well 
defined? 

2. A wave running around the z-axis is described by the func¬ 
tion exp the z-component of the angular momentum is 
found by calculating the expectation value of the operator 
{h/\]d/d(p. Show that the z-component of the angular momen¬ 
tum for this state is mh. Now quench the momentum by 
replacing the running wave, which has an even distribution of 
probability, by the standing wave cos which has accumu¬ 
lations of probability in the vicinity of 0 ” 0 and x What is 
the expectation value of the z-component of angular momen¬ 
tum for this wave? 

3. Using the “hermiticity of the operator 2^, prove that its 
“expectation value is necessarily zero for real states. This is a 
formal demonstration that angular momentum is quenched in 
states represented by real wavef unctions* 












Further infotmation, Angular^momentum quenching is 
described In more detaif m MQM Chapter 6 and Question 3 
is answered on p.417. Quenching profoundly affects the 
“magnetic properties of materials, m particular those of 
transition-metal ions, for when the orbital motion is eliminated 
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the paramagnetism can be ascribed solely to the spin magnetic 
moments. These aspects of quenching are also described in 
Earnshaw (1968), Ballhausen (1962), Figgis (1966), Jorgensen 
(1971), and Griffith (1964)* See also Davies (1967), and 
van VIeck (1932). 
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radial distribution function. The radial distribution function 
(r.d.f J determines the probabitity that a particle will be found 
somewhere within a spherical shell of thickness dr at the radius 
r. For a wavefunction depending on only the radius the radial 
distribution function P{r) is 0{r), and the probability 

of being in the shell of radius r and thickness dr is The 

source of this function can be traced by recalling the inter¬ 
pretation of the “wavefunction and considering the response 
of a probe sensitive to the presence of the particle. The prob¬ 
ability of finding a particle in the volume element dr surround¬ 
ing the point r is equal to ^*{r) i//(r)dr, and a probe of volume 
dr gives a response proportional to \l/^(r)\p{t). Now let the 
sensitive part of the probe consist of a thin spherical shell of 
thickness dr and radius r. This probe is dipped into the atom 
so that the nucleus is at the origin of the shell, and the meter 
reading is indicative of the total probability of finding the 
particle anywhere on the shell. The volume of the shell 1$ 

47ir^dr^ and so if the wavefunction is isotropic, the reading is 
proportional to 4^*{r]\lf{r)dr, or P(r)dr. This means that 
P(r) tells us the probability of finding the particle anywhere on 
the shell of thickness dr at r. 

The probe behaves in an odd manner, because its sensitive 
volume diminishes as it samples regions closer to the nucleus 
(the volume of the shell is proportional to r ). The meter 
reading falls to zero at the nucleus, because there the shell 
becomes vanishingly small, and it also falls to zero at very great 
distances, because there the wavefunction vanishes. The 
decaying exponential wavefunction of the hydrogen atom 
therefore gives rise to a r.d.f, that rises from zero at the nucleus, 
passes through a maximum, and then falls to zero at infinity. 


This curve (see Fig. R1) shows the probability of finding the 
electron at a particular radius irrespective of the angular 
coordinates of the point: the square of the wavefunction itself 
gives the probability of finding the electron at a specified 
point, and the number of these points at a given radius Increases 
as 4iTr^. 

Questions. What is the significance of the radial distribution 
function (r.d.f.)? What Is the difference in interpretation of 
the r.dT, and the square of the wavefunction? Discuss the 
form and significance of the r.d.f. for the electron in the 
1s-and2s^orbit3lsof the “hydrogen atom. Using the math- 
emattcal form of these two functions (Table 15) plot the 



FIG. R1. The mdial-distribu lion function for the ground state of 
hydrogen. 


194 











corresponding r.dJ.* Deduce an expression for the most 
probable radius of the charge distribution and discuss the 
nature of the r*d.f. for anisotropic orbitals (for exampte, 
the 2p orbitals of hydrogen}. 

Further mformathn. A discussion of the r*d*f. wifi be found 
in books that deal with atomic structure: see Chapter 2 of 
Coufson (1961), §L4of Herzberg (1944), §4.10 of White 
(1934), and §V*2 of Condon and Shortley (1963). Radial 
distribution functions enable one to think sensibly about a 
lot of inorganic chemistry, because they are the basis of 
’’penetration and shielding and consequent discussions. For 
the trail through this matter see Puddephatt's The periodic 
table of the elements {OCS 3), pp. 34, 35 of Pass's Ions in 
solution 3 fOCS 7), Earnshaw and Harrington's The 
chemistry of dre transition elements (OCS 13), and Phillips and 
Williams (1965), particularly Chapters 1 and 2, Analytical 
expressions and references to the r,d.f. of numerous atoms 
will be found in McGlynn, Vanquickenborne, Kinoshita, and 
Carroll (1972), especialfy Appendix B. See also Herman and 
Skillman (1963) for numerical tables. 

Raman spectra. The Raman process is the inelastic scattering 
of fight by molecules. An inelastic process is one in which 
energy is transferred between the two colliding systems. In 
Raman scattering the light may deposit energy in the molecule 
by exciting one or more of its internaf modes (of rotation or 
vibration), or it may collect energy from the molecules if a 
mode is already excited. Since the internal modes are 
^quantized the energy transfer is limited to well-defined 
amounts, and so the scattered light contains frequency 
components that are shifted from the incident frequency by 
discrete amounts. The detection and recording of the frequency 
composition of the scattered light constitutes the Raman 
spectrum of the species. 

In practice a brilliant, monochromatic beam irradiates the 
sample and the light scattered in the perpendicular direction is 
analysed: the forward-scattered component would be 
obliterated by the intense incident beam (but see below). The 
spectrum consists of a strong component at the incident 
frequency, the Fayieigh scattered component, which represents 
the elastic collision of the light with the sample, and a series of 
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incidefif frequency 

FiG. R2. Rotational Raman spectrum of a linear molecule. 

lines to high and low frequency (Fig. R2). The low-frequency 
lines are the Stokes lines, and arise from inelastic collisions in 
which energy is transferred from the light to the molecule. The 
lines on the high-frequency side of the Rayleigh component are 
the anti-Stokes fines, and arise from inelastic collisions in which 
molecular excitation is transferred from the molecule to the 
light. The intensity of the Stokes lines is greater than the 
intensity of the anti-Stokes tines because the tatter depend on 
the presence of molecules already in higher-energy states. It 
should be clear that the spacing of the Raman lines contains 
information about the vibrational or rotational levels of a 
molecule, but to determine the information we must first decide 
the significance of the transitions. 

The Raman effect depends on the properties of the ^polariz* 
ability of the molecule. This can be understood when the 
scattering process is pictured in terms of the incident radiation 
inducing a ^dipole moment in the molecule, and this dipole 
moment radiating electromagnetic radiation. The efficiency of 
the process depends on the ease with which the molecule can 
be distorted by the Incident light, and hence it depends on its 
polarizability, ft can be understood on this picture that the 
emitted light will not necessarily carry away from the molecule 
all the energy needed to excite it: discrete amounts of energy 
can stick to the structure. The molecule, then, must be 
polarizable; but that alone is insufficient. 

If the molecule is to show a rotational Raman spectrum 
(where the inelasticity of the collision excites or deactivates 
rotational motion) its polarizability must depend on its orien- 
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tation. A rotating hydrogen moiecule is Raman active because 
it has different polarizabilities parallel and perpendicular to 
the bond. The methane molecule is rotationaily Raman inactive 
because, being spherical, its polarizability is independent of its 
orientation and the field cannot couple to the nuclear frame- 
work* In the case of the elastic, Rayleigh scattering, the 
requirement is much less stringent: alt a molecule need be is 
polarizable; therefore all molecules scatter elastically, but onl_ 
molecules with anisotropic polarizabilities can exchange 
rotational energy with the light. 

If the molecule is to show a vibrational Raman spectrum 
the polarizability must change as the molecule vibrates* A 
vibrating hydrogen molecule is Ranrian active because its 
polarizability depends on how greatly the bond is stretched; 
the antisymmetrical vibration of CO 2 , which we can denote 

^ does not affect the polarizability of 

the molecule (it leaves It roughly the same size) and so this 
particular vibration is Raman inactive. As in the rotational 
case, we see that the change in the polarizability is the 
essential feature if energy is to be exchanged and the collision 
be inelastic. 

An important rule, the exclusion rule, applies to the 
vibrational Raman spectrum of molecules having a centre of 
symmetry. If in such a molecule there is a mode of vibration 
active in the ordinary (infrared) ’vibrational spectrum, then 
that mode is inactive in the vibrational Raman spectrum; 
conversely, if the mode is infrared-inactive, it is Raman-active. 
It follows that the Raman effect is useful in the study of 
vibrations (and rotations) that are Inaccessible to normal 
absorption spectroscopy. 

The scattered radiation of the Raman effect \s polarized 
even if the incident radiation is not* Fig* R3 illustrates the 
simpler case of Rayleigh scattering, which is the elastic 
scattering of light: the Raman scattering process is analogous, 
but slightly more involved. From Fig* R3 a it should be clear 
that if the molecule is isotropic and the incident light plane- 
polarized the scattered light is also plane-polarized* The 
scattered light is also plane-polarized if the incident light 
is unpolarized. If the molecule is anisotropic (Fig. R3 b), 
the scattered light has both polarization components, and 
so is not plane-polarized. A convenient measure of the degree 
of polarization is the depolarization ratio p, which is defined 





FIG. R3. Depolsrizailon of Rayleigh lines and, by analogy, of Raman 
lines. 

as the ratio of the intensities /jj and /, as defined in Fig* R3. 

In the isotropic molecule case there Is zero intensity in the 
scattering plane, and so p = 0. In the anisotropic case there 
is intensity both in the plane and perpendicular to it, and 
the depolarization ratio is non-zero* For a freely rotating 
molecule the maximum value Is p ^ y for unpolarized 
incident light, and p - |for plane-polarized incident light 
(for the polarization and geometry of Fig* R3). The 
polarization in Raman scattering is determined similarly, 
but it is necessary to consider the isotropv or anisotropy of 
the changes in the polarizability of the molecule. Thus a 
completely symmetrical vibration plays in the Raman case the 
role of the symmetric molecule in the Rayleigh case; therefore 
the Raman scattering from such a mode Is fully polarized and 
p = 0. Ifa vibration is anisotropic the Raman scattered light 
is depolarized, and so p > 0. If the incident light is polarized 
p cannot exceed and if it is unpolarized p cannot exceed 
y* It follows that the determination of the polarization of the 
Raman scattered light is a valuable tool for determining the 
symmetry of the active molecular vibrations. 

We still do not know what transitions the Raman lines 
represent apart from the qualitative remark that they represent 



















modes invo*ving a changing po^anzabifrty. The -sefecthn ruhs 
for Raman-active transitions are that the “vibrational quantum 
number of a mode must change by ± 1; the T'otational quantum 
number must change by Ay = + 2. The two-quantum rotational- 
jump behaviour stems from the fact that the transitions depend on 
the polarizability rather than the “transition dipoie moment 
(which determines the absorption spectrum). One approach 
to understanding the occurrence of 2 is to picture the scattering 
process as involving two dipole transitions, one for the photon 
coming in and one for the photon going out. A classical picture 
elucidates why the rotational quantum number changes by 
± 2 but the vibrational quantum number changes by ± 1: in a 
rotation of a molecule the dipole moment is restored to an 
indistinguishable orientation after a complete rotation of the 
molecule, but the polarizability is restored to an Indistinguish¬ 
able orientation twice on a revolution. In a vibration the dipole 
moment and polarizability return at the same time and 
vibrational Raman and absorption spectra both have Ap - ± 1. 

The rotational Stokes and anti-Stokes fines are related 
to the “branches of a rotation-vibration spectrum; and anal¬ 
ogously to the notation used there, they are referred to as the 
0-branch (AJ = —2; anti-Stokes) and the S-branch {hJ — +2; 
Stokes). Knowing what transitions the spectrum shows it is 
possible to relate the Raman lines to the energy levels of the 
molecule by the same analysis as in the corresponding absorption 
spectrum, and so to extract “force-constants, moments of 
inertia, and mofecular geometry, and to identify unknown 
species. 

An important experimental requirement in Raman 
spectroscopy is an intense monochromatic fight beam; what 
is more natural than to apply ‘^lasers, which have just this 
property? Laser-Raman spectro^opy is today a major branch 
of study; not only does it refine the conventional Raman 
technique by enabling frequencies very close to the exactly- 
defined incident frequency to be studied, but its unique 
properties give rise to a number of new effects. The properties 
put to work are the low divergence of the beam, which enables 
observations to be made close to the forward direction, and 
its exceedingly high intensity. 

In the sttmu/ated Raman affect an intense laser beam is 
focused on a sample, and the light scattered in the forward 
direction, or just off-axis, is observed. The light in the forward 
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direction itself is the same as the incident frequency, but 
mixed with it is Stokes radiation of frequencies P, p— p., 

P— etc., where is the frequency of an internal mode 
giving an intense Raman signal in a conventional experiment. 
Surrounding this narrow, fonward-scattered beam are a series 
of concentric circles of light of increasing frequency; the 
first ring is of frequency P + p., the next ring has frequency 
the third P+ and so on (Fig. R4 a). The effect 
arises from the fact that the initial Stokes scattered line is so 
intense that it can be scattered again, and an inelastic collision 
leads to a further Stokes line at P “ 2 p.; and so the process 
continues as more quanta are chipped off the beam. Likevvise 
the intensity of the anti-Stokes lines is due to successive scat¬ 
tering, and the initial high intensity of the anti-Stokes tight at 
P+ Pj is due to the high intensity of the initial beam permitting 
the annihilation of two P photons by one molecule, followed 
by the simultaneous generation of one of frequency P 4- P. and 
another of frequency p —p.. Only for very high beam intensities 
is there a significant probability that two photons can simul¬ 
taneously be in the region of the same molecule, which is 
necessary if the frequency-sharing is to occur. The angular 
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FIG. R4. (aj Stimulatad Raman effect, (b) Hyper-Raman effect. 
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dependence of the frequency of the scattered light is a conse¬ 
quence of the conservation of momentum In the collision. 

In the hyper-Raman effect an Intense beam of frequency P 
is focused on a sample^ and together with the normal Raman 
scattering there appear frequencies of 2^^anci 2v± (Fig. R4 b). 
Thus the hyper-Raman effect is the inelastic scattering struc- 
ture on high-frequency photons generated by the annihilation 
of two low-frequency photons in a simultaneous event involv¬ 
ing one molecule and two incident photons. As in the stimu¬ 
lated Raman effect, the efficiency of the hyper-Raman effect 
depends on the intensity of the light. One application is to the 
measurement of molecular hyperpolarizabilities (see 
"polarizability)- 

in the inverse Raman effect two beams of light are employed 
and focused on a sample. One has a continuous spectrum and the 
other is a highly intense monochromatic beam. !t Is found that 
transitions occur which appear as absorptions from the 
continuum at frequencies + R. The process may be pictured 
as the arrival at the molecule of a photon of the continuum 
with a frequency simultaneously there arrives a laser 

photon of frequency P which stimulates the excited molecule to 
shake off a photon of its own frequency, leaving behind an 
amount of energy corresponding to the frequency (Ftg. R4 c). 

Questions, 1. What is the difference between an elastic and an 
inelastic process? On which does the Raman effect rely? What 
experimental arrangement is employed in Raman spectroscopy? 
In what way can the use of a laser benefit the observations? 
What is meant by the Rayleigh component? Discuss the 
appearance of the Raman spectrum and indicate the signifi¬ 
cance of the Stokes and anti-Stokes lines. On what molecular 
property do the Raman and Rayleigh scattering rely? Why do 
they so depend? What is a necessary property of the molecule if 
It is to show a vibrational Raman spectrum, and a rotational 
Raman spectrum? State the exclusion rule. Which vibrations of 
carbon dioxide are Raman-active, and which are jnfrared-active? 
State the selection rules for vibrational and rotational Raman 
spectra: why does the latter rely on a double-quantum jump, 
but the former on a single jump? What information can be 
obtained from the splittings in the 0- and S-branches of a 
rotational Raman spectrum? 

2. Show that in a classical polarizable rotator the induced 


dipole moment will emit Stokes and anti-Stokes lines. In the 
calculation suppose that the polarizability of the molecule 
varies harmonically between o; ^ 5 of and 0+60 about a mean 
value a. Proceed by showing that the molecule possesses an 
induced dipole moment of the form <xE + SctEcoscur, where 
E is the imposed optical field; then take the time-dependence 
of E to be cosCUof, and show by simple trigonometric manipu¬ 
lations that the overall induced dipole has components, 
oscillating at cu, £U+ This calculation leads to the prediction 
of equal intensities for the Stokes and anti-Stokes lines: why 
is that false? 

3. "Group-theoretical arguments may be applied to the Raman 
problem in order to determine the vibrational selection rules. 

The transition operator is the polarizability tensor for the 
molecule: this transforms like xx,yy^ and zz. Show, using 
Box 4 on p. 33, that in a centrosymmetric molecule the exclusion 
rule follows from the difference in symmetry of the polarlz^ 
ability and the dipole moment under inversion. From the 
characters in Table 3 confirm that the Ai, E, and T 2 vibrations 
are Raman active in a tetrahedral AB 4 molecule. What trans¬ 
itions are Raman active in water, carbon dioxide, and 
ammonia? 

Further information , See MOM Chapter 10 for answers to 
Questions 2 and 3 and for further discussion. For applications 
see Woodward (1972), Wheatley (1968), Whiffen (1972), 
and Barrow (1962). Laser-Raman spectroscopy is described in 
Long (1971) and Gilson and Hendra (1970). See Herzberg 
(1945) for further details. Woodward's Chapter 19 is a good 
summary of depolarization processes. 

Ramsauer effect. When a beam of electrons was passed 
through a sample of argon and the other noble gases, it was 
found that the scattering power of the sample decreased 
strongly at some energies of the electron beam (a transmission 
resonance is observed at about 0,7 eV). This effect may be 
understood in terms of the "wave nature of the electron;, and 
its decreasing wavelength as its energy increases {'^de Broglie 
relation}. The system may be viewed as an electron wave 
incident on atoms, and these are regions of potential different 
from the surrounding vacuum. But in regions of different 
potential energy the wavelength of the electron is changed 











(see “kinetic energy!. Just as in the case of an incident beam 
of light passing into a region where the refractive index 
changes, there are reflections from the front of the atom 
(where the potential changes abruptly), and reflections from 
the opposite inside surface where the potential drops back to 
the vacuum level, ff the potential has a thickness equal to 
one quarter of the wavelength of the electrons the waves 
reflected backwards from the two surfaces interfere destruc¬ 
tively, but the waves transmitted interfere constructively. It 
follows that the intensity of the electrons reflected by the 
atom is reduced and that the transmitted intensity is increased, 
{This of course is the role of a coating on a lens.) 

Further tnformBtion^ A helpful discussion of transmission 
resonances is given in SI 1,8 of Bohm {1951) and applied to 
the Ramsauer effect in §11,9 and §21.54, where he explains 
that the effect is not quite the same as the square-well process 
have described. See also §99 of Davydov (19651 and Mott 
and Massey (1965), 

refractive index. The ratio of the speed of light tn vacuo c to 
its speed in a medium v is the refractive index of the medium: 
n = dv. 

The size of the refractive index depends on the strength of 
the interaction between the light field and the medium, and as 
the electric field of the light has a stronger interaction than 
the magnetic field, we shouJd expect the refractive index to 
depend on the electric “polarizability of the medium. The 
greater the polanzability, the stronger the imeraction, and the 
greater the drag on the progress of the light. This guess is 
confirmed by calculation, for in a nonpolar medium the 
refractive index is related to the relative permittivity (dielectric 
constant) by and the relative permittivity Is related 

to the polarizability by = 1 /Va{cu)/e^, where N ts the 

concentration of molecules and o{u))their polarizability. But 
we have to be just a little careful because the molecule on 
whose polarizability we might at one instant focus our 
attention is surrounded by other polarizable molecules. These 
other molecules respond to the electric field of the light and 
their polarization enhances the field experienced by the 
central molecule. Therefore we should apply a correction to 
take into account the presence of the surrounding molecules. 
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This is the Lorentz focai-field correction, and it involves 
increasing the strength of the field by a factor of ^ (e^ +2), 

6 ^ is the relative permittivity, or , and so the expression 
for the refractive index becomes rather more complicated. 

By an unlikely but helpful coincidence the indistinguishable 
Lorenz and Lorentz introduced this correction independently 
and simultaneously, and arrived at the Lorenz-Lorentz formuia 
“ l)/{/?^ + 2)p = Na((jj)IZpe^, where p is the density. 
Since N is proportional to the density the right-hand side of 
the equation is independent of the density, and so too 
therefore is the term on the left, which is called the refractivity 
of the medium. 

It should be noticed that the refractive index {and the 
refractivity) depends on the frequency of the light through 
the dependence of the polarizability on the frequency. This 
dependence is described in the section on “polarizability, but 
at optical frequencies is due to the high-energy photons being 
more able than low-energy photons to excite the molecules 
Into their low-lying excited electronic states. Therefore, as 
the frequency gets greater (and approaches an absorption 
frequency of the molecule), the interaction gets stronger and 
the refractive index gets larger. For this reason the refractive 
index for blue light exceeds that for red light, and, as a 
consequence of this, a beam of white light is dispersed by a 
refracting medium. The name diversion, which denotes the 
frequency-dependence of a property, is derived from this 
aspect of the refractive index. 

Very close to absorption bands the refractive index varies 
strongly. If the behaviour of the refractive index throughout 
the frequency range is known it is possible to extract the 
absorption spectrum of the molecule and vice versa. The 
formula that enables this to be done is the Kramers-Kronig 
dispersion reiation. A dispersion relation relates the overall 
frequency-dependence of a dispersion property (such as 
refractive index) to the absorption property and vice versa. 

The refractive index for a composite molecule is the sum of 
the refractivities of its parts in so far as the polarizability of a 
molecule is itself an additive property. 

Further information. See MQM Chapter 11 for an account in 
more detail of the derivation of the quantum-mechanical 
expression for the refractive index of the molecule. See 
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Corson and Lorrain {1970) for a derivation via the Chusius- 
Mossottf eguatfon of the Lorentz local*field correction. See 
also van VIeck (1932) for a discussion. A simple introduction 
to the Kramers-Krdnig dispersion relation will be found in 
Siichter (1963), and tougher accounts in Roman (1965, 1969). 
Pertinent Information on refractive indices is contained In the 
polarizability Sox (Box 17 on p, 179). 

Renner effect. The Renner effect, or as it is sometimes more 
fairly called the Renner-Teihr effect, is an interaction between 
the electronic and vibrational motions of a linear molecule 
(especially a triatomic linear molecule) which removes the 
*xlegeneracy of the energy levels* Consider a ITstate of a linear 
triatomic; bending the molecule into a triangular conformation 
affects the two components of the electronic molecular 
orbital differemly* For simplicity let the molecule have a 
single electron in a ^<>rbital; in the linear case the -and 
-orbitals are degenerate, but when the molecule is bent 
they diverge in energy: three possible types of behaviour are 
illustrated in Fig. R5. The Renner effect appears m the 
spectrum of the molecule because the bending vibrational 
levels are modified by their Interaction with the electronic 
levels. 



Further in formation. An account of the Renner effect in 
molecules is given in §1.2 of Herzberg (1966), who provides 
a number of examples, and gives expressions for the energies 
of the vibronic states of the molecules showing the effect. See 
also §10.13 of King (1964). A quantitative treatment has 


been given by Renner (1934), Pople and Longuet-HIggins 
(1958), and Longuet-Higgins (1961). 

resonance* The concept of resonance has its roots in classical 
mechanics, and it is helpful to recall that application of the 
term. If two pendulums are weakly linked (for example, if 
they hang from the same slightly flexible axle, as in Fig. R6) 
the motion of one is experienced by the other. If one is 
initially still, and the other set in motion, the energy of the 
latter will be transferred to the first, which will begin to 
swing, and pass back to the second some of its acquired energy. 
This ebb and flow of energy continues indefinitely in the 
absence of damping forces. The exchange of energy is most 
effective when the pendulums have the same natural frequency, 
and this condition of equality is known as resonance: the 
energy, or amplitude, is then said to resonate between the two 
tuned systems. 

It is possible to imagine a form of coupling where the energy 
of the system is lower if the pendulums swing In phase, and 
where the worst arrangement (in terms of energy) occurs when 
they swing in opposition. A flexible axle is an example: it 
might require less energy to twist the support in the same 
direction at each pivot than to twist it in opposition (Fig R6); 



FIG. R5. Renner effect splitting 
of ir-levels: Three possible 
situations. 


if there is no coupling between the periodic systems their 
relative phase is immaterial. 

With the preceding classical picture of resonance and 
coupled systems in mind we shall consider two examples of 
quantum-mechanical resonance. The first is the interaction of 


























FIG. R6. Resonance of mo coupled pendulums. The energy splitting A 
is greatest when the natural frequencies are identical. 

h'ght with atoms (or molecules). The atom and the electro¬ 
magnetic field (light) play the roles of the two coupled 
periodic systems. The 'natural frequencies' of the atom are 
the transition frequencies, and we can imagine adjusting the 
'natural frequency' of the electromagnetic field bathing the 
atom by changing the frequency of the incident light. There 
comes a point when the frequency of the light matches the 
frequency of a transition within the atom: the combined 
system behaves like the two coupled pendulums, and energy 
is transferred from the light field (resulting in absorption) or 
to the light field if the atom is already in an excited state 
(emission). These processes occur most effectively at resonance. 

The other example of resonance is the type one encounters 
in theories of mohcufaf structure, particularly fn the "valence* 
bond theory, where one attempts to describe the true structure 
of a molecule by a superposition of simple, canonical structures. 
The best-known example is -^benzene, where one attempts to 
describe the structure by the superposition of the two Kekule 
structures. Let us suppose that there is a coupling between the 
Kekufe forms; then the superposition will have a lower energy 
than either form alone if the phase of coupling is correct 
(remember the second aspect of the classical idea of resonance). 
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Thus each Kekule structure behaves like a simple pendulum (by 
symmetry they correspond to the same frequency) and the 
presence of a coupling means that their energy is different in 
conjunction than separately. The nature of the coupling may 
be visualized as the tendency of the ?r-electrons in one C—C 
bond to push the neighbouring rr-electrons into a neighbouring 
gap in the rr-bonding structure: In this way one Kekule structure 
is turned into the other (Fig. R7) (see ‘benzene and Fig, B8). 
Thus resonance stabilizes in the sense that the coupled system 
has a lower energy; the stabilization is greatest when the natural 
frequencies of the separate systems are the same (consequently 
the resonance stabilization of benzene is large), fonic-covafent 
resonance also stabilizes, but as the contributing forms differ 
in energy the resonance is less exact and the effect less. 



elec froSTcfic 
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In phase 


FIG, R7. Resonance in VB theory (of benzene), E denotes the 
resonance energy. 


further fnformatfon. For discussions of the concept of resonance 
In molecular-structure studies, see §5.5 of Coulson (1961). §1.3 
of Pauling (1960), and §13 of Eyring, Walter, and Kimball 
(1944). Resonance in light absorption is discussed in Chapter 7 
of MOM, and very well illustrated by the phenomena of 
‘electron spin resonance and ‘nuclear magnetic resonance. A 
transmission resonance Is described under ‘Ramsauer effect. 

See also ‘benzene, ‘valence bond, and Tcsonance energy. 


r6Sonanc6 enorgy. An ‘aromatic molecule is more stable than 
untutored specufation, confronted with a molecule bristling with 
double bonds, might predict. The difference between the true 
energy, which takes into account the stabilization of the 
molecule by “resonance among various structural possibilities, 
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and some reference state of the molecule, is termed the 
resonance energy (see Fig. R7). (An alternative name, which 
reflects the analogous phenomenon in ^molecular'Orbital 
theory, is deiocaUzathn energy,) 

The choice of reference is difficult and several suggestions 
have been made. The Hucket definithn is the most elementary: 
it defines the resonance energy as the difference in energy 
between the true molecule and the hypothetical molecule in 
which there are localized ethene-type double bonds. Thus if 
the TT-electron energy of "^benzene is found to be 3o + 4/3, and 
the energy of each of the three ethene bonds is o + /3, the 
resonance energy is /3. 

The difficulty with the Htickel definition is the arbitrariness 
of the comparison: would it not be better to attempt to find 
the energy of the unconjugated form of the molecule itself, and 
then use this as the reference? Why not take the hypothetical 
cyclohexatriene molecule, calculate its energy, and use it as 
the reference for benzene? This reference molecule has 
alternating short and long bonds, and it is argued that by its 
use the full effect of conjugation, delocalization, or resonance 
on both the tt- and the a-electrons is taken into account. This 
is the basis of the MuUiken-Parr definition of resonance energy, 

A common method of measuring the resonance energy is to 
determine the heat of formation of the molecule (for example, 
by determining the heat of combustion of the molecule in a 
bomb calorimeter, and knowing the heats of formation of 
the combustion products, which are often carbon dioxide 
and water), and comparing this result with the value obtained 
on the basis of ascribing a bond energy to each bond in the 
structure (these bond energies may be found from tables): the 
difference of the two calculations is the resonance energy. For 
example, in benzene a Kekule structure has six C^H bonds, three 
C““C bonds, and three C^C bonds; the energy of that structure 
IS therefore (C-H) + 3EiC-C) + 3E{C=C). The difference 
of this value from the observed heat of formation is the 
resonance stabilization of the Kekule structure (150 kj mofM- 
Modern values are often obtained from the heat of hydrogen¬ 
ation, which is less in the presence of resonance stabilization 
(the more the molecule is stabilized the closer it lies to the 
fuily hydrogenated energy). In this type of determination a 
molecule containing three (unconjugated) double bonds is 
expected to have a heat of hydrogenation three times that of 


cyclohexene; the observed heat of hydrogenation of benzene 
is less than that figure by 150 kJ mol ^, and this difference is 
identified as the resonance stabilization of the Kekule form. 

Questions. What Is meant by resonance energy? What are two 
possible definitions? Can you think of alternative definitions? 
How would you determine the resonance energy of a hydro¬ 
carbon? What changes in the value of the resonance energy 
might you expect on replacing the Huckel definition by the 
Mulliken-Parr definition? The heat of formation of the 
naphthalene molecule was measured and found to be 8623 kJ 
mol'^^ The following bond energies have been measured in 
other experiments: C~C, 333 kJ mol ^; C“C, 593 k J mot ^; 
C—H, 418 kJ mof*. Calculate the resonance energy of 
naphthalene. On the basis of the Hucke! molecular-orbital 
scheme, estimate the resonance energies of cyclobutadiene and 
butadiene {buta-1,3-dlene). 

further in formation. See Streitweiser (19611, Salem (1966), 
Dewar (1969), Murrell and Harget (1972), and McGlynn, 
Vanquickenborne, Kinoshita, and Carroll (1972) for further 
discussion. A short Table of resonance energies will be found 
in Chapter 9 of Streitweiser {1061) and Chapter 4 of Murrell 
and Harget (1972). A book devoted to resonance In organic 
chemistry is that by Wheland (1955). 


rotation of molecules. The rotational energy of a molecule 
arises from its ^angular momentum, and because the latter ts 
quantized, so too is the rotational energy. The energy separ¬ 
ation of adjacent quantized levels is small, and transitions 
between them occur in the microwave region of the spectrum 
(10®-10^^ Hz. 10^- 10“^ cm). The separations are deter¬ 
mined by the moments of inertia of the molecule, and so 
microwave spectroscopy gives information about molecular 
geometry. Rotational transitions are also observed In conjunc¬ 
tion with the "vibrational, “electronic, and “Raman spectra of 
molecules, and these give the same kind of information. 
Molecules are normally classified into four groups in a dis¬ 
cussion of their rotational energy levels: linear molecules, 
symmetric tops (molecules with an axis of symmetry), 
spherical tops (spherical, tetrahedral, and octahedral molecules), 
and asymmetric tops {anything else). 




1* Linear moiecuhs. A finear molecule has only two rotational 
degrees of freedom: these correspond to end-over^nd rotation 
about two perpendicular axes. It is easy to see why the question 
of a third degree of rotational freedom does not arise: in a 
diatomic molecule the atoms have six degrees of freedom; 
three are ascribed to the overall translation of the molecule; 
one is ascribed to the vibration of the bond; and so only two 
remain for the rotations. A similar argument applies to any 
linear molecule. The classical kinetic energy of rotation of a 
body of moment of inertia / is and as the classical angular 
momentum is /cothis energy may be expressed as {/£j 0 )^/ 2 /, 

The transition to quantum mechanics is now trivial, for the 
quantum theory of “angular momentum tells us that the 
angular momentum of a body is limited to the values 
[J{J -1- 1 )] with J confined to the integers 0, 1 , 2 ,_There¬ 

fore it is merely necessary to replace /COby this expression to 
obtain the energy of the Jth quantized rotational level as 
J[J + 1 )h^/2/. The quantity h^/2/ ts normally written B and 
called the rofaf/o/? 5 /co/?sf 3 / 7 f of the molecule. It is important to 
note that the separation of the rotational levels decreases as 
the moment of inertia of the moiecule increases (for B then 
decreases} and that the level J lies at an energy 2BJ beneath 
its neighbour. Typicaf values of B are 60.809 cm“' for H 2 , 
30.429 cm"^ for D 2 , 10.5909 cm'^ for HCI, and 0.0374 cm"^ 
for 12 ; more values are given in Table 10. 

in accord with the theory of “angular momentum there are 
2J + t possibilities for the orientation of the rotational angular 
momentum vector of the molecule, but in the absence of 
external fields the orientation of the molecule has no effect on 
its energy, and so 2 / + 1 orientations all have the same energy 
(they are “degenerate). 

Pure rotational transitions can be stimulated by an electro¬ 
magnetic field of the appropriate frequency only if the 
molecule has a permanent dipole moment, for the dipole acts 
as a kind of lever for the interaction, and through it the field 
accelerates the molecule by exerting a torque. Molecules 
without dipole moments (including, for example, H 2 and CO 2 ) 
do not show a pure rotational spectrum, ff a mofecuie has a 
permanent dipole the field can induce transitions only between 
neighbouring levels; that is, the “selection rule for rotational 
transitions is A/=+1 (absorption) or A^ =—1 (emission). The 
rotational spectrum is therefore a set of lines spaced by 2 fi, 
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FIG. R8. Pure rotatfon spectrum of a linear molecijle, showing 
population of levels and the intensity distribution (which is determined 
by the population and the size of transition dipole moments}. 


with an intensity distribution governed by their initial (thermal) 
population and, in a slightly complicated way, by selection 
rules which vary with J (Fig. R8). 

2. Symmetric tops. Symmetric tops may be either protate 
(cigar shaped) or obiate (disc shaped), and have three rotational 
degrees of freedom. As they have two distinct moments of 
inertia (one parallel to the figure axis /,,, and two equivalent 
moments perpendicular to the axis the energy of rotation of 
the molecule depends on how the angular momentum is 
distributed about the three molecular axes. If the molecule 
rotates end-over-end the energy is determined by ^alone, but 
as the motion becomes more like the spinning of a top about 
its axis, so the energy becomes dependent more strongly on /jj. 
The amount of rotation about the figure axis is determined by 
3 quantum number K: /Ch is the component of the angular 
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rotation of moiecules 




FIG. R9. Rotation of a (prolate) symmetric top. When K is large the 
motion is largely about the figure axis; ^hen K is small It is largely 
about the perpendicular axis. 


momentum on the axis, and can vary in integral steps from 
+*/ to —J (there are 2J + 1 such values} (see Fig. R9). When 
/<' = 0 there is no rotation about the axis, it is quite easy to 
see how the quantum number K enters the problem: the 
ciassical energy of rotation depends on the angular momentum 
about each of the axes. If with the axis q there is associated a 
component of angular momentum (/to)^ and a moment of 
inertia then the kinetic energy associated with this mode is 
Therefore the total kinetic energy of our molecule 

is J (/cj)^//| + j 7 (/6J)V/ where z is taken to 

be the figure axis. If we recognize that ^ 

is the square of the total angular momentum of the molecule, 
which can be identified with the quantum-mechanical value 
J{J + Dfi^, it is possible to cast the energy expression into the 

form J(^+ 115 + 7 ( 1 //., - 1//, 1 (/CO)^, where B is /2/. . 

^ Z u _l_ z ^ 

i 

Next we identify (/co)^ as the component of the angular 
momentum on the figure axis, and from our knowledge of 
the quantum theory of “angular momentum recall that all 
components of angular momentum are quantized, and so set 


this component equal to some integral multiple of h: thus we 
identify (/CJ)^ with /di. 

The final form of the energy expression is given in Sox 20. 
The form of the expression is as we anticipated, for when K 
is zero the energy is determined solely by and when K ~ ±J 
the energy is determined largely (but not solely) by It is 
also satisfying to note that the energy depends on rather 
than K itself: this means, as common sense requires, that the 
direction of motion about the figure axis is immaterial. Remem¬ 
ber that the molecule can still have 2/ + 1 different orien¬ 
tations with respect to some space-fixed axis, but these are 
“degenerate in the absence of external fields. 

The spectra of symmetric tops depend on the presence of 
a permanent dipole to act as a lever: by symmetry this dipole 
must lie along the axis and so a light wave is unable to exert 
a torque to accelerate the motion about the axis; consequently 
the “selection rules are AK — 0 and AJ = ±1. 

3. Sphericai tops. The energy levels of spherical tops can be 

obtained very easily from the expression for the symmetric 
top because we may set . The resulting expression is 

given in Box 20. The energy is independent of K because all 
axes of the molecule are equivalent. Another way of saying 
this is that all the 2J + 1 states K for a given value of J are 
“degenerate. Therefore the rotational levels of the spherical 
top are i2J + 1 -fold degenerate (because the 2v/ + 1 space 
orientations, labelled M, are also degenerate). A spherical 
top IS invisible in microwave spectroscopy because it has no 
permanent dipole, and so cannot be accelerated by incident 
radiation. The rotational levels of this and the other types 
of molecule can, of course, be excited by collisions with 
other molecules, or the walls of a vessel, and so the large 
number of accessible rotational levels must be taken into 
account when the properties of the gas (such as its “heat 
capacity) are calculated. 

4, Asymmetric tops. These are real horrors because the angular 
momentum cannot be distributed among the three axes in a 
tidy fashion. If we think of a prolate symmetric top with a 
bump added to one side we shall see the problem. If the top is 
spinning about its figure axis the effect of the bump will be to 
tip the molecule away from its original direction; that is, the 
bump induces the transfer of angular momentum from the 
figure axis to the other two axes. But the process continues, 
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BOX 20: Rotational energy levels 

Diatomic {and linear} moiecules 

E{J) = S7U + 1) B = iiV2/. 

(B is in Joules if / ts in kg 5 = li/4007r&/ is the 
appropriate expression in cnn"^) 

Transition energy: A£t/) = E[J + 1) - 2B(J -h 1 ), 

Symmetric tops 

Transition energy: Af iJf = f (J + 1 , /C) — /C) 

“ 1 ). 


Sphericaf tops 

E[J]=BJ[J+ 1) fi^hV2/. 
Moments of inertia: 

diatomic molecule: separated by /?) 


/ = 


_&_B_ 

m, Tm_ 

A 


linear triatomic molecule: {m m ,/n^ separated by 

M o 

^AB V) 

/ = m /?; + ^ ^ - 

A AB c BC 

A 0 C 


pyramidal molecule: (AB 3 , bond length R, BAB 
angle d) 

/„ = 2mg/?^{1-cos(?) 

, „2,, fl, , + 2cos@) 


B 


and although the total angular momentum remains constant, 
the molecule rotates in a complicated, varying pattern. The 
energy levels can be obtained only by complicated techniques, 
and the rotational spectra are immensely complex. Neverthe¬ 
less, information about molecular geometry can be extracted 
by a close analysis of the shapes of the spectral bands. 
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Questions. 1. What is the source of the rotational energy of a 
molecule? Why is it quantized? Is there a zero-point energy? In 
what region of the spectrum do rotational transitions occur? 
How do the transition energies depend on the size of the 
molecule? What information can be obtained from rotational 
spectra? What must a molecule possess if it is to absorb 
radiation by a rotational transition? What is a classification of 
moiecular types? What is the significance of the quantum 
number When does the rotational energy of a molecule 
depend on the space projection M? How many-fold 
degenerate are the rotational states of linear molecules, and the 
various kinds of tops? Why does the energy of a symmetric top 
still depend weakly on ^when K = ±J? Can the rotational 
energy of a symmetric top ever be ascribed solely to motion 
about its figure axis? What are the selection rules for rotational 
transitions? How do all the rotational modes come into thermal 
equilibrium even though some transitions are electric-dipoie 
forbidden? 

2. Calculate the energy-level separation (in cm"') for the ro¬ 
tational levels of H 2 , HD, and D^, taking the bond length to be 
0 074 nm in each case. The pure rotational spectrum of HI 
consists of a series of equally spaced lines with a separation 

of 12,8 cm calculate the bond length of the molecule. Why 
are the lines equally spaced? (Draw an energy-level scheme 
and apply the appropriate “selection rules; or just think about 
2BJ and AJ.) 

1 

3 . Calculate the relative populations of the rotational levels 

of Hj. D 2 , hffi = 0.0374 cm"* ),CH 4 = 0.1094 nm), 

and NHa (/|| = 4'437 X 10"'*'* kg = 2-816 X 10'^'* 
kg m^} at 300 K and at 1000 K. Use the Boltzmann distri- 
bution, include the degeneracy of the levels properly, and 
forget (if you already know) about '■nuclear statistics. 

Further information. A fuller discussion of molecular rotation 
and rotational spectra is given in MQM Chapter 10. See also 
Whiffen (1972), Barrow (1962), and King (1964), An 
introduction to microwave spectroscopy has been written by 
Sugden and Kenney (1965), and a standard work is that by 
Townes and Schawlow (1955); both books give a bibliography 
of molecules studied. Alien and Cross (1963) give a theoretical 
discussion. See Herzberg (1945, 1950, 1966) for further 
discussion and applications; in these volumes are useful collec- 
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Rydberg constant 


tions of molecular data (such as bond lengths, '"force^constants, 
and rotational constants). A useful collection of molecular 
structural data has been compiled by Sutton (1958) . Rotational 
transitions can also be studied by observing the "vibrational and 
"electronic spectra of molecules, and by th& use of "Raman 
spectra. The "heat capacity of molecijles depends upon the 
accessibility of rotational states, and therefore on their energy. 
A complicating feature of rotational problems is that the 
occupation of rotational states is restricted by the "Pauli 
principle! for more information see "nuclear statistics. 

Rydberg constant. The Rydberg constant relates the energy 
of an electron in a "hydrogen atom to its principal "quantum 
number n: E ^ —R/n^ . It is necessary to be just a little careful 
in recording values of R because it depends on the mass of the 
electron and the proton, and if some one'electron atom other 
than hydrogen itself is being considered It is necessary to 
correct it for the mass of the new nucleus. That having been 


BOX 21: Rydberg constant 


Rydberg constant 

f — ^ 4_3 




R c 

R = R*hc = ^ C^oc^ 

•» ^ Q 


1'097 373 X 
1-097 373X 10* cfn“‘ 

3-289 842 X 10'* Hz 

2 179 72 X 10''® J 
1313 kJ mol”' 

13-60 eV, 

Hydrogen-atom Rydberg constant 

/?' = ffVd +/77 /m ) 1-096 776 X lO"' m"' 

H ™ e p -1 

T096 776X 10® cm \ 

The value of R^ is referred to as a rydberg (1 Ry 13*60 eV) 
Note that 1 Ry is half the "atomic unit of energy (the hartn 
E^:1E^-2Ry). 


said, we refer to the true Rydberg constant as the quantity 
R in Box 21. The Rydberg constant for the hydrogen atom, 

04 * 

taking into account the finite mass of the proton, is 
R = /? /(I +/?7 /m );this is also recorded in the Box. The 

H ^ p 

Rydberg constants for other nuclei can be obtained by 
replacing the mass of the proton in this expression by the 
mass of the nucleus of interest. These different expressions 
arise because the electron-proton system rotates around its 
centre of mass, which is slightly shifted away from the position 
of the nucleus by virtue of its finite mass and the electron's 
non-zero mass. 

Further information. See "Bohr atom for the first calculation 
of the Rydberg constant in terms of fundamental constants, 
and "hydrogen atom for the basis of its quantum-mechanical 
deduction. Both entries give further information. 

Rydberg level. An electronic transition in a molecule might 
lift the electron out of the valence^shell orbitals into an outer 
orbital: the state so formed is a Rydberg state, and the electron 
occupies a Rydberg level. An example of this would be the 
excitation of a 2 p-electron of the fluorine atom in the fluorine 
molecule into a 3s-orbital, or something higher. 

The Rydberg levels are of interest in so far as the important 
electron is in a very diffuse orbital: so diffuse, in fact, that in 
a diatomic molecule the two nuclei appear to the electron as 
a single nucleus. This implies that the Rydberg electron is 
only very weakly coupled to the nuclear framework, which is 
therefore able to rotate without dragging the electron round 
with it: see "Hund's coupling case (d). Rydberg electrons are 
characterized by small "quantum defects: since they are so 
diffuse they hardly interact with the inner electrons and their 
wavefunctions resemble those of the "hydrogen atom. 

Further information. Rydberg levels and slates are discussed in 
some detail in §10.3 of King (1964) and §VI,5 of Herzberg 
(1950). For a thorough discussion see Duncan (1971). 









Schr6din96r 6quation. The Schrddinger equation, which by 
one of those rare coincidences is named after him who did 
indeed discover itt, is a differential equation whose solution 
is the "wavefunction for the system under consideration. This 
implies that it is of central importance, for once we have the 
wavefunction all the properties of the system are, in principle, 
predictable, because the structure of quantum mechanics tells 
us how to elicit the information* The application of quantum 
mechanics to physical systems therefore boils down to solving 
the appropriate Schrodinger equation, and realizing that the 
mathematical function which Is the solution is the wave- 
function for the system* 

Unfortunately the Schrodinger equation is not a simple 
algebraic equation {likex^ - 2), but, as mentioned above, it is 
a differential equation. Except in a fairly small number of cases 
such equations are very difficult to solve* That, however, is not 
of much significance: what matters is that we believe we have 
the equation which, in principle, is the correct equation for the 
description of Nature. (Actually that is not really true, for the 
Schrodinger equation ignores relativity* Therefore it is only an 
approximation, bearing a similar relation to a correct des- 

t 'While visiting Paris he (Victor Henri) received from Langevin a copy 
of "the very remarkab*e thesis of de Broglie"; back in Zurich and having 
not very well understood what it was all about, he gave it to Schrddmger, 
who after two weeks returned it to him with the words: 'That's 
rubbish". When visiting Langevin again, Henri reported what 
Schrddingsr had said. Whereupon Langevin replied: "I think 
Schrddinger is wrong; he must look at it again"* Henri, having returned 
to Zurich, told Schrddinger: "Vou ought to read de Broglie's thesis 
again, Langevin thinks this is a very good work"; Schrddinger did so and 
"began his work"/ Max Jammer (1966, p. 258), 
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criptiqn as Newtonian mechanics bears to Einsteinian* This is 
a difficulty which has been partly removed—see the *Dirac 
equation—but minor fundamental difficulties have in the past 
bred cataclysm*) 

The Schrodinger equation is a second-order linear differ¬ 
ential equation in space coordinates (it contains terms such as 
dVdx^) and a first-order differential equation with respect to 
time. Various forms of it are illustrated in Box 22* Written in 
Its full form it should be clear that it is not a wave equationf 
for such an equation has second-order derivatives with respect 
to time* It may be regarded instead as a type of diffusion 
equation; it is not unreasonable that the evolution of the 
'wavefunction' in time should be akin to a diffusionai process* 
This point is of considerable significance, for the diffusionai 
form of the Schrodinger equation means that tt is possible to 
to interpret the wavef unction in terms of a probability of 
discovering a particle in various regions of space (see Born 
interpretation in the section on nwavefunction). Had the 
equation been a true wave equation this interpretation would 
have been untenable. The time-dependence can often be 
shaved off fay the method of separation of vartabies (see 
Question 2 and Box 22), and then we are left with the time- 
independent Schrodinger equation (see Box 22), which is of 
the same form as an equation for a standing wave* It is from 
this form of the equation that the name 'wave mechanics' 
derives* 

The time-independent Schrodinger equation may be Inter¬ 
preted as an equation for the curvature of the wavefunction, 
and bearing this in mind enables one to anticipate some of the 
features of its solution. The second derivatives etc* 
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BOX 22* The Schrodinger equation 

Time^dependent form: W'^=ihO^/9f) 

H is the "hamiltonian, 

Time-indspendGnt form: if A/is independent of time, ’4'' may 
be written 

^exp(— 

where is independent of t and satisfies 

Typical form of equation: 

One-dimensionat system; massm in a potential 


or 


\p 

17 


+ 


Three-dimensional system; massm in a potential l^(r): 




where is the daplacian. 

Separation of variables. Write ^ = ij/9, where is a 
function of position and 6 a function of time. Let H be 
independent of time. Then f-T^— ih^ becomes 

0 W0= ih^, or (1/0)W^= (ih/0)^. 

The left-hand side is a function of position, not time, and if 
X is varied the right-hand side is invariant. Therefore Lh,s. = 
constant — r.h.s. 

{\/\j/)H\}/==E = {\hJO)0. 

Hence 0 *= expi—i£f/hj and H\j^ = Eij/. 


are what we normally interpret as the curvature of the 
function in elementary calculus, and we shall employ this 
interpretation here. Note that when [as we shall denote the 

second derivative) is positive the curvature of ^ is like 'v,_X , 

and when it is negative the curvature is like . The 

essential feature to note is that the magnitude of the curvaturt 
(the sharpness with which the curve bends) increases as the 
total energy E exceeds the potential energy V{x). This differ- 



FIG. S1. Curvature of the uvavefunciicin at a point for different signs 
of 0 and E— V at that point. 


ence E^V[x) is just the classical kinetic energy at the 
point X, and so we see that the ‘kinetic energy and the 
curvature are proportional. Note too that the sign of the 
curvature depends on the sign of the function 0 itself: if E is 
everywhere larger than V, the curvature has the sign of at 
each point (Fig, St), It is amusing to follow through the 
implication of this for a free particle where V is constant and 
E>V. Suppose we consider a point where > 0, then the 
curvature is negative and so the function droops down towards 
zero like (Fig, S2), Sooner or later this droop causes it 

to fall through zero and become negative. The hitherto droop¬ 
ing function acquires a positive curvature (because still E>V 
but 0) and so begins to curl up towards the value zero. 

This value it crosses and then again begins to droop back down. 
The dependence of the curvature on the function therefore 
forces the function to swing backwards and forwards across 
the axis, and so to describe a harmonic wave. It is also amusing 
to note that the rapidity with which it swings from positive to 
negative values increases as E exceeds Vi therefore the wave¬ 
length of the motion decreases as the kinetic energy increases 
(see ‘kinetic energy and the ‘de Broglie relation). If the 
potential depends on position the wavelength is not a constant 
(and not really defined), but these arguments may be extended 
to account qualitatively for the form of wavefunctions for 
electrons in atoms and molecules. 


















— y>0 




FIG. S2. Propagation of a wave when f ^ 

The only adequate way of accounting for the quantitative 
form of the wavefunction in atoms and molecules is to solve 
the equation mathematically. The immediate problem that 
one encounters is that there exists an infinity of solutions for 
a second-order differential equation: The essential point at 
this stage is the recognition that only some of the solutions 
satisfy the stringent requirements of the Born interpretation: 
when boundary conditions are imposed (that is, when one 
states what conditions the function must satisfy at some 
point of space) only a few solutions are acceptable. The 
immediate consequence of this ts that bounded systems are 
quantized* 

Quite often it is impossible to find analytical solutions to 
the Schrodlnger equation, or at least to find analytical 
solutions that are not too complex to use. Under these 
circumstances (which include the immensely important cases 
of the structure of atoms and molecules) it is necessary to 
resort to approximate methods: these include ^perturbation 
theory, n/ariation theory, and the method of "self-consistent 
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fields* Time-dependent perturbation theory Is one way of 
dealing with the Schrodlnger equation. Some of the standard 
solutions of the Schrddinger equation are discussed under the 
appropriate headings (see "particle in a square welt, ^harmonic 
oscillator, "angular momentum, and ^hydrogen atom). 

The fact that the Schrodinger equation Is a linear differ¬ 
ential equation implies the validity of the '’superposition 
principle and all that flows from it. 

Questions, t. What is the importance of the Schrodinger 
equation? Why is the time-dependent form not a true wave 
equation, and how may it be manipulated into a form that 
looks like a wave equation? What basic local property of the 
wavefunction does the equation determine? Demonstrate 
qualitatively and then quantitatively that the wavefunction 
for a free particle is a wave of constant length. What is the 
connexion between the length of this wave and the linear 
"momentum and "kinetic energy of a particle described by 
such a wave? Sketch the form of the wavefunction for a 
particle of energy E In a potential field that decays linearly 
with distance. Can a particle be described by a wave In which 
at some point the energy E is less than the potential energy V 
at that point? Sketch the form of a wavefunction for a particle 
in which the potential rises linearly with distance (and crosses 
the point l/(x) = f). Sketch a number of possible wave- 
functions for a "particle in a square-well potential, and in a 
“harmonic potential {try to do this without looking at the 
answers, which will be found in the appropriate sections; if 
you cannot do it, attempt to interpret the answers there in 
terms of the discussion in this section), 

2 . Show, by the method of separation of \/ariab/es, that the 
time dependent equation can be separated into an equation 
for the time-dependence and an equation for the spatial 
dependence, and solve the former. Proceed by attempting to 
express the function f) as the product l 9 (f)l/^(A'), and 
inserting this in the time-dependent equation. Divide through 
by 00 , and realize that one block of terms depends only on x 
and the other depends only on L Deduce that these two terms 
must each be equat to some constant, which write E (on the 
grounds that the constant has the dimensions of energy). Then 
solve the equation for the time, and compare your answer with 
that in Box 22. 
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Further mformatton. See MOM Chapter 2 for a way of setting 
up the Schrddinger equation, and Chapter 3 for the method of 
obtaining some of its solutions in a number of important cases* 
A good account is also given in Pauling and Wilson (1935) and 
in Kauzmann (1957)* All books dealing with quantijm theory 
must, except for the most abstruse, mention the Schrodinger 
equation- For Schrddinger^s original papers see Schrodinger 
(1926)* See Chapter 5 of Jammer (1966) for a fascinating 
commentary, and in an English translation in Shearer and 
Deans (19281* The Schrodinger equation is only one of a 
number of possible equivalent formulations of quantum 
mechanics, and is not always the simplest to use, especially in 
formal manipulations. Therefore see also ‘'matrix mechanics. 

second quantization. Those who find quantization a 
sufficiently difficult topic will be distressed to encounter 
second quantization, and may have visions of a continuation 
yet more subtle than Chinese boxes* But second quantization is 
as far as things have gone, and is a device that enables one to 
conjure elegantly with problems involving many particles, 
including the problem of the electromagnetic field* It is a 
mathematical artifice; but is that not possibly true of all 
mathematical descriptions of Nature? 

The mode of thought that leads to the introduction of the 
idea is as follows* First quan^zation, which in our naivety we 
have referred to elsewhere simply as quantization, replaces 
observables by ‘‘operators, and the behaviour of a system, and 
the results of experin>ents, are calculated by allowing these 
operators to operate on the wavefunction obtained as a 
solution of the "Schrodinger equation for the system. Thus 
the dynamical functions have been replaced by operators 
operating on a function (Kx)* But suppose by analogy with 
this development we interpret the function as an 
operator on something; then we have gone beyond our formal 
procedure for quantization and are in the artificial realm of 
second quantization. In this realm it is discovered that the 
operator operates (on something) to create a particle 

atx, and that the operator 0{x^) operates to annihilate a 
particle atx^ It should be possible to appreciate that this 
power of summoning and dismissing particles provides a means 
of setting up equations that enable the quantum’mechanical 
properties of many-body problems to be calculated. Thus 


second quantization does not introduce a revolution into 
physics (as did first quantization), but it does introduce a new 
technique of calculation, and a new language—a language that 
includes words such as "photons, “phonons, "polarons, 
"excitons, magnons, and rotons* 

Further information. An introduction to the ideas of second 
quantization will be found in a set of lecture notes by Atkins 
(1973), which are based on a book by Mattuck (1967)* Other 
introductions of increasing sophistication will be found In 
Ziman (1969), Roman (1965), Davydov (1965), Bogoliubov 
and Shirkov (1959), and Schweber (1961)* See also Kit tel 
(1963). 


secular determinant. In the construction of a "molecular 
orbital by the method of “linear combination of atomic 
orbitals one attempts to express the orbital as a sum 
c ^ ^^ + * * *, where the are the atomic orbitals on 

41 ^ 3 b ^ b ^ 

atoms a, b, etc* and the cs are the coefficients to be modified 
until the best set of values is found: this is done by seeking the 
set that gives the lowest energy* Instead of idly toying with 
random different values of the cs until mental decay super^ 
venes, it is desirable to have a short, sharp method for finding 
the best set, and this is the role played by the secular 
determinant. 

In the Questions you are asked to show that the best com¬ 
bination of orbitals is given by one of the solutions of a set 
of simultaneous equations in which the coefficients c are the 
unknowns (see Box 23). These are the secular equations. In 
common with other sets of simultaneous equations they 
have a non-trivial solution when the determinant of the 
factors of the cs disappears (the trivial solution corresponds 
to all the cs themselves vanishing)* This determinant is the 
secufar determinant. See the Sox. The secular determinant 
vanishes for N values of the energy of the system, if there are 
N atomic orbitals contributing, and the lowest root may be 
identified with the lowest energy of the system, that can be 
attained on this model* The values of the cs corresponding to 
this root may be found by the normal methods (brute force, 
or Intelligence via the method of cofactors, see Box 23) and 
give the best wavefunction for the system. The other (/V —' 1) 
roots may be identified with higher-energy orbitals, for the 











BOX 23: The secular determinant 


Direct approach^ Wrfte the Schrodlnger equation S 
in terms of the expansion 

N 

/“ 1 

and obtain ^ ^ 

£ ~ Z) 

y « 1 1 

Multiply from the left by }{/. and integrate, to obtain 
N ' 

^ c.[H.. - &S..] =0 (/ = T, 2... . /V) (2) 

/■” 1 

with H.j = /dTi/^WV/y and This is a set of N 

simultaneous equations for the coefficients c., and possesses 
non-trivial solutions when ^ 


A= det \H.. - &S.. I = 0. 


(3) 


Expansion of this NXN determinant, and solution for E 

leads to the N eigenvalues of W. In general, if N is finite the 

eigenvaiues are only approximate. 

To each root ^ of (3) there corresponds a wavef unction 

expressed as in (1). To find the coefficients c. use Cramer's 

rule. (See Margenau and Murphy (T956, p. 313) or Irving 

and Mullineux (1959.p. 269).) Let*. = c./c,;then (2) 

becomes ^ ^ 

N 

L*■ [W^y - &S..] = (£5.^ - W.,) (/ = 2, 3,. .. /V). 


Let D be the (A^—1) X (A/— 1 ) determinant formed from 
this H.. — and be the determinant formed by 

replacing the r?th column in D by (^ 5 ^, - 
.. , Then according to Cramer's rule: 

k. = D^'^{h)lD. 


This gives the ratios C 2 /cj,.. c^lc\. To complete the 
determination use 

c?+ci + . ..+C^= 1. (4) 

This procedure gives the coefficients c. corresponding to 
the root and should be repeated for each root of ( 3 ), 
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Vathtfona! approach. Minimize S with respect to variations 
in the coefficients 

The condition (3^/c3Cy} ” 0 is satisfied when 

Zl C.W.. ~ &S.j) = 0. (5) 

t 

(Confirm this by substituting (1), taking the derivative of 
and using simple algebra.} This is identical to (2) and the 
procedure is as before. The lowest of the N roots of (2) is 
the minimum value of 

Exanipie. Suppose A/ = 2, then the secy tar equations are 
Cl {^11 “ ^Sn] + C2 {Hj2 “ ^Sn) = 0 j 
^^ 21 )' "I" C 2 (^22 ^^ 22 ) ~ ^ J 

and the secular determinant is 

. _ A / 11 S^ii Hi2 “ ^^12 
H 21 " ^^21 ^S22 j 

The roots of A are the roots of 

(S1 1 S 22 ™ S 12^21 (Af 12^2 1 T ff2\Si2 ^223^ 11 — A/] 1 S 22 "h 

+ Wu^22“/^*2W2l)=-0, 

and the lower is the minimum of S. The coefficients are 
determined from D = A/ 22 “ ^^22 ^nd eqn (4): 

ki (^22 “ ^^ 22 ) ~ “(^21 ” ^^ 21 ) 
and 

In the special case when 5ii - S 22 = 1; ^12 = ^21 = 0 the 
solution may be put into the form 

^11 “ A /12 cot0 [j/ = ^isin0 ^ ^2cos0 

A /22 + H 12^0x6 4fiCos6 + ^2sin0 ' 

where 6 = - arctan [2W,j/(W„ -H^)] . 



molecule, and the corresponding coefficients give the other 
(A/ — 1 ) molecular orbitals. 

The secular determinant crops up wherever one has several 
orbitals which one anticipates may interact. If there is a 
“perturbation that can mix one state with another the true 
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ground state of the system Is best found by a linear sum of 
the two unperturbed states. The energy of the new system is 
given by the lowest root of the secular determinant, and the 
set of coefficients corresponding to that root gives the best 
modification of the wavefunction. One example of this type 
of situation is provided by configuration interaction, and 
another by the ^Huckel method of conjugated molecules. 

The name secuiar originates in the appearance of the same 
kind of determinant in classical mechanics, and especially in 
celestial mechanics, A secular variation in the motion of a 
body, and in particular the orbit of a planet, is one that 
gradually develops over a long period of time [s8aculuni\ 

Latin for age or generation) as opposed to one that varies 
rapidly or periodically and is not cumulative. Why on earth, 
if you will forgive the allusion, does this have anything to do 
with molecular structure? The answer lies in the fact that 
variation theory may be related to perturbation theory, and 
that the perturbations of interest to variation theory are 
those that accumulate to give rise to a set of orbitals with 
well-defined and constant separation. This shows up 
especially clearly in degenerate-state perturbation theory, but 
that is a subject that deters unless it is called by some other 
name. One name that ought not to deter is “molecular-orbital 
theory, for when homonuclear systems are considered the 
molecular-orbital method is equivalent to degene rate-state 
perturbation theory. This can be appreciated by realizing 
that in the absence of interaction between the atoms all the 
atomic orbitals (of the same quantum numbers) which later 
are to be combined have the same energy (are ^degenerate). 
The effect of the interatomic interaction is like a perturbation 
on the degenerate systems. If we imagine putting the atoms in 
a molecular conformation, forbidding interaction, and then 
gradually turning on the interaction, we can appreciate that 
the perturbation gradually accumulates and the different 
linear combinations of atomic orbitals diverge until they 
attain the separations characteristic of the molecule. Thus we 
are really considering a strong secular perturbation on the 
atomic orbitals, and the separation of the levels can be found 
by the application of the secular determinant. 

The language of ordinary “perturbation theory also draws 
on the word secular. The expression for the energy to second 
order in some perturbation consists of a part involving only 


the original state of the system (see Box 16 on p, 172) and a 
part involving “virtual transitions to excited states. The former 
terms represent the effect of a secular term, or secular 
perturbation, whereas the latter represent the effect of the 
non-secuiar terms. 


Questions. The “variation method considers a linear com¬ 
bination of orbitals of the form i//- for a two- 

orbital system and then calculates the minimum value of 

Show that the extremal values of this 
expression correspond to the solutions of the two simultaneous 
equations = 0 and 

"ab- ^ob' 

arc various integrals. Set up and solve the secular determinant 
for this problem, and find expressions for the two sets of cs 
corresponding to the lower and higher energies. Apply this 
calculation to H 2 by identifying and with Is-orbitals 
on nuclei a and b respectively, taking — 1, 

H a, and . = H. ^ ^3, Suppose that S = 0. 

Now generalize the calculation to an orbital of the form 
c li' li/ 4-and show that the solution of the 

variational problem leads to an A/ X A/ determinant. Approxi¬ 
mations are usually made as to the values of the integrals 
involved in these secular determinants: this is the realm of the 
“Huckel method and its analogues, and you will find more 
problems set there. 


Further inforn}3tion. See MQM Chapters 7 and 10; the former 
deals with degenerate-state perturbation theory and the latter 
with the application of the secular determinant to various 
aspects of molecular structure. Further details will be found in 
§9,6 of Coulson (1961), §2.1 of Streltwelser (1961). §V 1.24 
of Pauling and Wilson (1935), g7b and §t1bof Eyring, 

Walter, and Kimball (1944), Pilar (1968), and McGlynn, 
Vanquickenborne, Kinoshita, and Carroll (1972). See “HCickel 
method, '^configuration interaction, and “perturbation theory. 


selection rule* Spectral lines result when a system makes a 
transition from one state to another of different energy, AH 
lines in a spectrum can be related to the difference between 
the energies of states of the system (each line can be expressed 
as a combination of “terms), but not all possible pairs of states 
give rise to spectral transitions: some transitions arsaliowed 











and some are forbidden. Se/ection rules tell us which are 
allowed and which are forbidden. They are generally quoted 
in terms of the changes that may occur in a ^quantum number, 
but sometimes they are rules about the way that the symmetry 
of the state may change. Occasionally one encounters the term 
gross seiecthn rule\ this refers to a property that a molecule 
must possess in order for the remaining selection rules to come 
into operation. Selection rules for a variety of transitions are 
shown in Box 24. 

There are various ways of understanding why the selection 
rules govern as they do. The gross selection rules refer to the 
fact that the molecule must have some way of interacting with 
the electromagnetic field: the presence of a permanent dipole, 
for instance, means that the electric field of a passing fight 
beam may accelerate the molecule by exerting a torque and so 
induce a ‘rotational transition. The other selection rules can 
generally be understood in terms of the possession by the 
photon of a definite intrinsic angular momentum (a "photon 
has -spinf. On absorption the photon is annihilated but 
angular momentum must be conserved, and this momentum 
appears in the electrons or in the nuclear framework. Rules 


BOX 24: Selection rules 

Atoms 

Electric dipole transitions: 

Ay = 0, +1; but J 0 -h'J ^ 0 
g“^u;g'-h-g, u -1^ u (Laporte rule) 

is=o i 

Ai = 0, ±1 ; but i = 0 -h-1 = 0 J 

Magnetic dipole transitions: 

A/ = 0,+1;butJ = 04^7 = 0 
9g, u ^ u; g 4+ u 
AL = 0 , ± 2 . 

Electric duadrupole transitions: 

A/= 0, ±1, ±2; butJ = 04>7 = 0 

9^9, u—»-u;g4+u 
_ = 0 , + 1 ; +2; but Z. = 0 4* i = 0 , 


in Z.S-coupJing. 
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Molecules 

Electric dipole transitions: 
electronic transitions: 

A/= 0, +1; butJ = 04^ J = 0 
4—»’-; + 4+4,—k- 
9 —*■ u; 9 4->’ g, u 4^ u 
s-^s, a—»'a;s4-»-a 

case (a): AA=0, ±1;butfor A=0“+A =0: 

AS-Q 
AZ = 0 

cases la) & (c): A£2= 0, ±1; but S2= 04->-n = 0 if A/ = 0 
cases (b) & (d): An = Q, ±1; but in (b) A=04+ A=0 
for An = 0. 
vibrational transitions: 

absorption (i.r.): dipole moment most change along 
■normal coordinate 

Av=±1. 

Raman; polarizability must change with vibration 
Ap=+1. 


vibration-rotation transitions; 


Ap = ±1; AJ = 


+2 
+ ? 
0 



S-branch {Raman, Stokes) 
R-branch (Lr.) 

Q-branch t (ijJ 
P-branch (i.r.) 

0-branch (Raman, anti-Stokes). 

t Only if molecule has component of 
a.m. about axis. 


rotational transitions: 

absorption {microwave): molecule must possess 
permanent dipole moment 

= ±T, 0. 

Raman: anisotropic polarizability of molecule 
AJ = ±2 {Stokes: +2; anti-Stokes: —2). 
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self-consistent field 


such as M — ±1 or A/ = ±t reflect this conservation of 
angular mofnentum, and are discussed further under ^electric 
dipole transitions and in the sections on the different types 
of spectra (see also ^magnetic dipole and electric quadrupole 
transition for a variant of this rule). 

All the rules may be deduced from an examination of the 
form of the transition dipole moment (see ^electric dipole 
transition). One very important way of examining this 
moment is by "group theory: those who know about group 
theory and Irreducible representations should remember that 
the product of the irreducible representations of the initial 
state^ the final state, and the transition moment operator 
must contain the totally symmetric irreducible representation 
for the transition not to be forbidden (Box 4 on p, 33)* Those 
who do not know enough group theory to understand this 
important rule should learn some as soon as possible. 

Further mformat/on. See MQM Chapter 5 for a discussion of 
the group-theoretical basis of selection rules, and Chapters 
8 and 10 for their application to all the types of atomic and 
molecular transitions. Other group Theoretical discussions 
will be found in the references in the entry on group theory. 
The applications to spectra are also described under 
electronic, ^vibrational, "rotational, and *Raman spectra, and 


PIG, S3, The self-consistency 
cycle. 


Stort here 



detailed accounts will be found in Barrow (1962), Whiffen 
(1972), King (1964), and Herzberg (1944, 1945, 1950, 1966), 

self-consistent field. The self-consistent field (SCf^) method 
of calculating atomic and molecular structures was originated 
by Hartree, improved by Fock, and used by almost everyone. 
The basis of the method is to guess the "wavefunctions for all 
the electrons in the system. Then one electron is selected and 
the potential in which it moves is calculated by freezing the 
distribution of all the other electrons and treating them as the 
source of the potential. The Schrodinger equation for the 
electron is solved for this potential, and so a new wavefunction 
for the electron is obtained. This procedure h repeated for all 
the other electrons in the system, using the electrons in the 
frozen "orbitals as the source of the potential. When the cycle 
is completed (Fig. S3) one possesses a set of orbitals for all 
the electrons of the system, and in general these will differ 
from the original, guessed set. Now the cycle is repeated, but 
improved wavefunctions generated by the first cycle are used 
as the initial guess: a complete cycle generates a new set of 
improved functions. This sequence is continued until passing 
a set of orbitals through the cycle leads to no change: the 
orbitals are then self-consistent. 



Solve Schriiciinqcr ^ 
eqiiohon for ijj^ in field 
of eJectrom in ut 


Obroin 


Solve SchrOdinqer n 
equation for in field 
of electrons m t/a' 


repeat cycle until not siqnificontly different 


End of gome 























1. The Hartree method takes the view that the atom or 
molecule can be represented as a product of orbitals, one 
for each electron. Therefore it guesses a set of functions, and 
sets the self-consistent machinery in operation; after a numbei 
of cycles the solution has become stable, and so one has a 
function (still a simple product of one-electron orbitals) that 
describes the structure of the system, and a set of orbital 
energies from the solution of the Schrddinger equation. Thd 
calculation is actually done with the Hartree equations (see 
Box 25) in which the potential experienced by one electron is 


BOX 25: Self-consistent fields 
Hartree equations 


n 


n 


y CL ^ ^ 1 

where the Coulomb operator is 

1) = /d72 4>J{2) 4/. (2) (e V47reor,2). 
Sum / runs over occupied orbitals. 

Hartree-Fock equations (closed shell) 

[^='*^“(1) x-.d)] 

/ - T / =: 1 

where the exchange operator is defined through 
/f,-11(1) = /dri (eV47reor ,2 ) 1) 

£=y[[2e.-2J., + K..] 

U 

with = 

X/i 

as the Coulomb and exchange integrals. 


the sum of its interactions with all the other electrons. The 
presence of the electron is not allowed to distort the electron 
clouds locally: Its effect is to distort the orbitai as a whole. No 
possibility of the other electrons tending to keep away from 
the position of the electron of interest is admitted; electron 
correlation effects are ignored; see Fig. C3 on p. 43. 

2. In the Hartree-Fock method the self-consistent field 
procedure takes into account the indistinguishability of the 
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electrons as required by the ^Pauli principle. That is, it allows 
for the possibility of "exchange. To do so it takes as the 
wavefunction a "Slater determinant, and then enters the 
self-consistency cycle of Fig. S3, The potential experienced by 
each electron is the Coulombic potential modified by the 
"exchange energy {which is the correction of the Coulombic 
repulsion energy required in order to take into account the 
tendency of electrons with like spins to avoid each other). The 
Schrodinger equation is cast into the form of the Hartree-Fock 
equations (Box 25), where the first part of the potential is the 
uncorrected Coulombic interaction of the electron with all the 
other electrons in their frozen orbitals, and the second part is 
the exchange-energy correction. The Hartree-Fock (HF) 
method also neglects the "correlation energy. The unrestricted 
Hartree-Fock (UHF) method allows more freedom to the form 
of the orbitals by permitting the spatial form of the orbital to 
depend on whether the electron has an ck or a ^ "spin. 

it is normal for the atomic and molecular orbitals used as 
a starting point in SCF calculations to be "linear combinations 
of atomic orbitals, and the accuracy of the calculation is 
severely curtailed if the functions chosen are too inflexible; 
this might occur if too few (too small a bask sef) have been 
chosen. A convenient set of orbitals with which to commence 
a calculation are the "Slater atomic orbitals. The evaluation of 
molecular integrals is considerably simplified if "gaussian 
orbitals are used, but more of these must be used if the atomic 
wavefunctions are to be at all reasonably represented. When 
the labour of an SCF cafcufation appears to be too great, or is 
actually found to be too great, approximations are introduced 
in a more or less rational fashion: such methods constitute the 
seoii-empirical SCF calculations (see "Huckel method) as 
opposed to the a priori or *ab mitio SCF calculations which 
begin from scratch and proceed without approximation (apart 
from the approximations inherent to the HF scheme). In all 
cases the calculations can be improved by permitting "con¬ 
figuration interaction. 

Questions. Outline the sequence of calculations involved In a 
self-consistent field calculation. When does the cycling pro¬ 
cedure cease? What is the basis of the Hartree method? What 
does it neglect? What is the basis of the Hartree-Fock method, 
and why is it an improvement on the Hartree method? Why is 
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sequence 


the HP—SCF method unable to provide exact atomic wave 
functions and energies? What is the UHF—SCF method? What 
interpretation cou^d be put on the letters HF—SCF—LGAO“ 
MO, and what process of computation would you understand 
by it? What is the difference between an ab initio SCF caF 
culation and a semFempirical calculation? What errors are 
introduced by using too small a basts set, and what is meant 
by a 'basis set' in this context? Show that it is necessary to 
deal with electron repulsion and exchange integrals involving 
orbitals located on up to only four atomic centres. Why is it 
unnecessary to invent methods to deal with S^centre integrals 
in HF calculations? 

Further informBtion. See MQM Chapter 8. A simple intro¬ 
duction to the methods of atomic and motecular energy 
calculations is given by Richards and Horsley (1970) and by 
McGlynn, Vanquickenborne, Kinoshita, and Carroll {1972), A 
classic account of atomic-structure calculations, which 
illustrates the headaches which Hartree must have suffered 
before electronic computers were available, is described in 
Hartree (1957). Both Richards and Horsley and McGlynn 
etaL work through sample calculations. The semi-empirical 
methods are described under '■Huckel method. 


sequence. First review and be quite dear about the meaning 
of a ^progression in the '^vibrational structure of the '’electronic 
spectra of molecules. A^guence ts a series of lines that have 
in common the same value for the difference of the vibrational 
quantum numbers for the upper and lower electronic states. If 
the upper vibrational quantum number is ¥ and the lower P , 
then the lines that have P* — p" = 0 form one sequence, those 
with V — P^' = —1 form another, those with P' — = +1 a 

third, and so on (see Fig. S4). 

All the lines of one sequence would lie at the same 
frequency if the vibrational energy levels in both the 
electronic states were evenly spaced, but the '’anharmonicity 
of the vibrations destroys the ever> separation of a truly 
“harmonic oscillator, and so the separation of the lines of a 
sequence yields information about the deviation of the 
molecular potent!aFenergy curve from an ideal parabolic 
form. 
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FIG. S4. Two sequences. 


Questions. What is a sequence, and how does it differ from a 
progression? What information is it possible to extract from 
the positions of the lines in a sequerice? When may all the lines 
of a given sequence be coincident? Would you expect the 
intensity of the lines In a sequence to be the same; if not, what 
is a major influence on the intensity? Given that the vibrational 
energy of the ground state depends on p" through the 
expression lS{P^^ + ^) 4 4 with a similar 

expression for the excited electronic state vibrational energies, 
calculate the frcquendes of the 0, ^1, and +t sequences. 

Further information. See MQM Chapter 10. Detailed infor¬ 
mation about the appearance, analysis, and formation of 
sequences will be found in Barrow (1962), Whiffen (1972), 
Gaydon (1968), and Herzberg (1960, 1966), 

ssrios. The frequency of any spectral transition may be 
expressed as the difference of two “terms, each term 
representing the energy of a state of the atom or molecule. 

Let us denote the terms 7"^, where n Is some index which 






























































is generally identified as a ‘tiuantum number or a coilection 
of quantum numbers for the system. The frequency of each 
transition from a state n to a series of other states n is simply 

spectrum for a fixed n 
and changing n is called a ^ectra/ series. 

Some of the most famous spectral series occur in the alkali 
metals and involve transitions of the single valence electron. The 
transitions in which an electron in a p-orbital drops down into 
the ground-state s-orbital (see Fig, S5) gives a series of lines 
known as the principal series (and hence the notation 'p' for 
the orbitals involved); the series formed by the light emitted 
as the electron faffs from some upper s-orbital into the lowest 
p-orbital constitutes the sharp series (and hence 's'); the 
decay of electrons from the upper excited d-orbitals falling 
into the lowest p-orbital gives a diffuse series (thus it looks, 



FfG. S5, S, P, D, F series in sodium. 
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singlet and triplet states 

and hence'd'); and as electrons in f-orbitals drop to the 
lowest d-orbital so is generated the fundamental series (and 
hence T'), The transitions are illustrated in Fig, S6. 

Further information. See MQM Chapter 8 for more infor¬ 
mation about series. The structure of atomic spectral 
series is described by White (1934), King (1964), Herzberg 
(1944), Whiffen (1972), Kuhn (1964), and Condon and 
Shortley (1963), The “selection rules that led to the con¬ 
struction of Fig, SSare described in that section. Molecular 
series are discussed in King (1964), Barrow (1962), Whiffen 
(1972), and Herzberg (1950, 1966), 

singlet and triplet states. In a singlet state the net ’spin 
of a many-electron system is zero (S = 0), In a triplet state 
the net spin is unity {5^= 1), The spin “angular momentum 
’vector may have a series of projections on a selected axis. 
These projections are distinguished by the quantum number 
which can range in unit steps from S down to —S. It 
follows that may take on three values (M^ = 1, 0, —1) 
when 5 — 1, but only one value = 0) when S — 0: hence 
the names triplet and singlet. 

The distinction is easiest to see in the case of a system 
composed of two electrons. As each electron can have a pro¬ 
jection or — ^ (which we denote o or j3) the com¬ 

bined system can be in any of the four states o{1 )ot(2), 
o(1 )/3{2), ^(1 )c£( 2), and j3( 1 )jS[2). The middle two choices do 
not correspond to a resultant spin vector of fixed length 
because the a and j3 vectors can make any azimuthal angle to 
each other. If we specify the azimuth of one with respect to 
the other we shall get a definite resultant: if od ) and (3(2) 
are in phase they give a resultant corresponding to S — 1; if 
they are ISO*^ out of phase their resultant is zero and 
corresponds to a state with S = 0 (see Fig, S6), It is worth 
emphasizing that when we say that spins are 'paired' in a 
singlet state we mean not only that one hasct spin and the 
other /J but also that they are relatively oriented so that they 
point in opposite directions, (In the = 0 state of the triplet 
one electron has a spin and the other j3 but their resultant is 
not zero.) One can show from quantum mechanics that the 
appropriate form of the spin function for the triplet (in-phase) 
state with = 0 is a{ 1)^(2) + /3(1 )q:( 2), and for the singlet 





































218 


Slater atomic orbitals 



(out'of-phase) state it isO£{1))3{2) —^(1)0(2), The other two 
states of the tri plet (M^ — ± 1) are Of (1 )q! (2) and (i{ 1)j8( 2) * 

It ts possible to convert a singlet term into a triplet (and 
vice versa) by making one electron spin precess faster than the 
other* This may be brought about by applying different mag¬ 
netic fields to the two spins so that their Larmor frequencies 
(see ""precession) differ: an in-phase (triplet) orientation 
is thereby gradually turned into an out-of-phase orientation 
(Fig. S7). A field from a laboratory magnet cannot effect the 
interconversion (which is known as mtersystem crossing, ISC) 
because it affects both spins equally (the magnet's field is 
homogeneous on a molecular scale)* A magnetic field arising 
from within the molecule may be able to rephase the spins* 
For example, the "spin-orbit coupling to one electron might 



FIG. S7. Relative re-phasing of the spins lead to irlplel-slnglet inter- 
conversion. The hatching denotes a region of a different spin-orbit 
coupling. 



FiG*S6 . Triplets and singlets: 
note the different phase of and 
iS in the M “ 0 slate of the singlet 
and the triplet. 


differ from that to the other, and as this interaction is 
magnetic, we have a situation in which the Larmor frequencies 
differ. This is the reason why molecules containing heavy 
atoms (with large spin-orbit couplings) are efficient at inter¬ 
system crossing (see ^^phosphorescence). 

The interconversion of ortho- and para-hydrogen (see 
"nuclear statistics) can be brought about by paramagnetic ions 
because the singlet ar^d triplet phasing of the nuclear spins can 
be interconverted by the inhomogeneous field which such an 
ion may generate if it is closer to one nucleus than the other* 

Further information. See Chapter 6 and Chaper 10 of MQM 
for a more detailed discussion of singlets and triplets, and their 
interconversion* The role of the triplet state in chemistry, and 
its detailed quantum mechanics, is discussed in McGlynn, 
Azumi, and Kinoshita (1969), who give many references* The 
photochemical consequences of the differences between singlet 
and triplet states are discussed by Wayne (1970) and Calvert and 
Pitts (1966). The difference is taken up in "Hund rules and 
""spin correlation, which you now should see* A manifestation 
of singlet-triplet ISC is "phosphorescence. 

Slater atomic orbitals. Atomic orbitals in many-electron 
atoms have a complicated dependence on position which can 
be represented accurately only be listing their amplitude 
numerically. For many purposes it is desirable to have an 
analytical function rather than a table of numbers, and the 


















































Slater atomic orbitals are analytical functions based on the 
numerical results, but designed to reproduce them with 
moderate accuracy, A set of simple rules has been devised 
which enable the Slater-type orbital (STO) to be written for 
any electron in any atom. 

Each orbital has a radial dependence given by ^ 

exp( fr) and an angular dependence given by the “spherical 
harmonics corresponding to the appropriate values of the 
quantum numbers £ andm^ (see Table 23). The rules for 
finding the effective principal quantum number n* and f are 
as follows, 

t. n* is related to the actual principal numbers by the 
correspondence/T using the rule 1 ^ 1, 22, 

3 —^ 3, 4 ^ 3*7, 5^4, and 6 4*2, 

2. is related to tbe effective atomic number by 

is related to the true atomic number by 

= Z — a; o is the screening constant. 

3, The screening constant is calculated by classifying 
atomic orbitals into the following groups: (Is); (2s, 2p); 

(3s, 3p); (3d}; (4s, 4p); (4d); {4f); {5s, 5p); {5d); . . a is the 
sum of a number of contributions arising from each group, and 
is caiculated as follows. Let the atomic orbital of interest be ih 
a group X and let it have a principal quantum number /?* The 
contribution from the other electrons present is 

(a) from electrons outside group X (that is, to the right of 
X in the list}: 0; 

(b) from electrons in group X; 0'30 if the electron is Is but 
0*35 from any other electron in X; 

(c) if the electron of interest is ; 7 S or np 

(t) for each electron with principal quantum number 
number n — t: 0'85; 

(ii) for each electron with principal quantum number 
n-2,/?- 3, . ,1*00; 

(d) if the electron of interest Is nd or rrf, for each electron 
in a group preceding X in the list: 1-00, 

Slater-type orbitals for the valence orbitals of the first-row 
atoms are given in Table 21. 

Inspection of the form of the Slater orbitals reveals a 
serious defect: they possess no radial nodes. One consequence 
of this is that they are not “orthogonal. They may be made 
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mutually orthogonal by the Schmidt orthogonalization pro* 
cedure, and so this defect can be overcome (see “orthogonal 
functions for the procedure), 

Questfons. Deduce the form of the Slater-type atomic 
orbitals for the Is-orbital in H, 2s in Li, 2s and 2p in C, N, 0, 
and F, and the 3d in Fe^ and Fe. Find the “normalization 
constant for the general STO. Find the mean radius of the 
electron distribution in each of the orbitals just set up. Show 
that it is possible to choose a sum of the Is and 2s STOs that 
is orthogonal to the Is-orbital: this is the Schmidt procedure 
for orthogonalizing 2s to Is, and it may be extended to 
orthogonalize 3s to both Is and 2s: do so (see “orthogonal 
functions). What effect does orthogonalization have (in this 
case) on the number of radia! nodes, and for the C atom, the 
mean radius of the 2s-orbital? 

Farther information. See MQM Chapter 8 for a brief dis¬ 
cussion, A useful discussion of Slater-type orbitals is given 
in §rL8 of Coufson (1961), Murrell, Kettle, and Tedder (1965), 
and McGlynn, Vsnquickenborne, Kinoshita, and Carroll 
(1972), The last, in Appendix B, give many references to the 
expression of “seif-consistent field orbitals in terms of sums of 
STO's and a table of orbitals. For the Schmidt orthogonal 
ization see “orthogonal functions. “Overlap integrals involving 
Slater atomic orbitals are referred to under that heading. 


Slater determinant* According to the “Pauli principle the 
wavefunction for a system of electrons must change sign 


whenever the coordinates of any two electrons are inter¬ 
changed, It follows that a simple product of the form 
0^{1 )i//^(2) i/^(3) , . . ^ (A/), where electron 1 occupies 
orbital with spin a, and so on, is inadequate, it is possible 
to ensure that a product of this form does satisfy the Pauli 
principle by writing it as a determinant: 


(1/A/O^ 


^"(1) i^r“(2) \Ij^{3) .. . 
^“( 1 ) \Ij^{ 2) \p^[3) . . . 


* * ,,,* 
^p(l) \p^{2) 4/^ i3) ... {N] 
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Expansion according to the rules of manipulating deternninants 
leads to N\ terms, half occuring with a -l-ve sign and half with 
-ve. The factor (1//VI)^ ensures that the determinantal wave- 
function remains normalized* That this Slater determinant 
satisfies the Pauli principle follows automatically from the 
property of determinants that interchange of any pair of rows 
or columns reverses its sign* Suppose that we interchange 
electrons 1 and 2, so that electron 1 is put into the orbital 
hitherto occupied by electron 2, and vice versa. The effect on 
the determinant is to interchange the first and second columns, 
and so the sign changes. The same happens when any pair of 
electrons are interchanged, and so the determinant is the 
appropriate combination of the one-electron orbitals. 

It should be observed that the "Pauli exclusion principle 
follows from the disappearance of a determinant when any 
two rows or columns are identical. Suppose that electron 1 
entered orbital \f/^ with spin a and that electron 2 joined it 
with the same spin. Then the first two rows of the determinant 
would be the same, and so it would vanish; therefore it is not 
possible to form a state in which more than one electron 
occupies the same orbital with the same spin. 

A word on notation; the orbitals with their accompanying 
spin are known spin-orbftafs. A spin-orbital corresponding 

to spin dc instead of being written ^ Is sometimes written 
merely ^ with the oc spin understood. In this notation the 
^spin-orbital is denoted Much paper would be employed 
if a determinantal wavefunction were alway s written in full; 
therefore it is normally denoted by listing only the terms on 
the diagonal and ignoring {but remembering) th^normallotion 
constant. The determinant above becomes 
in this notation. 

It should be noted that only for closed-shell species can the 
wavefunction be represented by a single Slater determinant; 
when the shell is incomplete a linear combination of determin¬ 
ants must be used. 

Questions. Why is a simple product of orbitals an Inadequate 
representation of the state of a many-electron system? Why Is 
a Slater determinant a suitable representation? Write the Slater 
determinant for the helium atom, expand It, and confirm by 
inspection that it satisfies the Pauli principle. Do the same for 
four electrons in the lowest-energy configuration of a one- 


dimenslona! square well. Confirm that the helium atom must 
have paired spins in its ground state, but that in an excited 
state they may be paired (a "singlet) or unpaired (a triplet). 
Repeat these considerations for the hydrogen molecule. 
Continuing with a two-electroo system, write down the 
"hamiltonlan and show that a simple (non-determlnantal) 
product function leads to an expression for the energy in 
which the electronic interactions are represented solely by a 
Coulombic repulsion term, but that when a Slater determin¬ 
ant is used an additional integral appears (the "exchange 
integral). What Is the value of this exchange integral in the 
ground state of helium? 

Further information. See MQM Chapter 8. See Richards and 
Horsley (1970) for a gentle Introduction to the way of manipu¬ 
lating determinantal wavefunctions, and McGlynn, 
Vanquickenborne, Kinoshita, and Carroll (1972) for a more 
detailed version. The role of the Pauli principle in determining 
the energies of atoms and molecules is described under 
"Pauli principle, and aspects of the consequences are the 
"exchange energy, Fermi hole, and "Spin correlation. The 
"localization of molecular orbitals into regions of a molecule 
can be demonstrated in terms of properties of a Slater 
determinant. 


spectroscopic perturbations. The presence of a 
"perturbation generally muddles a system by shifting energy 
levels and causing states to take on to some extent the 
characteristics of other states. Spectra arise from transitions 
between energy levels, and therefore perturbations appear as 
shifts and changes in intensity of the spectral lines. For 
example, one might be following a series of spectral lines 
forming a regular array on a photographic plate, and then in 
the region of a particular frequency the lines lose their 
regularity and the spectrum seems distorted. This is a 
spectroscopic perturbation and has arisen because several 
states that can be mixed by a perturbation have come close 
together in energy. 

Two classes of perturbation are often distinguished: a 
homogeneous perturbation is an interaction mixing vibrational 
and electronic levels, and in a linear molecule it mixes states 
with the same value of the "quantum number A. Abetero- 













^neousperturbation is a rotational-electronic interaction 
<35 in Ar *doubNng) and mixes states differing in A by 
± 1 . 

Farmer information. See §6.19 of King (1964) and §V.4 of 
Herzberg (1950). Seeaiso Herzberg (1966), Krdnlg (1930), 
and Kouacs (1969). Revise “perturbation theory, -»super* 
position principie, ^resonance, and “predissociation, 

spherical harmonics. The spherical harmonics are a set of 
functions of the angular coordinates 0 and 0 (as defined in 
Fig. S6), that satisfy the differential equation = 

—-F f) where A^ is the legendrian operator 

(see ^’laplacian). These may be expressed as simple poly- 
nomiafs of sin 0, cos 0, sin 0, and cos 0, or as polynomials in 
X, y, and z (Tables 22 and 23), and visualized as the vibrational 
modes of a spherical shell. 



FIG, S8, Spherical polar coordinates. 

Each function is distinguished by the labels 12 and m\ Si may 
take any positive integral value, including zero;and m, for a 
given value of may vary in unit steps from —£ to £. These 
properties of £ andm should be strongly reminiscent of the 
properties of ''orbital angular momentum, and it is in fact the 
case that the spherical harmonics are the wavefunctions 
corresponding to states of angular momentum Sl,m, 

The function 's a constant {1/2 /tt) and therefore 

has the same value at all points on the surface of the sphere: it 
can therefore be cfepicted by the function drawn in Fig. S9 a, 
where Yq^q is the surface at a constant height above the 
spherical surface, A convenient way of denoting this isotropy 
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FIG. S9. (a) hs suxiliary, and a cross-section, (b) y^niO.th}, ■ 

(or spherical symmetry) is to mark off the value of the 
function at a point as a length along the radius of the sphere: 
this gives rise to an auxiliary function, itself a sphere of radius 
which contains all the information about the shape of 
itself. The connexion between this auxiliary function and 
the representation of a ls*atomic orbital should be noted 
{see p, 108), There are no angular “nodes in Ko,o, and so it 
corresponds to a wave with zero “orbital angular momentum. 
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The function 0) is proportional to cos 0 and is 

independent of <p. It has extrema at the poles and is zero 
on the equator, and may be represented as in Fig* S9 b. The 
auxiliary function may be constructed in the same way as 
before, and it will be observed that in the northerr^ hemisphere 
the wave has a positive amplitude, and that this is denoted by 
+ in the auxiliary function; and that in the southern hemi^ 
sphere the amplitude Is negative. The resemblance of the 
auxiliary function to the boundary surface of a p^^orbital 
should be noted. Since there is one angular node the wave 
represents a state of angular momentum with “ 1. An 
observer looking along the z*axis would not see the equatorial 
node, and so the component of momentum about the z-axis 
IS zero {and that, it should be recalled, is the significance of 
the quantum number m being equal to zero). 

The other spherical harmonics corresponding to = 1 are 
those with m = 1 and —1: both these functions are complex 
(but not complicated) and correspond to waves running round 
the z-axis with their amplitudes predominantly in the 
equatorial zone. Combinations of the two functions may be 
constructed that are real, and correspond to standing waves: 
one combination is which is proportional to 

cos 4> (inspect Table 23), This has the same shape as Y t>ut 
IS orientated along the x-axis. The combination Yi,i ” 
which is proportional to sin 0, is also of that shape and is 
directed along the K'^xis. The connexion of these combinations 
with the p^- and the -orbitals should be appreciated. 

The procedure may be continued to include the five functions 
with £ = 2, and the functions generated have a close 
resemblance to the d^orbitals of atomic theory (Fig. S9 c 
and Fig. HI2 on p. 105). In each case the number of angular 
nodes is equal to £ (we count each plane surface as a node) and 
the connexion of the number of nodes and the angular 
momentum arises as a consequence of the ^de Broglie relation 
and the connexion between the ""kinetic energy of a state and 
its “wavefunction. The orbital shapes and the atomic-orbital 
boundary surfaces are not identical, because the latter are 
boundaries enetosing chosen amounts of amplitude or density 
and the dependence of these on the radius (as welt as the 
angles) distorts the spherical harmonic shapes* 

!f It is desired to find the distribution of a particle sliding 
round the surface of a sphere with a particular angular 


momentum, then in accord with the Born interpretation (see 
"wavefunction) It may be calculated by taking the square of 
the appropriate function. Thus a particle with zero angular 
momentum (£ == 0) Is spread evenly over the surface; one with 
t IS found either predominantly in the polar regions 
(m = 0) or in the equatorial {m — ±1); one with £ — 2 
is found strongly in the polar regions, but also with a significant 
density spread smoothly around the equator {m = 0), or in 
two bands concentrated at 45^ N and 45 S (m = ±1), or 
in a band highly concentrated on the equator (m — ±2), 

Questions. 1* What is the significance of the spherical 
harmonics in classical theory and in quantum theory? What 
values may the indices £ and m take, and how many values of 
m are permitted for a particular value of £? What is the shape 
of Yq,q, and why is it piausible that it corresponds to a state of 
zero orbital angular momentum? To what vibration of the 
surface of a sphere does it correspond? Construct the 
auxiliary function for a p^*, a and a d^^^^-orbital. Draw 

the shape of the function that determines the probability 
distribution of the particle in each of these orbitals* To what 
vibrations of the sphere do these orbitals correspond? How 
could each vibration be stimulated? Repeat the exercise for 
an f-orbital (£ = 3). Compare your answers with the represen¬ 
tation of the "hydrogen atomic orbitals depicted in Fig. H12 
on p. 105. Why should the contour diagrams there resemble 
(rather than be identical with) the auxiliary functions you 
have drawn? Suppose you took a spherical shell around the 
proton in the hydrogen atom and at each point plotted the 
value of the wavefunction in the various orbital states, might 
you expect the function so obtained to be identical to the 
functions you have been drawing in this section? Why is that? 
Calculate the latitude of the maximum concentrations of 
electron density in the orbitals d^^, 

2. Confirm that the functions Yq.o, Yi^u ^4,3 do indeed 
satisfy the differential equation that defines the spherical 
harmonics* Use the legendrian operator in Box 11 on p, 124. 
Apply the operator £^ (see Box 14 on p. 161) to the explicit 
expression for the general form of the spherical harmonics 
and confirm that is an eigenfunction of £^ with eigen¬ 
value mh. Prove that the standing-wave solutions 
Yi] are eigenvalues of the magnitude of the angular 

JL, — m 





momentum, but correspond to states with zero component of 
angular momentum about thez-axis (as should be expected for 
standing waves), and are not eigenfunctions of the operator 
(see "quenching). 

Further information. See MQM Chapter 3 for a further dis¬ 
cussion of the spherical harmonics, their connexion with 
angular momentum, and illustration of auxiliary functions. A 
pleasing account of the properties of the spherical harmonics 
and their relation to states of particular orbital angular 
momentum, to waves on a flooded planet, to tidal motion, 
and to the vibration of spheres is given by Kauzmann (1957). 
See Kauzmann (1957) also for the solution of the differentia] 
equation for the spherical harmonics, and Pauling and Wilson 
(1935), Alternative derivations are provided by MQM 
Chapters, Rose {1957}, Brink and SatchJer (196S), and 
Edmonds (1957). The mathematicaf properties of the spherical 
harmonics, and their components the associated Legendre 
functions, are given in detail by Abramowitz and Stegun 
(1965), 


spin. The spin is the intrinsic, characteristic, and irremovable 
"angular momentum of a particle. A convenient fiction is to 
suppose that the spin is the angular momentum arising from 
the rotation of a body about its own axis: this model enables 
one to recall most of the properties of quantum*mechanical 
spin, and in particular to understand (albeit at only a shallow 
level) why charged particles with spin also possess an intrinsic 
magnetic moment. The quantum-mechanical description of the 
spin of a particle leads to the following conclusions. 

1. The magnitude of the spin anguiar momentum of a 
particle is determined by the spin quantum numbers which has a 
positive, unique, integral or half-integral value characteristic of 
the particle. If the value of s is known the magnitude of the 
spin can be calculated from the expression [s{s + 1)] As 
an example, the spin of an electron is s = this means that its 
spin angular momentum is or 0^91 X 10“^"^ J s, what¬ 

ever its other state or condition (the spin is an ineluctable 
characteristic of the particle, like its charge). Each nucleus has 
a characteristic spin, and the letter / is used in place of s as the 
nuclear spin quantum number. See Table 17 for a list of the 
spins of some nuclei. 
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2, The orientation of the spin anguiar momentum is 

quantized (confined to particular angles) in the manner of all 

“angular momenta. The orientation is determined by the value 

of the magnetic quantum number m : m h is the value of the 

s s 

component of spin angular momentum on an arbitrary axis in 
space (conventionally thez-axis). As an example, two values 
of m are permitted for the electron (s — namely m - +1, 
corresponding to a component of magnitude on the z-axis, 
and corresponding to a component on the 

z^axis. The different signs are often referred to as denoting an 
'up-spin' (or Of-spin) or a 'down-spin' (or ^spin), and the good 
sense of this can be appreciated from a "vector mode) of the 
situation. 

3, Spin is a nomcfassfcaf phenomenon In the sense that if 

h were zero the spin angular momentum would vanish. Do not 
draw the conclusion that all angular momenta are non-classical 
in the same sense: an orbital angular momentum of magnitude 
[£{2 + 1)1 could survive the dwindling of h to zero in a 
classical world because 12 can be increased without limit so that 
the product did not vanish; but the value of s is fixed. 

4, Spin is not a reiativistic phenomenon in the sense 
normaily put on these words; thus aithough spin emerges 
naturally as a consequence of “Dirac's relativistic equation it 
is possible to arrive at its existence without referring to 
relativity, 

5, Spin is a fundamentaf dassifier and divides all matter 
into two camps with fundamentally different behaviour. 
Particles with half-integral spin are called ^fermions and 
satisfy Fermi-Dirac statistics', particles with integral spin 
(including zero) are ^bosons and satisfy Bose-Einstein 
statistics. The two classes satisfy different forms of the ^Paull 
principle, and because of this they show profoundly different 
behaviour. It is just possible that there exists a third camp 
containing the parafermions which are neither fermions nor 
bosons and might be needed to account for the properties of 
quarks, if these exist, 

6, The tendency of ^ins to °pair is a term too often ill-used 
Irr fallacious accounts of chemical bonding, where it is quoted 
as the reason why bonds form. Energy considerations govern 
bonding, and if by pairing electrons are enabled to enter a 
low-lying orbital, and so reduce the energy of the molecular 
system below that of the separated atoms, then pairing will 
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occur. But rather than showing any transcendental mutual 
affection they are forced to pair (essentiallv by the *Pauli 
exclusion principle} in order to achieve this iow-energy state. 

Ouestfons. What is spin? What do the quantum numbers s and 
signify? What angle does the spin-momentum vector make 
to the z-axis in the oc-spin state of an electron? What is the 
mEnimum angular momentum of a “photon? Why is spin non- 
classical? Which of the foil owing species are fermions and which 
are bosons: e, p, n, ^He, photon, and quark? Why 
do electrons seem to show a tendency to pair? 

Further mformation. See MQM Chapter 6 for more infor¬ 
mation,. especially information about coupling spins together. 
See Dirac (1958) for a horse's mouth account of spin, and 
Salem and Wigner (1972) for speculations on parafermions. For 
the angular momentum of spin see “angular momentum and 
references therein. For an account of the manifestations of 
spin see Wheatley (1970), and McWeeny (1970) for a more 
sophisticated version. For an account of other properties that 
behave like spin (for example, charge) see Lipkin (1965) and 
Lichtenberg (1970). Spin was introduced empirically by 
Uhlenbeck and Goudsmit (1925, 1926) in order to explain 
features of “atomic spectra, developed into a consistent theory 
by Pauli, and then shown to be a consequence of “Dirac's 
equation. The historical development of the idea is described 


in §3.4 of Jammer (1966), a book well worth turning to in 
order to see the emergence (and sometimes eclipse) of the 
unconventlonaL See also “Stern-Gerlach experiment for an 
earlier experiment proving the existence of spin, but not 
interpreted then as such. Why spin is not a necessarily 
relativistic phenomenon is described by Galindo and 
Sanchez del Rio (1961). 

spin-correlation. Electrons with parallel “spins tend to stay 
apart, and those with opposite spins tend to bunch together. 
This remarkable phenomenon has nothing to do with the 
charge of the electron (although it affects the average 
Coulombic repulsion of two electrons and appears in the 
“exchange energy); nor is it, one presumes, supernatural. The 
Tendency is an intrinsic property of electrons and is a con¬ 
sequence of the “Pauli principle. This may be seen by con¬ 
sidering a wavefunction for two particles r 2 ), and 
supposing that the particles have no interactions. Then the 
wavef unction can be written as the product 
where particle 1 occupies orbital a and particle 2 occupies 
orbital b. If such a wavef unction is to accord with the Pauli 
principle it must be modified to i/^a(ri)i//b(r 2 ) + 
tf the spins are paired, and to 

they are parallel. In the latter case we can investigate the 
probability of finding both electrons at the same point by 


FIG. S10. Formation of & Fermi 
hole. Contours of total wave- 
function for two non-in tersctlng 
particles in a one’dimenslonal 
square well. Note that node at 
xi = X 2 when the spins are 
parallel. 
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letting and r 2 comcide: the wavefunction becomes 

snd vanishes. Therefore we 

must conclude that there is a vanishing probability of finding 
both electrons at the same point if their spins are paralleL 
In Fig. SIO is illustrated the situation for two particles 
(eiectrons, with their charge ignored) in a one-dimensional 
square well (a narrow wire). The contours depict the prob¬ 
abilities of finding the particles at points and X 2 in the wire 
when one particle occupies the ground state {/? = !, see 
^particle in a square well) and the other occupies the first 
excited level In = 2). The mutual avoidance when the spins are 
parallel (Fig. S10 a) is manifest as the disappearing probability 
along the line Xi = X 2 * If one imagines an electron at some 
point, then one may imagine a small surrounding volume into 
which electrons with the same spin direction will tend not to 
penetrate: this region is referred to as a Fermi hole. An 
electron with a spin opposite to the first is described by the 
other wavefunction, and will have an enhanced probability 
of occurring within this small volume; although the resulting 
bunching of electrons is not, as far as I know, referred to as a 
Fermi heap. Thus we see that the relative positions of electrons 
tend to be correlated by virtue of their relative spins. 

Further information. See MQM Chapter 8 for a further dis¬ 
cussion and another picture. There is a brief account of the 
problem in §1V.6 of Linnett (1960)# who gives pictures like 
Fig. S10 but for the helium atom: these are instructive. 

Linnett (1964) has emphasized spin-correlation effects in a 
theory of chemical bonding. Reviews of electron correlation in 
atoms and molecules include those by Pauncz (1969) and 
Hylleraas (1964). See *'ex change energy and ‘’self-con si stent 
fields for more information. 

spin*Qrbit coupling. An electron in an atom possesses a 
magnetic moment both by virtue of its “spin and Its "orbital 
magnetic moments. Two magnetic moments in each other's 
vicinity interact, and the strength of the interaction depends 
on the magnitudes of the moments and their mutual orien¬ 
tation: this interaction energy appears in atomic spectra as 
“^ine structure. 

The source of the spin-orbit coupling energy can be visual¬ 
ized by taking up a position on an electron which is orbiting a 
nucleus of charge Ze. Such an observer will see a positive 
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current encircling him, and a consequence of the current is a 
magnetic moment at his position. Thus we can conclude that 
the electron spin magnetic moment is bathed in a magnetic 
field arising from its own orbital motion. (There will also be 
magnetic fields arising at the electron by virtue of the orbital 
moments of the other electrons in the atom or molecule, but 
these spin-other-orbit interactions are generally less important.) 
It is in principle a simple matter to calculate the magnetic 
field B at the electron by virtue of its orbital motion, and 
therefore to deduce its magnetic energy from the expression 
“PX (because the interaction energy is “m_B, and the 
spin “magnetic moment is^7^s); then we could anticipate that 
B is proportional to I, the orbital angular momentum, and so 
expect an energy of the form (i'/fi^>s,l, where f is the spin- 
orbit coupiing constant Nevertheless, the calculation is not 
quite so straightforward, and the early, straightforward 
physicists, who first did it, were perplexed when they obtained 
disagreement with experiment. 

The calculation proceeds by finding the magnetic field at 
a body moving in a electric field with a particular velocity. In 
this case the electric field is due to the nuclear Coulomb 
potential, and the velocity may be expressed in terms of the 
orbital angular momentum through 1 = r A mv. Then the 
resulting radius-dependent quantity is averaged over the radial 
part of the atomic orbital occupied by the electron, and the 
mean constant so obtained is identified with This 
approach gives an answer which is broadly correct (f Is 
strongly dependent on Z, and varies as Z*) but is wrong by a 
factor of 2, With ^spin we know that factors of 2 are not 
unreasonable; but even so they must be justified. One 
justification for this extra factor may be found from the 
*Dirac equation; from this the correct expression emerges. 
Nevertheless, it is always pleasing to seek a more physical, 
visualizabie explanation, and as usual one may be provided. 
When we step on to the orbiting electron in order to observe 
the current due to the central nucleus, we must do so with 
more circumspection than had Copernicus when he trod the 
opposite journey. In the atom the electron is moving so fast 
that it must be regarded relativistically, and watching an 
electron spin from the viewpoint of a nucleus is not the same 
as watching it spin from the viewpoint of an observer travelling 
with it. By a coincidence, or by design, the electron is moving 
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in such a way that to an observer on the nucleus it appears to 
be spinning at only one-half its rate for a travelling observer. 
This modification of its motion, which Is essentially Thomas 
precession, introduces an extra factor ^ into the spin-orbit 
calculation, and so brings it into conformity with the “Dirac 
equation, and with experiment* 

The strength of the spin-orbit coupling constant increases 
with the atomic number of the atom; the heavy atoms have 
large spin-orbit coupling constants (some are listed in Table 9 
on p, 271). In one-electron atoms this dependence isZ*^ as 
mentioned above, and this reflects the dominant sampling by 
the electrons of regions close to the nucleus where the field is 
strong: asZ increases the orbital contracts and the electric 
increases, and both lead to a larger value of f. Outer electrons 
are further away, and in hydrogen-iike atoms f falls as l/n^: 
this also reflects the magnitude of the electric field sampled by 
the electron. 

Further information. See MOM Chapter 8 for a detailed 
examination of the topics mentioned here, including the 
calculation of f for hydrogen-like atoms, and a further 
mention of Thomas precession* The latter is weil-described in 
Moss (1973) and Hameka (1965). The role of shielding 
electrons is examined further in MQM. A thorough discussion 
of spin-orbit coupling effects, espcciaffy with respect to 
“singlet and triplet states and "phosphorescence, will be 
found in McGIynn, Azumi, and Kinoshita (1969): they 
explain how to do calcufations involving spin-orbit coupling, 
and tabulate data. For applications in atomic spectroscopy, 
see “fine structure and its ramifications* See Table 9 for some 
spin-orbit coupling data* 

spin-spin coupling. The interaction between nuclei that in 
“nuclear magnetic resonance (n,m*r,) gives rise to the splitting 
known as fine structure is called spin-spin coupling, and its 
magnitude is generally denoted J and quoted in hertz (Hz, 
cycles per second}. The appearance of a spectrum showing fine 
structure is shown in Fig. N3 on p, 154. The coupling between 
most protons lies in the range —20 Hz to +40 Hz, although 
the commonly observed range is from 0 Hz up to 10 Hz* These 
energies are minute, and correspond to a magnetic field being 
Induced at one nucleus by virtue of the presence and orien¬ 
tation of another* 


One possible mechanism for the interaction is a direct 
“dtpole-dipole interaction between the two nuclear “spin 
“magnetic moments; but the spherical average of such an inter¬ 
action is zero, and so it cannot contribute to the fine structure 
in a molecule freely rotating in a fluid medium* 

Another interaction involves the electrons in the bonds as 
intermediaries In transmitting the interaction between the 
nuclei* This mechanism may be illustrated by the example of 
the hydrogen molecule; the problem is to account for the fact 
that the energy of the molecule with the nuclear spins parallel 
is different from that of the molecule with the nuclear spins op 
posed. The key to the mechanism is the “hyperfine interaction 
between the nuclei and the electrons* Consider the case when 
an ct electron is close to nucleus A; by virtue of the "Fermi 
contact interaction the electron and nuclear magnetic 
moments couple, and the lower-energy configuration is with 
antiparailel spins (parallel moments) (Fig. S11 }* But the 
“Pauli principle requires the other electron in the bond to be 
antiparailel to the first, and charge correlation suggests that 
the other electron, with ^ spin, will be predominantly in the 
vicinity of the other nucleus. With that nucleus the second 
electron has a hyperfine interaction by virtue of the Fermi 
contact term, and so the lowest-energy configuration for the 
other nucleus is with spin. Therefore, overall we see that if 
one nucleus has a particular spin then the other attains the 
lowest energy if it has the opposite spin. It follows that the 
energy of the molecule with parallel nuclear spins lies very 
slightly above that with opposed spins; consequently it 
requires energy to turn the spins into a parallel alignment. 



FIG * S11. Sp i n CO up I i n g between p roton s* 













The magnitude of the effect depends on the strength of the 
hyperfine imeractions involved, and on the ease with which 
the electrons in the bond can be polarized to wash predomi' 
nantly over the most favourable nuclei: the latter depends on 
the mean excitation energy of the bond, and since the 
tendency for the electron spins to be decoupled must be 
taken into account, it turns out that the mean energy required 
is the mean energy of excitation to fr/p/ef configurations of 
the bond (see ^singlet and triplet states). The interaction does 
not average to zero as the molecule rotates because the contact 
interactions are isotropic and do not themselves average to 
zero* 

No account of the external magnetic field was taken in the 
mechanism, and therefore it should be expected, and is indeed 
found, that the spin-spin coupling interaction is independent 
of the strength of the applied field. 

We have shown that the interaction energy depends on the 
relative orientation of the two nuclear spins; therefore it is not 
unreasonable to expect an interaction proportional to the 
scalar product this form of the interaction is found by 

detailed calculation, and the constant of proportionafity is just 
the spin-spin coupling constant J/h. (If J is positive, the anti- 
parallel orientation of the spins is the more stable because 
(^/ti)l^ then gives a negative contribution to the total 
energy.) 

The example we have provided is artificial in one sense: the 
spin-spin coupling can be detected in an n.m.r, spectrum only 
when the coupled nuclei are in different chemical environ¬ 
ments (have different xhemical shifts)* Thus although there 
Is a coupling between the protons in H 2 (with a magnitude of 
280 Hz), the n.m.r* spectrum consists of a single line because 
all the allowed transitions occur at the same energy (see 
m.m.r*)* It is more realistic to consider proton coupling in 
more complicated molecules, and the mechanism already 
described may be extended in a simple fashion by considering 
the chain of interactions through the bonds as well as the 
possibility of direct interaction by the overlap brought about 
by squashing two non bonded atoms together. 

In an obvious notation, using large and small arrows to 
denote electron and proton spins respectiveiy, the interaction 

In H 2 can be represented by ] ^ | | lower energy 
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orientations, and | | for the upper energy* Analog* 

ously, in the CH 2 group the chain will be|t|| 

where the parallel orientation of the middle electron pair is 
favoured by the ‘^Hund rule of maximum multiplicity for 
atoms (which favours parallel arrangements of spins on atoms); 
the upper energy orientation for this group is 


Itilifl*! 


, and it is important to note that. 


because of the insertion of the atom in the chain of inter¬ 
actions, the parallel nuclear orientation lies below the anti* 


parallel (corresponding to a negatived). This chain of 
interactions can be quite large: J can lie in the range 
—2T5 Hz < 42-4 Hz. An example is the coupling in HCHO 

(42^4 Hz). A coupling between two protons separated by three 

bonds proceeds through the chain | t | | | ^ 1 t M 

and leads to an antiparallel arrangement as the low-energy 
state (J positive). Beyond three bonds the interaction ts 
strongly attenuated—that is, much reduced—this is fortunate, 
for otherwise n.m.r. spectra would be impossibly complicated 
to disentangle. 

The spin-spin coupling between protons separated by bonds 
depends on the conformation of the molecule. This is because 
the efficiency of alignment of the spins at the intervening 
atoms depends on the relative orientation of the bonds. Thus 


over 

depends on factors like the fiybridization of the atoms. As an 
example, the tram coupling in ethene is 19T Hz whereas the 
Cis coupling is 1 T6 Hz. 

Although we have dismissed the direct dipole-dipole inter¬ 
action in fluids, the electron-nucleus dipolar Hiyperfine 
interaction can contribute to spin-spin coupling. We have 
seen that the spin-transmission mechanism involves two 


the predominance of | i | 
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hyperfine interactions, one at each end of the chain; the 
rotational average of the product of two dipolar interactions 
does not disappear, and so two electron-nuclear dipole inter¬ 
actions, one at each proton, can contribute. This type of 
interaction is important in atoms other than hydrogen where 
p-orbitals occur in the valence shell. 


Questions. What is the significance of the term 'spin-spin 
coupling' in n.m.r.? Under what circumstances wil! a 
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coupling not show in the spectrum even though it is non-zero? 
VVhat is the range of proton coupling constants in n.m*r.? 

What dependence on the strength of the applied field do they 
show? Why is the direct dipole-dipole interaction between two 
spins unimportant in fluid media? Is it important in solids? 
What is a typical magnitude for the direct dipolar interaction 
between the two protons in the water molecule? Investigate 
how this interaction depends on the orientation of the mole¬ 
cule with respect to the applied field (assume that the proton 
monnents align themselves with respect to this field and search 
Box 5, p- 50, for formulae). What structural information 
might you anticipate obtaining from a study of the direct 
interaction? What Is the source of the spin-spin interaction 
between protons in liquids? Explain the sequence of inter¬ 
actions that transmits the orientation of the proton to its 
neighbour. What happens to the interaction when the protons 
are separated by 3, 4, and 5 bonds? What excited states should 
be mixed into the ground state in order to yield the spin 
polarization of the bond? Can a dipolar interaction give any 
contribution in fluids? What is the significance of a negative 
value of J? 

Further Information. See MQM Chapter 11 for a detailed dis¬ 
cussion of the source of the spin-spin coupling. The role it 
plays in n*mj, is described by McLauchlan in Magnetic 
resonance (OCS 1), Further details will be found In Lynden- 
Bell and Harris (1069), Carrington and McLachlan (1967), 
Slichter (1963), Memory (1968), and Abragam (1961). The 
analysis of n.m,r. spectra In order to extract coupling data, 
and its application, are described by these books and in 
Roberts (1961), Abraham (1971), Emsiey, Feeney, and 
Sutcliffe (1965), Pople, Schneider, and Sernstein (1959), and 
Corio (1966). The reason why the spectrum exhibits coupling 
between non-equivalent nuclei can be seen by referring to the 
little piece of mathematics in §4.4 of Carrington and 
McLachlan (1967). Tables of J values will be found in Emsiey, 
Feeney, and Sutcliffe (1965). 

Stark effect. The modification of the energy levels, and 
therefore of the spectra, of atoms and molecules by the appli¬ 
cation of an electric field, is known as the Stark effect. It is 
possible to distinguish the first- and second-order effects 


(which are respectively linear and quadratic in the strength of 
the applied field) and the atomic and molecular effects. 

The first-order atomic Sl^rk effect is large but rare, for it 
depends on the presence of a ^degeneracy which enables the 
atom to respond massively to the applied field. Such a 
situation occurs in atomic hydrogen: because the 2s- and 2p- 
orbitals are degenerate, when a field is applied the electron 
can easily reorganize itself by ^hybridization. Thus the com¬ 
bination S'ves a distribution strongly biased 

towards the low-potential region, and the other possible 
combination ^ concentrated on the high-potential 

side of the nucleus (Fig. SI2), Therefore the transitions 
involving then = 2 shell of the atom are no longer degenerate 
and occur at different frequencies. The p - and p -orbitals 
are unaffected by the field. 
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FIG. SI2. Linear Stark effect in atomic hydrogen. 


As in the “Zeeman effect the transitions are polarized. Two 
points follow from our discussion of “electric dipole 
transitions. 

1. If mg does not change, the emitted light (forming the 
7r*/mes) is polarized parallel to the direction of the applied 
field (and so it would not be seen if viewed along the direction 


























of the field; it (s radiated in a belt around the transverse 
direction). 

2. by ±t the light (the G’lin^s] is transversely 

polarized. When viewed perpendicular to the field the 

— +1 component is right circularly polarized and the —1 
component is left circularly polarized. When viewed along 
the field direction the light is unpolarized because the +1 and 
—1 transitions occur at the same frequency, and so the light 
emitted from different atoms gives an incoherent superposition 
of both circular polarization states. 

Not only does the Stark effect cause a splitting of lines, it 
also causes them to broaden slightly, and shifts the series 
limits to lower frequency. Both effects are related to the presence 
of the low potential on one side of the atom, for it enables an 
electron to escape (Fig, SI3). An electron in a state not far 
from the ionization limit may be able to nunnel through the 
remaining potentiahenergy barrier and emerge into a region 
where the applied field can pluck it from the atom* This 
reduces its lifetime in the excited state, and so, by the 
"uncertainty principle, the energy of that state Is made 
imprecise; this imprecision appears in the spectrum as a 
broadening of the appropriate lines. The electron need not 
be excited into so high an energy state for ionization to occur, 
and so the field also reduces the energy of the series limit 
(Fig.S13). 
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FJG. SI 3. Extra consequences of the Stark effect for hydrogen. 
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In atoms not having the degeneracies possessed by hydrogen, 
the first-order effect is absent and Is replaced by the much 
weaker second-order effect. One power of the field is used 
in distorting the atom from spherical symmetry (“polarizing it), 
and the second power is used in the interaction with the dipole 
moment of the distorted atom, so causing the energy 
separation. Since normal fields can polarize atoms only slightly 
the induced dipole is small and its interaction with the field 
weak; therefore the second-order Stark energy shifts are small 
and huge fields 10^ V cm^M must be used. 

The molecutar Stark effect may also be of first- or second- 
order. The first-order effect is shown by symmetric top 
molecules with permanent dipole moments: the applied field 
causes Totational states of the same value of J but different 
values of M to have different energies (they are degenerate in 
the absence of the field), and the splitting is proportional to 
the permanent dipole moment of the molecule /u, as we 
explain below. Since fields of the order of 50 kV cm"* give 
splittings of the order of 20 MHz, and this is easily and 
accurately detectable in a microwave spectrum, the method is 
a powerful way of determining dipole moments. 

It is instructive and quite easy to understand why the 
energy of a state with quantum numbers K, and M is 
shifted by an amount —}jMKE/J[J + 1) by a field £. From the 
theory of the ^rotation of symmetric-top molecules we know 
that K is the projection of the “angular momentum J on the 
figure axis, and that J “^precesses around this axis. An alterna¬ 
tive view would be to consider the vector J as fixed and the 
axis as precessing around it. Since the dipole is directed along 
the axis the motion averages out its components except for 
one of magnitude jUcosO along J (see Fig, SI 4), But J is also 
precessing about the field direction, and the component of 
dipole parallel to the field is fJcosQ cosO^i therefore the inter¬ 
action energy is — jjBcosO co^6\ From Fig. SI4 we can use 
simple trigonometry to express cos0 as K/IJ(J + 1))^^ and 
COS0 M/yiJ + 1 )J Combining these results we obtain 
the energy as —jjA/JKE/jy + 1), as we anticipated. The appli¬ 
cation of the ^selection rules 6J = ±1, A/C = 0, and AM - 0, 

±1 enables the spectrum (and from the M changes, the 
polarization of the lines) to be predicted. 

In the case of linear molecules, where the angular 
momentum is perpendicular to the dipole moment, and in 



















230 


Stern-Gerlach experiment 



FfG»S14» Molecular Stark effect, 

asymmetric tops, where the lack of symmetry causes the 
motion to be very complicated, there is no linear effect, but 
the orientating effect of the field (which^ in classical terms, 
distorts the rotational path of the molecule) affects the 
energy of the states and induces energy shifts of the form 

The moiecular Stark effect is of considerable importance in 
the study of permanent dipole moments of the molecules that 
can be examined by microwave spectroscopy, and it is also 
important in the technology of microwave spectrometers, for 
an oscillating electric field (usually of several 10 kV cm"') will 
modulate the position of spectral lines, and therefore the 
intensity of absorption or emission at a particular frequency. 
Detectors making use of this oscillation of the intensity are 
called Stark'moduiation spectrometBrs- 

Questions. 1, What is the Stark effect? What classifications of 
the effect are there? Why is the first-order atomic effect con¬ 
fined to hydrogen-like atoms? Would you expect it to be 
shown by helium in a highly excited state? What polarizations 
are observed for the permitted transitions in hydrogen? Take 
the hydrogen energy-level diagram {Fig. G3 on p. 86), modify 
it to show the effect of an electric field, and discuss the form 
of the spectrum. The shift of the energy of an electron in the 


n — 2 shell results in a separation of the levels by an amount 
6eaoE, where is the “Bohr radius. Compute the separation 
for an applied field of 20 kV cm"' and 100 kV cm”'* What 
separation would be expected for He* in the same state and in 
the same fields? What other effect does a strong field have? 
What effect has the field in the case of atoms that lack 
hydrogen-like degeneracy? Why is the second-order effect 
small? What effects occur in molecules? The permanent dipole 
moment of ammonia is T47 D; discuss the splitting of the 
7 = 0, t, 2 states brought about by a field of 50 kV cm"'; 
sketch the form of the spectrum and label the polarizations of 
the lines (ignore, if you are aware of them, the effects of 
“nuclear statistics). 

2. Using the explicit orbitals given in Table 15 on p. 275 set up 
the 2X2 secular equation for the effect of an electric field 
along z on the energies of the 2s- and 2p-orbitals of hydrogen. 
Solve for the energies and states, and evaluate all integrals. 

The splitting of the 2s- and 2p-orbitals is, as stated in the 
preceeding question, 6eao£, and this should be your answer. 

furiher information. See MOM Chapter 8. A nice, and 
occasionally anthropomorphic, discussion of the effect on 
atomic spectra is given in Chapter 17 of Condon and Shortley 
(1963): see also §MI A4 of Kuhn (1962), Chapter 20 of 
White (1934), and §11.3 of Herzberg (1944). The moiecular 
effect, together with accounts of how to determine dipole 
moments and build spectrometers using Stark modulation. Is 
described in Chapter 7 of Sugden and Kenney (1965) and in 
Chapter 10 of Townes and Schawlow (1955). 

Stern-Gerlach experiment. The Stem-Gedach experiment 
consisted of the passage of a collimated beam of atoms (silver 
atoms boiled off hot metal through slits into a vacuum) 
through an inhomogeneous field, and the observation of the 
distribution of the atoms when the beam had been deposited 
on a glass plate. If the atoms possessed a magnetic moment 
the effect of the inhomogeneous field would be to drive in one 
direction those that had one orientation, and in the opposite 
direction those that had an opposite orientation, and, accord¬ 
ing to classical physics, to spread atoms with all intermediate 
orientations into the region in between. An inhomogeneous 
magnetic field is essential for this effect because a homogen- 








eous field would not split the beam as it provides no 
directional information; an inhomogeneous field, one with a 
non-vanishing gradient, provides a sense of direction. 

In their first experiment Stern and Gerlach observed that 
ciassicaffy anticipated result, in their second, done with great 
care with a low pressure and a long exposure, they saw that 
the band of deposited atoms had two closely spaced com¬ 
ponents, separated by a clear region. This result is wholly at 
variance with ciassicai physics but in full accord with 
quantum theory, for each silver atom possesses an unpaired 
electron with ^sptn, and therefore has a "magnetic moment. 
Quantum theory predicts that a spin-^ object can take only 
two orientations in a magnetic field, and so the Stern- 
Gerlach experiment confirms this in a striking fashion. 

It is important to note that this was the first piece of 
evidence for the quantum theory that did not involve a 
thermal experiment or an experiment involving radiation: it 
provided a purely mechanical demonstration of quantization 
{space quantization, as the restricted number of orientations 
of an angular momentum is termed). The original explanation 
did not associate the magnetic moment with the intrinsic "spin 
of the electron; that came later {1925) when Uhlenbeck and 
Goudsmit introduced the concept from their study of atomic 
spectra. The experiment was also one of the first applications 
of molecular beams, a subject now in a dynamic phase. 

Questions, Sketch the Stern-Gerlach experimental arrangement. 
Why Is it necessary to use a very low pressure in the apparatus? 
Why is it necessary to use an inhomogeneous field? What is 
the result predicted by classical physics for the experiment? 
What is the result obtained? Why is the result consistent with 
quantum theory? Suppose the upper beam were passed through 
another inhomogeneous field with (a) the field in the same 
direction as the first, and {b) the field rotated about the 
direction of the beam by 90°: what would be the result 
of the experiment? 

Further information. The StermGerlach experiment Is put 
into its historical context In §3.4 of Jammer (1966), For the 
details, see §134 of Richtmeyr, Kennard, and Lauristen (1955) 
and §VL2 of Ramsey (1956), The original papers are by Stern 
(1921) and Stern and Gerlach {1922). An analysis will be 
found in §14,16 of Bohm (1951), For the philosophical dis- 
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cusslon to which the result gave rise, see Einstein and 
Ehrenfest (1922) and Jammer {1966). The modern state of 
molecular beams Is described in Ross (1966) and Ramsey 
(1956); see also Levine and Bernstein (1974), 

superposition principle. The superposition principle states 
that when a situation is a composition of a number of 
elementary situations, its amplitude is the superposition of the 
amplitudes for the components. The significance of this 
principle, which Is one of the fundamental principles of 
quantum mechanics and implies the notable features of the 
differences between ciassicai mechanics and quantum 
mechanics, can be introduced by considering the classical 
situation* 

Suppose that an event can be divided into a number of 
composite events; for example, the event might be the journey 
from a point pj to another p^, and the elementary events 
might be the journeys by alternative paths through the points 
Pg Of p^, Ciassicai theory ascribes a probability P{a) to the 
path through p^ and a probability P(b) to the path through 
and goes on to say that the total probability of making the 
journey from p^ to p 2 is the sum of the probabilities of making 
the individual journeys: P - P{a] + P(b) {Fig, SI5), 



Ciossicpl 


Quanfof 


PCal 




P(W 





Pto)+PCb) 




2 


FIG. SI 5, The syperpositton principle. 
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This discussion might seem trivial; but Quantum theory 
shows that it is wrong. The superposition principle agrees that 
there is a probability of effecting the journey through p with 
a probability P{a), and an analogous probability for the path 
through but it disputes the assertion that the joint prob¬ 
ability is the sum of the probabilities. It implies that in order 
to compute the joint probability it is first necessary to find 
the f>robability amplitude (the ■^wavefunction) for the 
individual paths, then to find the probability amplitude for 
the composite situation, and from that to find the probability 
itself (Fig. SI 5). Let the probability amplitude for the journey 
through p be 0(a): by this we mean that the probability itself 

3 I 

is 0*(a)0(a), The corresponding probability amplitude for the 
journey through is 0(b), The superposition principle tells 
us that the amplitude 0 for the composite process is the sum 
0(a) 4- 0(fa), It follows that the probability for the joint 
process is 0*0, which may be expanded into P(a) + P(b) + 
0*(a)0(b) + 0(a)0*(b}, This total probability differs from 
the sum of the individual probabilities by the interference 
term 0*[a)0(b) + 0(a)0*{b), 

First we should note that if one of the paths were forbidden 
its amplitude would be zero and the probability for the overall 
journey would reduce to P — /^(a) (for p^^ closed). Next we 
should note that the interference term does not occur in the 
classical case, is characteristic of quantum processes, and arises 
from the insistence of the superposition principle that all basic 
manipulations are done on the amplitudes. 

If the superposition principle is a true description of 
Nature we should be able to detect some direct physical con¬ 
sequences: one that might immediately spring to mind is the 
possibility of observing interference effects for particles that 
are able to travel from a gun at pi to a target at p^ through a 
screen perforated with two holes: such interference effects of 
particles, which correspond to the analogous interference of 
light under similar circumstances, have been observed 

The superposition principle applies to all the processes of 
quantum mechanics. Wherever a compound situation is under 
consideration the calculations must be performed on the wave- 
function (the state amplitude): that is why the “Schrodinger 
equation is a central formula of quantum theory—it enables 
the amplitude of a state to be calculated, and shows how to 
determine its time evolution. 


The ‘'LCAO method is an example of the working of the 
superposition principle. To see this, we can take the view that 
the probability of finding an electron at a particular point of 
the molecule depends on its probability of being in some of 
the atomic orbitals of the constituent atoms. Therefore to work 
out the probability of being at the point r we must know the prob¬ 
ability amplitude for the electron to be there If it occupied 
each of the atoms separately. These probability amplitudes 
are just the atomic-orbital wavefunctions themselves, each 
evaluated at the point r. Therefore the total probability 
amplitude of the electron being at r is a sum of the atomic 
orbitals (at that point), and the probability is the square of 
this amplitude. This is precisely the interpretation of “mole¬ 
cular orbitals in terms of the LCAO approximation. 

Questions. State the superposition principle. Discuss the 
process of travelling from Aix to Ghent through two gated 
roads, and take into account both classicalty and quantum 
mechanically the chance that the gates might be closed. 

Discuss the analogy between the propagation of particles 
and of light in terms of the superposition principle. Discuss 
the diffraction of particles in terms of the superposition 
principle. Why is the LCAO account of molecular structure 
plausible in terms of the superposition principle? Discuss, 
in Its terms, the concept of "^hybridization. 

Further mformation. See Feynman, Leighton, and Sands 
(1963), §9,2 of Bohm (19511, and Chapter 1 of Dirac (T96S), 
For a simple account of optical analogies see MQM Chapter 2, 
See Jammer (1966) for historical attitudes. See Feynman and 
Hibbs (1965) for a construction of quantum mechanics in 
terms of the superposition principle. 

symmetry operation* A symmetry operation or symmetry 
transformation is a transformation of the coordinates of the 
system {passive convention) or transformation of the object 
itself {active convention) that, after its application, leaves the 
system in a configuration indistinguishable from its original. 
The active convention is the more direct, and we illustrate 
it first. Consider an undecorated square object lying on a plane 
on which is drawn a coordinate system; close your eyes, rotate 
the object through 90*" in the plane, and look at it again. It is 
impossible to tell that it has been rotated, and so this operation 
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FIG. SI6. (a) Active and (b) 
passive conventions for 
transformations. 


is a symmetry operation. Had the rotation been through an 
angle less than 90° we would have noticed a new orientation. 
Similarly a rectangular (oblong) object can be rotated through 
180 Into an indistinguishabte position, which rotation Is 
therefore a symmetry operation; but rotation through 90° Is 
not a symmetry operation (Fig. S16). 


In the passive convention a coordinate system is drawn on 
the plane on which the square object is lying; If we move a 
units along x we arrive at the edge of the square (of side 2a), 
and if we step a units along y we also come to an edge. Now 
rotate the coordinates (that is, the underlying plane rather 
than the object) until thex-axis lies along the direction 


FIG. S17. Thesymmetry 
operations i, and S and 

an example of a molecule 
possessing each. 
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originaJly occupied by the y-axis. Stepping along the new 
units, we again encounter an edge; likewise for the 
new y-axis* This system is indistinguishable from the first, and 
so the 90^ rotation is a symmetry operation, fn the case of a 
rectangle of sides 2a and 2b stepping along the original x-axis 
a units will bring us to an edge, but if we step a units along the 
rotated x-axis we shall not be at an edge unless a = b (Fig. 

SI 6 ). This is therefore not a symmetric situation, and so a 90* 
rotation of a rectangle is not a symmetry operation. 

It is a matter of taste which convention one employs, 
although there are aesthetic advantages (at least to my muse} 
in the passive convention on the grounds that it is always 
possible to manipulate coordinates (they being a convenient 
mathematical fiction, and at our disposal), whereas it may not 
be possible to do the active act. This Is especially true in the 
case of symmetry operations other than rotations: inversion 
through a point Is difficult to effect actively (although it may, 
of course, be imagined), and so too is reflection. 

The basic symmetry operations are those of translation 
(especially in periodic systems such as crystals or in free space) 
rotation through 27r/n rad (denoted C^), reflection in a plane 
(a)— a subscript v implying a vertical plane and an b implying 
a horizontal plane—inversion through a point (i), and rotary- 
reflection (S^), which is a composite motion effected by 


rotating by 27r/n rad'and then reflecting in the plane to which 
the rotation axis is perpendicular {see Fig. SI7). 

The study of the effect of symmetry operations is the 
basis of “group theory. 

Qi/estfons, 1, What is a symmetry operation? What two con¬ 
ventions are employed? Discuss in the active and the passive 
conventions the operations denoted € 2 ^ C 3 , o, i, S4- Enumerate 
the symmetry operations of the following objects: a left 
hand, a right hand, a man. a chair, a cube, a triangle, a 
tetrahedron, a square pyramid, the molecules H^O, CO 2 , CH 4 , 
SF 5 , benzene. 

2. Demonstrate that an alternative and consistent definition of 
a symmetry operation is that it is an “operation that 
“commutes with the system's "hamiltonian- 

Furtf^er /nformation. See MQM Chapter 5 for a further dis¬ 
cussion of symmetry operations and the development of the 
structure of “group theory. See Atkins, Child, and Phillips 
(1970) for a simple enumeration of symmetry elements and 
some examples. Refer to the section on “group theory for 
further references, and see WeyTs book (1952) for an enter¬ 
taining pictorial account of the appearance of symmetry in 
Nature. 
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tensor. To a mathematician a tensor is an object that trans¬ 
forms in a particular way when the coordinates he is using to 
describe a problem are transformed. PKScahr quantity, which 
may be regarded as a zeroth-rank tensor, does not change 
when the coordinates are transformed. A vector does change 
when the coordinates change (at least, the 'object' remains 
the same, but Its description in terms of the new axes is 
different from its description in terms of the original axes): 
it is a first-rank tensor. More complex objects may be given 
as examples of higher-rank tensors; for example, the object 
rr, where r is a vector, is a second-rank tensor. The mathema¬ 
tician distinguishes between contravariant covariant 
tensors; for example, the set of coordinates [x, y, z] of a 
vector transforms as a contravariant tensor of rank one, and 
the set of objects [dfjhx, bflhz], where f Is a scalar 

function, transforms as a covariant tensor of rank one. Tensor 
calculus in its most powerful form is concerned with general 
transformations of coordinates, and is a powerful tool when 
non-euclidean geometry has to be studied: for instance, in 
general relativity. When the transformations are limited to 
orthogonal transformatior)s, those preserving angles in the 
transformation (like a simple rotation of axes), the proper¬ 
ties that an object must possess to be a tensor are less 
stringent, and the objects that comply are termed carteslata 
tsnaors. When the objects transform in a special way under 
rotations we encounter the irreducible spherical tensors; 
these are of considerable importance in the discussion of 
molecular and atomic properties. 

To a chemist a tensor is a quantity that expresses the 
directional dependence of the properties of molecules and 


solids* he is normally on safe ground because usually, but not 
always, the properties that interest him transform in the 
same way as tensors, and so are tensors. As an example 
consider the effect of an electric field on a molecule. Let the 
field be along some axis Z, then the field “polarizes the 
molecule and induces a dipole moment. Usually the major 
component of this induced dipole lies in the same direction 
as the field, but in general the field and the induced dipole 
are not exactly coliinear, and there are also X- and Y- 
components (Fig, T1). The magnitudes of the components 
are proportional to the strength of the applied electric 
field and so the dipole has components 

and where the are the coefficients of 

proportionality, the “polarizability. If the field is applied 



FIG, T1, The effect of off-diagonal elements of the polarizability 
tensor. When E is along an arbitrary direction it may induce a dipole 
which need not be parallef to E, The dipole is parallel if E lies along a 
prmcipai &xis fone of the axes marked on the molecule). 
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along the X- or /-axes similar expressions could be set up 
to describe the induced dipole (which may have different 
components if the molecule is anisotropic). In ail we get 
nine quantities of the form oLqq,. Recall that the quantity 
IT, with the nine components XV, XZ, _ * . ZZ is a 
second-rank tensor; then we see that by analogy we may call 
the nine quantities the components of a second-rank 
tensor 0 £, the poiarizabi/Ity tensor. Knowing a we may predict 
the polarization in any direction when a field is applied in 
any direction* 

Other physical quantities that behave like tensors include 
those representing a strain o: stress type of relation, and it is 
from this that the name tensor arose* In the example just 
described the stress is supplied by the applied field, and the 
strain is the resulting polarization* The "magnetic suscep¬ 
tibility is of the same type, and may be expressed as a second- 
rank tensor. The elasticity of a body is of this form, and it 
too may be expressed tensorially. For rather special reasons 
the ^-tensor of "electron spin resonance is not a true tensor, 
and therefore we have called it the ^-value; this is a slight 
pedantry because most people do call it a tensor, whidi in 
many cases it very nearly is* 

A spinor is a quantity that resembles a tensor, but has the 
peculiar property that when it is rotated through 360^ it 
changes sign; therefore a rotation of An must be made to 
bring it back to its initial form* Objects such as this are in¬ 
volved in the mathematical description of spin; hence the 
name* 

Further information. An excellent and moderately simple 
introduction to the general mathematical theory of tensors 
Will be found in Synge and Schild (1949); see also Kyrala 
(1967) and Jeffreys (1931). The role that tensors play in the 
discussion of the physical properties of matter is described 
by Brink and Satchler (1963), Rose (1957), and Edmonds 
(1957), See Fano and Racah (1959) for a consolidated 
account. Why g is not a tensor is described in §15.6 of 
Abragam and Bleaney (1970). 

terms. The word Term' first entered spectroscopy with its 
colloquial meaning, and therefore without much fundamental 
significance* In the early days of atomic spectroscopy it was 


found that a"considerable simplification of the description of 
the spectrum of an element could be obtained by expressing 
the frequency of every line as the difference of two terms: 
since one term contributed to a number of spectral lines it was 
necessary to list far fewer term energies than transition 
energies. The rule that the spectrum could be so expressed is 
known as the Ftitz combination principle (terms are combined, 
by subtraction, to give the frequency or energy of a transition)* 
Thus initially the Terms' of a spectrum were just a collection 
of numbers which could be used to predict spectra; but, rather 
oddly, it was found that not all combinations (Tj —T 2 ) 
corresponded to an observable transition* 

The quantum theory provided a natural interpretation of 
terms: it revealed that a term was an energy state of the atom, 
and the combination principle was elucidated partly by “Bohr's 
postulate and later by proper quantum-mechanical calculation 
which showed that a spectral line represented the transition of 
the atom from one stationary energy state to another, and that 
the frequency was determined by bP=Ti — Tj. Quantum 
mechanics also permitted the calculation of '"selection rules, 
which tell whether a given combination of terms is observable, 
A term is now interpreted as an energy state of an atom, and 

a term symbol, which labels the energy state, may be con¬ 
structed from the quantum numbers that define the energy 
state, A typical term symbol looks like or (but other 
indices are oftert attached for a finer description of the state, 
as we shall describe). The symbol, illustrated in its full glory 
in Box 26, is constructed as follows. 



1 * The letter denotes the value of the total "orbital angular 
momentum quantum number, according to the correspondence 
Z. = 0, 1,2, 3, 4, . ., ^ S, P, D, F, G, *, . . 

2* The left superscript is the value of 2S + 1, where this S is 












the total ^spin angular momentum quantum number for the 
atom (a massive intellect is not required in order to avoid 
confusion of the S with the S of L = 0). The value of 25 + 1 
is often referred to as the '^multipiiciiy of the term, and the 
propriety and significance of this are described under that 
entry, Thus is read as a 'doublet S term', and as a 
'triplet P term', 

3. The ^ieveis of a particular term are distinguished by a right 

subscript of the value of J; for example, a doublet term with 
L= ] {that is, ^ P) has two levels with the levels are 

denoted or ^Py 2 * respectively, and read 'doublet P 
one-half or 'doublet P three-halves', 

4. The state of an atom can be expressed in even greater 

detail if one also quotes the value of Mj, the projection of J 
on some axis: this label is added as a right superscript. For 
example the Mj = —t state of the = 2 level of a triplet 
term with L = 2 would be labelled ^ , and from this 

symbol we could write the values of the quantum numbers 

5. L.J. and /W^(see Box 26). 

A list of terms and their energies enables the spectrum to 
be reconstructed; but to do so it is also necessary to know 
the permitted combinations: these are determined by the 
selection rules which are normally expressed as the values 
of A5, Ai, A/, and IMj permitted in a transition. Inspection 
of the term symbol In conjunction with these rules enables 
one to see very clearly which transitions are allowed. 

Term symbols are also encountered in molecular spectroscopy, 
but as L is then not a good quantum number the labels usually 
denote some ^groupdheoretical classification. 

Further information. See MOM Chapter 8 for a discussion of 
atomic spectra and Chapter 10 for molecular spectra: both 
Chapters illustrate the use of term symbols. Further infor¬ 
mation will be found under “atomic spectra, ^selection rules, 

"fine structure, and 'multiplicity. 

torsional barriers* The classic example of a barrier to free 
rotation is that in ethane: one methyl group cannot rotate freely 
about the C-<^ bond because of its interaction with the other 
methyl group* The lowest-energy conformation is the 
staggered arrangement of the two methyls, where a view along 
the bond shows that the C“ H bonds of one group bisect 
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FtG, T2. The torsional barrier in ethane, and the fit of a harmonic 
potential for smalf MbratEons, 



FIG, T3. Energy lewels of free rotor (on the lefll are modified by a 
periodic potential and in the limit of a deep potential become those of 
two independeni oscillators. Note how the degeneracies change, g = 
where V h the depth of the well. 
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the H—C—H angles of the other; the highest-energy confor¬ 
mation is the eclipsed, when the C-’H bonds of each group 
are in opposition. If one methyl group is twisted through a 
small angle from the staggered conformation, and then 
released, it will execute torsional oscillations. As more energy 
is added to this twisting mode the oscillations get larger, and 
soon the methyl group is able to jerk from one energy 
minimum to another. When sufficient energy has been added 
the group rotates in a manner that is almost indistinguishable 
from a free rotation. Thus a torsional vibration becomes a 
free rotation. Conversely, a free rotation becomes localized as 
a torsional oscillation as an energetic molecule loses energy. 

The quantum-mechanical explanation of the process treats 
the system as a particle In a potential which varies as cos(36/2| 
(see Fig, T2): this has the correct periodicity of the actual 
system but is only a moderately good approximation to the 
actual dependence on the torsional angle 9 (which in detail 
is very complicated). At the troughs of the cosine function the 
potential vaies as 9^ (Fig. T2), and so a particle confined close 
to the minima behaves like a ^harmonic oscillator. It follows 
that the ground state of the ethane torsion is a zero-point 
rocking about the bond. The first excited state of the torsional 


mode resembles a harmonic oscillator in each of the wells; but 
the correspondence is exact only for infinitely deep potentials. 
In the real molecule the methyl group can ■'tunnel from one 
well to another, and so the wavefunctions are not truly those 
of a harmonic oscillator. 

At high excitations, when the total energy greatly exceeds 
the peaks of the barrier potential, the potential can be ignored. 
In this limit the group behaves like a particle of mass 3m^ 
confined to a ring. 

The mathematics of the situation can be illustrated nicely 
if we turn from the methyl group to an example where there 
are only two wells, not three (Fig, T3), For deep wells every 
energy level is doubly "'degenerate because the rocking group 
is in either of the two equivalent wells; for vanishingly shallow 
wells every level except the lowest Is doubly degenerate because 
a free rotor may rotate clockwise or anticlockwise with the 
same energy. (The lowest level, corresponding to a static rotor, 
is non-degenerate,) As the barrier Is strengthened the latter 
situation must pass over into the former. This may be demon¬ 
strated explicitly, because the Schrddinger equation with a 
harmonic potential is a Mathieu equation, and its solutions 
are tabulated. In Fig, T3 we show the energies and In Fig, T4 



FIG. T4. Torsional wavefu net ions for shallow and deep walls: note how the functions are more those of a rotor in the former, and, independent 
oscillators in the latter. 









the wavefunctions for barriers of different heights. These 
pictures illustrate the preceding discussion, for the emergence 
of the free-rotor energies and wavefunctions is clearly apparent. 

Furtherinformstton. Helpful discussions of the hindered- 
rotation problem are given in §8.3 of Sugden and Kenney 
(1965) and §12.6 of Townes and Schawlow (1955). Solutions 
and properties of the IVlathieu equation are given in §20 of 
Abramowitz and Stegun (1965), and they give numerical data. 
See also “inversion doubling for a related situation. A review 
of the internal-rotadon problem has been given by Strauss 
(1968). 

transition probability. A transition probability is the prob¬ 
ability that a system will change from one state to another. Its 
principal significance is that it determines the intensity of 
spectral lines and so, for poets, the brilliance of a colour. The 
quantum-mechanical discussion of transition probabilities is 
normally based on "perturbation theory, for the application to 
the molecule of an oscillating electromagnetic field distorts it 
slightly, and this distortion can be interpreted as an admixture 
of excited states into the original state. Since the *wavefunction 
now contains a component of the excited states there is a 
non-vanishing transition probability. 

The transition probability depends on the strength of the 
light (the energy of the perturbation), on the match between 
the frequencies of the exciting radiation and the excited 
transition (for the coupling is strongest when there Is 
"resonance), and on the strength of coupling between the 
molecules and the electromagnetic field. The last is related to 
the transition dipoh (see "electric dipole transition), which is 
essentially a measure of the extent of movement of the charge 
during the transition: if the motion is great, then the field can 
interact strongly, and the spectral line is intense. 

As an example, consider the excitation of that well-worn 
species the hydrogen atom. The 2p^ ^— Is excitation occurs 
with a movement of charge from a spherical distribution 
about the atom to one clustered around the z-axis; the 
transition can be pictured as an oscillation of charge backwards 
and forwards along the z-axis, and the dipole moment associ¬ 
ated with this motion ensures that the line appears brightly in 
the spectrum. The 2s *— Is transition, on the other hand, 
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although it involves a significant migration of charge, does so 
with a conservation of its initial spherical symmetry, and so 
there is no dipole moment associated with the oscillation from 
one state to the other; the light field does not Interact, and the 
transition does not occur in the spectrum. 


BOX 27 : Transition probability 
Fermi's Goiden Rule 

Transition rate (rate of change of probability) for a 
migration from a state i to a state f under the Influence 
of a perturbation of strength V is 

I Vf. 

where V^. = i\pf\V\\jj.) and piVfj) is the energy density of 
incident radiation at the transition frequency 

Eiectric dfpoie transitions 

Bf. = l£f,//6eor>’* = Sy. 

8 is ’Einstein's coefficient of stimulated absorption or 
emission. The total emission rate is 

A.^ = in general 

= (87^^/3eoC^h)^^Jd^J^ for eiectric dipoles. 

Transition dipofe 

- fdT\l/*d\}/. d = 


FermFs Gofden Rule is the mathematical expression for the 
determination of a transition probability. It is set out in Box 27, 
and the form quoted may be interpreted as the product of the 
square of the transition dipole moment between the states (the 
dipole acts as a handle for the modification of the amplitude 
of the wavefunction, and to get the probability the square must 
be taken) multiplied by the energy density of radiation at the 
transition frequency (the more powerful the stimulus the greater 
the transition probability). The formula may be deduced from 
time-dependent "perturbation theory. 
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This account of transition probabilities underltes the dis¬ 
cussion of '^selection rules, which enable one to predict when 
a transition probability is non-zero. The strength of the 
transition dtpole is often quoted in terms of the “osciilator 
strength, or in terms of the '"Einstein A and B coefficients. 
These are conveniently related to the ^extinction coefficient, 
which is an experimental measure of the spectral intensity, 

Questiom. 1, What does the transition probability determine? 
Why does the application of a time-dependent perturbation 
induce spectral transitions? At what frequency is the absorption 
strongest? What is a transition dipole moment? Is there a non- 
vanishing transition dipole moment associated with the 
following transitions: 2p^ Is, 3p — Is, 3d 2p , 

2p ^ — 2p , 3p < — 2p ? Consider the transition moments 

Z X JT t 

associated with the emissions 2p^ —^ Is and 2p^ Is: would 
you expect the polarisation of the emitted light to be different 
in the two cases? 

2, The x-component of the transition dipole moment for 
the transition from a state described by a function )j/. to one 
described by a function is equal to the integral 
with similar expressions for the y~ and z-components. The 
transition probability is proportional to Show that the 

stimulated absorption Intensity for a particular transition is 
equal to the stimulated emission intensity. Calculate the trans¬ 
ition dipole for the transition from the ground state of a particle 
in a one-dimensional square well to the first excited state 
{use the information in Box 15 on p. 166), From the infor¬ 
mation in Tables 11,14, and 15 calculate the Intensity of trans¬ 
itions from the ground state of a one-dimensional harmonic 
oscillator to the first and second excited states, and for the 
transition 2p^ ^ — 1s of the hydrogen atom. 

Further informsthn . See MQM Chapters 7 and 11 * Transition 
probabilities are described by Eyring, Walter, and Kimball 
{1944), Heitier [1954), Kauzmann (1957), and the standard 
works on quantum theory: see Davydov (1965), Schiff (1968), 
and Messiah (1961), Transition probabilities occur in the 
discussion of 'selection rules, 'oscillator strengths, 'Einstein 
4 and ^ coefficients, '"polarizabilities, and "intermolecuiar 
forces, A nice, simple discussion will be found in Loudon 
(1973), 


tunnelling. Quantum-mechanical tunnelling is the process 
whereby particles penetrate potential barriers and appear in 
regions forbidden to them iri classical mechanics. Consider a 
'particle trapped in a square well by a potential barrier of 
finite height and width, Let the particle have an energy which, 
according to classical mechanics, is insufficient to carry it over 
the potential barrier. The quantum mechanics of the situation 
shows that the particle has some probability of tunnelling 
through the barrier and escaping from the welL The tunnelling 
probability arises from the requirement of the continuity of 
the wavefunction at the walls of the well: if the wavefunction 
has a non-zero amplitude at the inside edge of the barrier 
(and this is permitted when the potential there does not 
become infinite) it cannot simply vanish within the barrier; 
instead it will start to decay more or less rapidly towards zero 
(Fig. T5). If the decay of the function is not too rapid the 



FIG. TB. Tunnel ling of a particle from left to right through a barrier. 

amplitude might not have reached zero at the outer edge of 
the barrier. At this point the function must butt smoothly on 
to the function characteristic of the free particle beyond the 
barrier, and from then on the wave is essentially undiminished. 
Since the wavefunction of the particle does not vanish in the 
region outside the barrier there is a non-vanishing probability 
that the particle will be found In this region, and so it has 
tunnelled out of the original well. 

The wavefunction inside the barrier itself falls more quickly 
as the height of the barrier is raised (relative to the energy of 
the incident particle), and so the amplitude of the function on 
the outside of the barrier decays correspondingly quickly. This 
implies that the tunnelling probability diminishes rapidly as the 
barrier height is increased. The amplitude also decays more 
rapidly as the mass of the particle is increased: therefore the 
tunnelling diminishes as the mass of the tunneller increases. The 

















shape of the potential is also important because sharply changing 
potentials reflect the particle more effectively than slowly 
varying potentials (an analogous situation occurs in the propa* 
gation of lightt light is reflected most strongly from regions 
where the refractive index changes abruptly)* Therefore the 
most favourable tunnelling situation is that of a light particle 
confronted with a slowly varying potential barrier. Electrons 
tunnel very effectively; protons tunnel much less well, but still 
appreciably: deuterons tunnel little. 

Some concern is often expressed about the apparently 
nonsensical occurrence of a negative kinetic energy in the classi¬ 
cally forbidden regions, where the potential energy apparently 
exceeds the total energy. The occurrence of a negative kinetic 
energy is indeed the reason for the exclusion of particles from 
these regions in classical mechanics, but it is no problem in 
quantum mechanics because the “kinetic energy of a particle 
must be interpreted as the mean value evaluated over the 
entire wavefunction. The fact that the kinetic energy is locally 
negative does not interfere with the fact that the measurable 
kinetic energy, the mean value, is positive* Furthermore, 
suppose we were to attempt to confine the particle into the 
region of the barrier in order to force it to have negative kinetic 
energy: with drums sounding and bugles blaring the “uncertainty 
principle gallops to its aid; for the very act of confining the 
particle to a particular region introduces an uncertainty into 
the energy, and this uncertainty is sufficient to prevent us from 
concluding that the particle has a negative kinetic energy. 
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Questions, t * What is meant by tunnelling? What are the most 
favourable conditions for it? What is its quantum-mechanical 
explanation? Why is it unnecessary to worry about negative 
kinetic energies? Discuss the tunnelling probability for particles 
that are fired with gradually increasing kinetic energy against a 
rectangular barrier. What happens when the kinetic energy is 
enough, according to classical mechanics, to take them cleanly 
over the top of the barrier? 

2. Consider a rectangular barrier of height V and width tV; on 
either side the potential is zero for all space. Set up and solve 
the “Schrddinger equation for this system, and from the 
continuity of the wavefunctions at the edges of the barrier 
construct acceptable solutions* Show that the probability of 
tunnelling depends strongly on the values of V and W, and on 
the mass of the particle* Calculate the relative probabilities of 
an electron, a proton, and a deuteron tunnelling through the 
barrier. 

Further information, Calculations on tunnelling phenomena 
are described in Chapter 11 of Bohm (1951), §26 of Davydov 
(1965), ^/Iesstah (1961), Schiff (1968), and other standard 
works. Problems and worked solutions will be found in 
Gordman and Kryvschenkov (1961), Important applications 
of tunnelling are in the ‘’photoelectric effect, and so see that 
entry, in chemical reactions-see Harmony (1972) for a 
review—and in electrode processes; see Atbery's Eiectrode 
kinetics (OCS 14)* 
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uncertainty principle. The uncertainty principle reveals that 
there exist pairs of observables to which tt is not possible to 
ascribe simultaneously arbitrarily precise values: as one observ¬ 
able IS constrained to have a more precise value so its conjugate 
partner becomes more ill-defined. An experiment set up to 
determine the two observables simultaneously is able to 
determine one precisely only at the expense of losing infor¬ 
mation about the other (see ""duality); and the product of the 
uncertainties in the two simultaneous measurements car> never 
be less than a small but non-zero value of the order of K 

The most famous example of this situation is the uncertainty 
inherent in the simultaneous determination of the position of a 
particle along some coordinate q and its component of linear 
momentum along the same coordinate p^. These two observ¬ 
ables are conjugate in the sense of the uncertainty principle, 
and if we can pin down the position to within a range bq 
(where 6q is actually the root-mean-square spread of the 
particle's location about some point) then the uncertainty 
principle demands that the value of must be uncertain to 
the extent 5p^ (again this is a root-mean-square spread) such 
that the product of uncertainties 5p6p^does not have a value 
of less than ^i. As the position is ascertained more sharply 
(and 5q decreased) the spread of must increase in order 
to ensure that the uncertainty product 5q5p does not fall 

1 ^ i 

below ^ h. Conversely, if we were prepared to forgo all infer* 
mation about the particle's momentum so that 8p^ could be 
allowed to become indefinitely large, then 6q could be made 
indefinitely small, and the position determined with arbitrary 
precision. Unfortunately the implication is that, although we 
now know the position of the particle with arbitrary precision, 


it is not possible to predict where the particle will be at any 
instant later, as we can know nothing of the particle's 
momentum at the moment of determining the position. Thus 
the uncertainty principle eliminates the concept of a trajectory, 
a concept central to classical mechanics. 

Alternatively we could measure the momentum with 
arbitrary precision, but in order to preserve the uncertainty 
product we should be forced to forgo all information about 
the position q: this approach also eliminates the concept of 
trajectory. 

It should be noticed that the uncertainty principle for 
position and momentum refers to components along the same 
axis and puts no restriction on the simultaneous values of these 
observables along different axes. Consequently the position 
along x may be measured simultaneously with the momentum 
p along k, and there is no inherent limitation on the precision 
of the determinations. The mathematical expression of the 
uncertainty principle [see Box 28) enables us to decide which 
observables are conjugate; but a rough guide is that conjugate 
variables consist of the coordinate and the momentum 
corresponding to that coordinate. 

Discussions of the uncertainty principle are often put in the 
form of presenting a duffer (and long live all such duffers) who 
attempts to do an experiment which will deny the predictions 
of the principle; he retires, of course, bruised from the ring, 
Heisenberg, whose principle this is, presented such a duffer in 
order to show that all such gedanken experimsnts (thought 
experiments) must fail. His jester used a microscope to measure 
the position of the particle and, in order to do so with increasing 
precision, selected one operating with ever shortening wave- 
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BOX 28: Uncertainty principle 

Let A and B be the "operators corresponding to the 
observables A and and Jet 64 and 5^ be the r*m,s. 
devtatrons from the mean: 

According to the uncertainty principle, these must satisfy 

&A6B>^l([A,sm 

where [4,5] =40 —54, the "commutator. 

Typical uncertainty products include the following: 

Sp^ |mh tSE > ^. 

See text for significance of r. 


length of light. But the shorter the wavelength the more 
momentum each photon carries ("de Broglie relation], and 
since at least one photon must be scattered into the micro-' 
scope aperture in order for the position to be determined, it is 
dear that the very act of observation imparts a momentum to 
the particle. An analysis of the experiment, taking into account 
aperture-diffraction effects and momentum transfers on light 
scattering, concludes that the uncertainty product StfSp is 
indeed not less than {h enters through the de Broglie 
relation). In a classical world the jester would laugh last, 
because h would be zero and there would be no intrinsic limi* 
tation on the precision. 

Thought experiments of this nature illustrate at an obser¬ 
vational level what the uncertainty principle reveals about the 
nature of matter at a much deeper level. Momentum and 
position are linked by the interpretation of the "wavefunction, 
A system in a state of well-defined linear "momentum is 
described by a plane wave of well-defined wavelength; but this 
wave, which for a momentum Arh can be written exp iArx, 
corresponds to a probability distribution proportional to 
I exp ikx 1^, and this is independent of x. Therefore a state 
of well-defined momentum describes a particle with a com¬ 
pletely undefined position. Conversely, in order to describe 
a localized particle, a "wave packet must be formed with an 
amplitude large at one point and small elsewhere. This can be 
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achieved by "superimposing a large number of waves of 
different lengths, and therefore of different momenta. Conse¬ 
quently, the sharper the wave packet we try to form {in order 
to get a more localized particle) the wider the range of 
momenta of the particle. 

The other pairs of conjugate observables can be found by 
testing whether the "commutator of their corresponding 
"operators disappears: if it does not, the observables cannot be 
determined simultaneously with arbitrary precision; if It 
vanishes there is no restriction. Some important pairs of 
conjugate observables are listed In Box 28. 

The energy-t/me t/merta/nty re/at/o/t differs from the rest 
in a subtle way: there Is no operator for time in quantum 
mechanics (it is a parameter, not an observable), and so the 
commutation rule cannot be applied. The relation should be 
viewed as a consequence of the lack of commutation of the 
position and momentum operators, or equivalently, as a 
consequence of the Schrodinger equation. The energy-time 
relation depends upon the existence of an evolution of the 
system with a characteristic time r; when such a process is 
present the energy levels of the system are indeterminate by 
an amount 65 such that the product t6 £ does not fall below 
^ For stationary states, where r is infinite, the energy may 
be defined with arbitrary precision; but where a state has a 
finite lifetime its energy is correspondingly Imprecise, 

A final word may be said on cyclic systems: the uncertainty 
relations for angle and angular momentum must be treated 
with care because an uncertainty of 2jr in angle is equivalent 
to complete uncertainty: special forms of the uncertainty 
principle are used in these cases. 

Questions. 1. State the uncertainty principle. Discuss the 
principle as applied to the determination of the position x and 
the momenta and May the position coordinates (x, y, zj 
of a particle be specified simultaneously with arbitrary 
precision? May the kinetic energy and the momentum of a 
particle be specified simultaneously? Why does an experiment 
to determine the position of a particle interfere with the 
momentum of a particle? How does the wave nature of matter 
illuminate the connexion between the position and the 
momentum of a particle? Why does the wave picture allow 
X andp^ to be determined with arbitrary precision? Why Is 
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the concept of trajectory alien to quantum mechanics? Why Is 
the energy-time uncertainty relation peculiar? 

2. The position q of a particle is determined to within a range 
0*1 mm, 1 jum, 1 nm, 1 pm; what is the corresponding simul¬ 
taneous uncertainty in the momentump^? If the particle is 
an electron, to what kinetic energy does the uncertainty in 
momentum correspond? Three states in an atom decay with 
time constants 0-ts , 1 ps, 10"*^s; what is the uncertainty in 
the energy of the atom in each excited state? The natural 
width of spectral lines is determined by the lifetime of states, 
as suggested by the last part of this question. See "“eJectron 
spin resonance* 

3. Use the mathematical expression of the uncertainty 
principle as set out in Box 28, to investigate the limitation on 
the simultaneous determination of the following pairs of 
observables: X andp ;X andp ;p andp ; £ and£ ;zand£ 

X y X y X y 2 

kinetic energy and Coulomb potential energy; total energy and 
x; total energy and dipole moment* 

Further Informatton. See MQM Chapter 4 for a deduction and 
application of the principle* For a discussion of the uncertainty 
principle see Heisenberg (1930) and Ingram's Rsdietlon and 
quantum physfcs (OPS 3), and the standard quantum-mechanics 
texts such as Dirac (1958), Messiah (1961), Schiff (1968), 
Davydov (1965), and Landau and Lifshitz (igSSa). For an 
interesting account laced with speculation on mind and magic 
see Bohm (1951). For an account of one aspect of the energy - 
time relation see Salem and Wigner (1972), and for an account 
of the uncertainty principle for cyclic systems see Carruthers 
and Nieto (1968). 

united atom. The united-atom method, which is used to 
describe the structure of molecules, is one of a variety that 
employs a corre/ation diagram. In general, one has a set of 
orbitals or states of a system when it is in one form and a 
set of orbitals or states for the system when it is in another 
form, and one is interested in which states of one form turn 
into which states of the other, A correlation diagram consists 
of two arrays of levels joined by lines which denote the way 
that a state changes into another state when the system 
changes from one form to another* The most Important rule 
for constructing such a diagram is that lines representing 


states with the same symmetry cannot cross (see *non-cro 3 sing 
rule). We illustrate the technique with the idea of the united 
atom; this is a lineal ancestor of the Walsh diagrams, which 
show how the molecular orbitals of molecules change when 
bonds are bent, and both are parents of the Woodward-Hoffn}an 
rules, which show how molecular orbitals and states change 
during concerted molecular rearrangements. 

The united-atom correlation diagram takes as one set of 
states the ''orbitals of two separated atoms (we let the atoms 
be the same and call them A), and considers how these orbitals 
change as the atoms are pressed together until ultimately they 
fuse into an atom of twice the atomic number, the united 
atom. The energy levels of the united atom are known, so are 
those of the separated atoms; what is unknown is the structure 
of the intermediate object, the diatomic molecule A—A. 

Let us take as the simplest illustration of the method the 
atoms of hydrogen; the united atom will therefore be the 
helium atom. Whether or not the fusion can actually be made 
to occur in practice is important for the future of mankind 
but immaterial for the present discussion* Concentrate on the 
Is-orbitals of the separated atoms, and envisage what happens 
as we squeeze the atoms together. If the atomic orbitals are 
squeezed together in phase (so that a positive-going amplitude 
'of one overlaps a positive-going amplitude of the other) the 
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FIG. U1, The united a lorn (He) formed from H + H, and the inter¬ 
mediate H 2 . 











process of uniting the atoms ultimatelv generates the Is-orbital 
of the helium atom* {See Fig, U1,) The out-of-phase super¬ 
position of the two atoms always possesses a ®node half-way 
between the two merging nuclei: when the nuclei are united, 
half-way between them means through the united nucleus; 
therefore the merging of the orbitals has generated a 
2p'Orbital of helium (Fig, U1), This is known to lie above the 
ls*orbital, and therefore we may conclude that at an inter¬ 
mediate stage the hydrogen molecule possesses the orbitals 
denoted o and O*. These are just the bonding and antibonding 
orbitals of *^moIecular-orbital theory, and to them we may 
apply the ^aufbau process in the normal way^ and so arrive at 
the structure of the molecule* 

This process may be applied to a more complicated pair of 
atoms in order to arrive at some assessment of the structure of 
the intermediate molecule* There are some difficulties, and 
these are mainly connected with the role of spin-orbit coupling 
in heavy atoms, for this serves to muddle some of the 
correlations* 

Questions. What is meant by a ^correlation diagram'? In what 
sense is the united-atom procedure an example of the use of a 
correlation diagram? To what use may the united-atom 
procedure be put? In what ways does the correlation diagram 
drawn in the figure differ from the actual dependence of the 
energy of the orbitals on the internucfear separation? Do 
these differences matter? What rule has to be observed in the 
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formation of a diagram? Construct the full correlation diagram 
for the formation of a united atom from two atoms possessing 
Is-, 2s', 2p-, 3s-, and 3p-orbitals, and use it to discuss the 
electronic structure of the homonuclear diatomics that may be 
formed from the first-row atoms, (Check your answer against 
Fig* MS, which shows the intermediate situation corresponding 
to the structure of O 2 *) 

Further information. A nice discussion will be found in §4.7 of 
Coulson (1961), and an original paper on the subject is that of 
Mulliken (1932), See also Chapter VI of Herzberg (1950) for a 
thorough discussion of the way the united atom is used to 
discuss the structure and spectra of diatomic molecules* A rule 
of special importance is the Wigner-Witmer spin-correla tion 
ruie, which tells how to determine which atomic states are 
formed when a diatomic breaks up* This is discussed In 
Herzberg (ioc* cit*), §5*2 of Wayne (1970), and Chapter 3 of 
Gay don (1968)* The Walsh rules for the discussion of molecular 
structure are given in a classic series of papers by Walsh (1953)* 
What these diagrams are diagrams of has been the cause of 
much perplexity: for a readable analysis consult Coulson and 
Deb (1971 )* The Wood ward-Hoff man rules are described by 
Gill (1970), Woodward and Hoffman (1970), Gill and Willis 
(1969), and Longuet-Higgins and Abrahamson (1965). See 
also Woodward and Hoffman (1969, 1970) for a review with 
many applications and also Alder, Baker, and Brown (1971) 
for a helpful description* 
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valence bond. The valence-bond theory was the first 
quantum-mechanical theory of the chemical "bond, and 
drew heavily on the chemist's concept of a bond as an 
object depending for its strength on the presence of two 
paired electrons. The theory picks out of a molecule the 
electrons that are paired (the perfect-pairing approximation) 
and supposes that these dominate in the formation of the 
bond; when several perfect-paired structures have similar 
energies the molecule ts allowed to Tesonate among them, 
and the energy of the whole is thereby lowered. 

As in most things, the simplest object can elucidate the 
method most effectively. Consider H 2 , that most public of 
molecules. At great separations the °wavefunction for the 
species is the wavefunction for the two separated atoms 
^ ( 1 ) which for brevity we shall denote aib 2 * When 

the atoms are as close as they are in the molecule the wave- 
function might not differ very greatly, the only difference 
being that we cannot stop one electron slipping off its 
nucleus and visiting the other, in other words we must permit 
the electrons to exchange their roles. In terms of the wave- 
function we must let a 162 be contaminated by , in which 
electron 2 occupies the orbital hitherto occupied by electron 
1, and vice versa. In fact, from the symmetry of the system, 
the contamination must be allowed to proceed so far that the 
wavefunction is a 50:50 mixture of both arrangements 
{^162 + At this point we sit back, the physics having 

been done, and do the mathematics. This means that we 
attempt to calculate the energy of the molecule from the 
wavefunction we have set up. 


There are some tricky integrals over the coordinates of the 
electrons that need to be done in order to evaluate the 
potential energy of the molecule, and they are illustrated in 
Fig, VI, One Integral can be interpreted as the contribution 



FIG, VI, Contributiom to the v.ta. energy of H2. 
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FIG, V2. The dependence on the nuctear separation of the rnolecular 
integrals contributing to the VB energy of The total energy is also 
shown, 

to the total ertergy from the attractive interaction / between 
an electron on one nucleus and the other nucleus; another is 
the repulsive interaction / between the electron clouds on the 
two nuclei. An analysis of the electron distribution for the 
wavefunction shows that there is a significant 

accumulation of electron density in the internuclear region— 
this extra accumulation of density is represented by the oval 
shapes in Fig, VI—and this extra density contributes extra 
terms to the total energy* One contribution is the repulsive 
interaction k between the two electrons confined to the oval 
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BOX 29; Molecular integrals and experimental data for H 2 
5 = /dTia{l)/j(l) 

/ =/dridT2a(1p(eV47r6Qri2)^>(2p 
f =/drja(1)^{^^/47?ieorjb) - 
k = /dfi dTta{ 1)6(1) )a(2)b(2) 

k' ^ /dria(1)6(1 KeV47r€or,b) ^ /dT2a(2)6t2) (^VAirearj^), 
Coulomb integral J = + / — 2i\ 

Exchange integral K = (e^S^/4iieo^) + A: — tSk\ 

Energy = 2f„ (H) + (f, < E.\. 

E ijfH) is the energy of an isolated hydrogen atom. 

Bond length in H^: 74*16 pm (0*7416 A), 
Dissociation energy (0%): 4*476 eV, 36 116 cm“*, 
Rotational constant: 60 809 cm”^ 

Vibrational frequency: 4395*2 cm“*. 


regions, and another is the attractive energy k* between these 
electron-rich regions and the nuclei (see Box 29 and Fig, V2), 
Just looking at the numerical values of the integrals shows that 
the most important contribution is the last: in this model the 
reduction in energy of the molecule below the energy of the 
separated atoms is in large measure due to the lowering of the 
potential energy of the electrons by virtue of their accumulation 
in the internuclear region, where they are able to interact attract¬ 
ively with both nuclei, (We note and emphasize that an accurate 
account of the source of bonding energy must also take into 
account the changes in '^kinetic energy of the electrons on bond 
formation and the distortion of the atomic orbitals in the 
vicinity of the nuclei: see *bond and '^molecular orbitals,) 

The numerical value of the bonding energy for the hydrogen 
molecule calculated in the manner described is 3*14 eV, in 
moderate agreement with the experimental value 4*72 eV, (In 
fact, the agreement is bad, but when it was first obtained the 
number supported the view that the model was correct; it has 
since been made much better without altering the essential 
features of the description,) 
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This approach to hydrogen is developed to account for the 
structure of more compitcated molecules, but the procedures 
rapidly become more complex. In each case the bonding is 
ascribed to the interaction of pairs of electrons, and so pairs 
of electrons are selected and the energy of their interaction is 
calculated. One of the important features of the valence-bond 
theory now appears: because there are many electrons in an 
atom, and therefore many pairs, we have to take into account 
the possibrlity that electrons that form different paired bonds 
still interact electrostaticafly. In this connexion we may think 
of ""benzene and one of its Kekule structures. In the structure 
the spins are paired when if-bonds are formed, and so the con¬ 
tribution of each bond to the energy of the structure arises in the 
same way as we discussed for the hydrogen molecule. But the 
electrons in one bond interact with the electrons in the others. 
This gives rise to Two effects. First, the energy of the Kekule 
structure is modified; and second, there is a tendency for the 
electrons to redistribute themselves around the ring (see 
Fig. B8 on p. 19 or Fig. Ft7 on p. 201). One redistribution 
corresponds to the other Kekule structure, and so the effect 
of the interaction is to induce “resonance between the two 
Kekule' structures. This alters the energy. The true distribution 
of electrons in the ring cannot be described simply by the 
resonance of two Kekule structures: a better description and 
a lower energy are obtained if other canonical structures are 
allowed to take part in the resonance (see “benzene). 

The principles described in the preceding paragraphs are 
the bases of the general valence-bond method. One selects the 
bas\c perfect-paired structures according to a set of rules (and 
so they are called canonical; canon = rule), calculates the 
energy of each, and then determines the energy of a super¬ 
position admitting resonance among them. 

The valence-bond theory has much room for improvement. 
Seeing how H 2 is improved is a guide to seeing how other 
molecules are improved. The haw in the simple picture of 
lies in the method's implicit insistence that, if an electron 
occupies an orbital on one atom, then the other electron must 
be on the other atom. In practice we know that there is a 
significant possibility that both electrons will be found on the 
same atom, and so the wavefunction ought to be improved by 
permitting an admixture of ionic contributions Bia ^, corre¬ 
sponding to an6 bIb 2 . corresponding to According 


to the “variation principle we know that an improvement of 
the wavef unction leads to a lower energy, and this is found 
when an Ionic component is allowed to contaminate the 
covalent wavefunction. The name given to this mixing in 
valence-bond theory is ionic-covafent resonance because the 
molecule resonates between the forms and the energy relaxes 
in the normal way. 

This discussion has led us to the point where we are able to 
mention the disadvantages of the valence-bond theory, disad¬ 
vantages that have offset the advantage of chemical plausibility 
at the root of the theory. One disadvantage is that the number 
of canonical structures which ought to be included increases 
dramatically with the number of atoms in the molecule. For 
example, there are 5 structures for benzene, but more than 
100 000 for coronene. The structure must be allowed to 
resonate around all these canonical forms, and so It can be 
appreciated that the determination of the energy and structure 
of a moderately large molecule Is a task of enormous magni¬ 
tude. Another difficulty is the importance of the ionic 
structures which must be added to the canonical structures. The 
importance of these increases dramatically as the number of 
atoms increases. The modern tendency, however, is to recon¬ 
sider these disadvantages, and present indications suggest that 
valence-bond theory is about to be given a second chance. 

Questions. 1. What is the inspiration for the valence-bond 
approach? What is the perfect-pairing approximation? Why 
Is it only an approximation? What happens when there are 
several perfect-paired structures of similar energy? What is 
the consequence for the energy in that case? Give an 
example of this situation in the case of H 2 and benzene. 

Discuss the VB description of molecular hydrogen. What 
is the nature of the reduction in the energy of the molecule 
relative to the energy of the separated atoms? What is the 
roie of electron exchange in H^? Why, then, are electron 
pairs so important for the formation of the chemical bond? 

2. The VB wavefunction for is “*■ ^ 2 ^ 1 ) the 
notation used in the text. Deduce an expression for the 
energy of the molecule in terms of this wavefunction and 
the correct “hamiltonian, and confirm that the integrals 
that arise are those shown in Fig. VI and Box 29. Show that 
for the alternative combination [a^bj ) the energy 








IS determined by the same integrals but with some different 
signs. Assess the sign of the integrals and thence show that the 
lower-energy wavefunction is the former. What, according to 
the ’Pauii principle, can be said about the spins in the bond? 
If the spins were parallel (unpaired) what would we be forced 

BOX 30: The VB secular determinant 

1. Form all the canonical structures within the perfect- 
pairing approximation (for example, the two Kekule and 
three Dewar structures of benzene). If then desperate with 
complexity, select a manageable number of important 
structures on the grounds of chemical intuition (for 
example the two Kekule structures). 

2. Superimpose each structure with itself and all other 
structures and calculate the element H — ES , which 

rc re 

stands in the rth row and cth column of the secular 
determinant, by applying the formula 

2A/ is the total number of electrons, / is the number of 
islands formed in the superposition, and A is the number of 
connected pairs of neighbours in these islands, less half the 
number of pairs of neighbours on separate islands. We mean 
by neighbours the orbitals between which there is an inter* 
action (and typically geometrical neighbours). J and K are 
the Coulomb and exchange integrals. 

An example. Let r correspond to one Kekule form, and 
c to a Dewar form of benzene 



/V=3,4 = 3+ 1 -^2 = 3,/ = 2 


3, Construct the full secular determinant (5 X 5 in the 
case of benzene), find the roots F, select the lowest root as 
the energy of the molecule, and find the coefficients in the 
superposition that corresponds to this root. The squares of 
the coefficients give the weights of the canonical structures. 


valence bond 


249 


to conclude? The variation of the molecular integrals with 
distance is given in Fig, V2 for the case of H 2 * From the 
values, deduce the energy and the bond length, 

3. What is meant by a 'canonical structure'? How many 
canonical structures are there for benzene? One way of 
deducing the number of canonical structures is by means of 
the Rumer diagram, where all the contributing orbitals are drawn 
on a circle and then pairs are joined until there are no unpaired 
points. The number of structures that can be drawn in this way 
without any lines crossing is the number of canonical structures 
for the problem. Investigate this device for benzene and 
naphthalene. Can you deduce a general formula for the number 
of canonical structures for aromatic molecules? The way that 
the energy of each structure and the energy of interaction 
between structures is calculated is set out in Box 30. Each 
canonical structure is superimposed on each other (and itself) 
and the energy is related to the number of 'islands' formed by 
the superimposed lines. Use the formula In the Box to deduce 
the energy and interaction energy of the two Kekule structures 
of benzene, set up the “secular determinant in order to 
determine the energy and structure of the best {lowest*energy) 
superposition, and deduce that it consists of 50 per cent of each 
structure with an energy J + 2’4/C', and therefore that the 
“resonance energy is 0*9 K, Now include the three Dewar 
structures, and express the state of the molecule as 

Obvious 

notation (I hope); set up the appropriate secutar determinant, 
and deduce the extra stabilization energy that arises from 
admitting the Dewar structures. For what proportion of the 
structure do they account? 

Further information. See MOM Chapter 9. A nice account of 
simple VB theory, and an extensive comparison with molecular* 
orbital theory is given in Chapter V of Coulson [1961) and by 
Murrell, Kettle, and Tedder (1965). See Eyrmg, Walter, and 
Kimball (1944) for details of the method. Pauling's classic 
book (1960) is almost exclusively an account of the VB 
description of molecules and in its earlier editions is an un¬ 
paralleled example of the power of quantum-chemical reason¬ 
ing within the format of the theory. The molecular-orbital 
and valence-bond theories are discussed in comparison under 
“molecular orbital versus valence bond. 
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valence state. Let us centre our attention on carbon, and in 
particular on the carbon atom in methane, A chemical descrip¬ 
tion of the structure of methane might regard it as an 
sp^ "^hybridized carbon with each of its four tetrahedral lobes 
overlapping one of the four surrounding hydrogen atoms, 
Therefore the bonds are formed from four hydrogen atoms 
overlapping the four tetrahedral orbitals of a carbon atom in 
its valence state ts^ 2s2p 2p 2p , The valence state Is the 
state of the atom responsible for its bonding to its neighbours* 
From this definition it is a trivial consequence that the valence 
state of the hydrogen atom is simply Is; similarly the valence 
state of the oxygen atom is 1s^ 2s^ 2p^2p^2p^ in a substance 
such as water. 

It is important to realize that the valence state is not in 
general a spectroscopic state; that is, it cannot be detected by 
lines in a spectrum representing transitions into or out of it. 

The clearest way of appreciating this is to reflect on the nature 
of the bonding between the carbon and the hydrogen atoms 
in methane, and to recognize that although the electrons are 
"paired in individual bonds there is no pairing of spins in 
different bonds. Therefore the valence state is characterized by 
the four valence electrons with random relative spins* But a 
state with random spins is not a spectroscopic state, for in 
these there is a strict coupling of the various angular momenta, 
and therefore a strict distribution of relative spin orientations* 

It is of interest to be able to know the energy of the valence 
state, especially when the importance of "hybridization Is being 
assessed; this may still be done even though the state is not 
spectroscopic* The valence state may be expressed as a mixture 
("superposition) of true spectroscopic states, and its energy 
calculated by the corresponding average of the energies of the 
contributing states* In this way it is possible to assess the energy 
required to promote an electron from the ground state of 
carbon to form the valence state {7 eV, 680 kJ mol"^). 

Is the valence state ever formed? Since it is not a spectros¬ 
copic state the answer Is strictly no (but see Questions); but we 
may envisage the valence state as emerging from the ground 
state as the ligand atoms are brought up towards it. Once again 
consider methane, but a 'potential methane' in which the four 
hydrogen atoms are disposed tetrahedral ly at infinite separation, 
and a central ground’State carbon atom. As the atoms approach 
tetrahedraliy the surface of the carbon atom begins to stir, and 


for brief moments the electron density might tend to accumu¬ 
late tetrahedraliy. As the atoms get even closer the fluctuations 
are stronger and more long-lasting; and when the atoms are at 
their equilibrium bonding distance the fluctuations are massive 
and essentially frozen, forming the four tetrahedral a-bonds. 
Only at this point would it be true to say that the central atom 
was in its valence state, which has been drawn out of the ground 
state by the presence of the hydrogen atoms and the bond 
energy that lowers the energy of the whole system. 

Questions. What is a valence state? Why is it not a spectroscopic 
state? How may the energy of the valence state be determined? 
What role does the valence state play in chemical-bonding 
theory, and why is its energy important? The valence state can 
be expressed as a superposition of spectroscopic states; suppose 
we contrived to produce an atom in a state which was just such 
a superposition of spectroscopic states, discuss the history of 
the state from its moment of formation. 

Further information. See MQM Chapter 9* See also Coulson's 
The shape and structure of molecufes (OCS 9) and §8*4 of 
Coulson (1961), who gives the following references to 
calculations on valence states, their composition, and their 
energy: Voge (1936), Mulliken (1938), Pauling (1949), Moffitt 
(1950), and Skinner (1953, 1955). A helpful discussion of 
valence states, with examples, is given in §4,1 of McGlynn, 
Vanquickenborne, Kinoshita, and Carroll (1972)* 

variation theory, or variation principle* The energy 
calculated using an arbitrary "wavefunction cannot be less 
than the true lowest energy of the system* 

In quantum theory we are told to calculate the energy of a 
system by evaluating the "expectation value of the "hamiltonian 
of the system, and so we evaluate the quantity E= 

/dr The variation principle informs us that 

if we make an arbitrary choice of the function (pthen the 
analogous quantity £— which is called the 

Rayleigh ratio, cannot be less than the true ground-state energy. 
The implication of this important result is that if we make a 
series of guesses about the form of the trial function, the one 
that gives the lowest energy will most closely resemble the true 
wavefunction of the system. If we are lucky we shall guess a 
function that yields the true energy: in that case we shall have 





found the true ground^state wavefunction* It is important to 
develop a method of choosing the best function other than 
relying on mere intuition, and two techniques are often 
employed. 

The first writes the wavefunction as a function of one or 
more parameters, and then varies the parameters in search of 
a minimum. Thus if the trial function were dependent on the 
value of a parameter p, differentiation of with respect to 
p and determination of the condition for a minimum yields the 
best value of p and therefore the best function of that particular 
form. Of course we might have chosen a function of a poor 
form, but the function so found would be the best of that type. 
As an example, we might have guessed That the ground state of 
the '^hydrogen atom was well described by a function expl—pr^) : 
a variation treatment leads to a best value of p, but not a very 
good energy, A function exp(—pr} requires another value of p, 
and in this case the best energy is the exact ground-state energy, 
and therefore the trial function with this value of p is the exact 
ground-state wavef unction. 

A different approach was introduced by Ritz: he supposed 
that the trial function could be written as a sum of functions: 
the functions themselves are invariable, but the amounts of 
each In the mixture constitute the variable parameters. The 
trial function is of a form (p = p i + P 3 02 and the 

minimum is found by differentiating ^(pt ,pi,. ,,) with 
respect to all the parameters p. and seeking a simultaneous 
minimum. This procedure is the basis of the method of deter¬ 
mining the best mixture in the method of dinear combination 
of atomic orbitals. Once again the minimum energy differs 
from the true energy if an Insufficiently flexible trial function 
has been chosen: it also differs if an approximate hamiltonian 
has been used {in which case an energy below the true energy 
may be found, for the hamiltonian must be correct if the 
variation method Is to be tried). 

It would be very useful to know how far the variational 
minimum energy, which is an upper bound to the true energy, 
lay above the true energy. There are techniques of finding a 
lower bound (beneath which the true energy cannot lie), and 
in principle this gives some indication of the accuracy of a 
variational calculation; but the technique is difficult and has 
not been widely used. 
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Questions, 1 , State the variation principle. Does It provide an 
upper or a lower bound to the true energy? If one guesses a 
wavefunction and calculates the energy of the system with it, 
of what can one be sure? What are the two methods of 
selecting the best trial function of a particular form? Why 
might the energy so calculated still be considerably greater 
than the true energy of the system? What is the Ritz procedure? 
What should be determined in order to estimate the error in the 
variation calculation? 

2, Take a trial function of the form exp(—pr) and vary p to 
find the ground state of the hydrogen atom, (The form of 
the "hamiltonian will be found in Box 7 on p, 90 and the 
radial part of the 'laplacian in Box 11 on p, 124), Do not 
forget to maintain the normalization of the function; in 
other words, minimize the ratio /dr;p*W(p'/dripV with 
respect top. Repeat the exercise with a trial function of 
the form exp{—pr^), Now try a function of the form 
Piexp{—p{/^) H- P 2 exp[—p^r^) and attempt to achieve a 
lower minimum. Sketch the form of the three best trial 
functions, 

3, The Ritz procedure takes a trial function of the form 

Sp^.0. and varies the parameters p.. Show that the condition 
for a minimum energy is attained when the determinant 
If/.. — vanishes, are the integrals rdT0.7/0. and5.- 
the integrals The minimum energy is the smallest 

root of the determinant, and the determinant itself is known 
as the '^secular determinant. Apply the Ritz variation principle 
to the demonstration that the Is-orbitals in molecular hydrogen 
oontribute equally to the bonding molecular orbital. 

Further information , For a simple proof of the variation 
principle and a derivation of the minimum conditions, see 
MQM Chapter 7, and §3.6 of Coulson {1961), For further 
discussion see §7c of Eyring, Walter, and Kimbal! (1944), 
Kauzmann (1957), Pilar (1966), and Wiicox (1966). For a 
discussion of the determination of lower bounds see Lowdin 
(1966) and references therein. 

vector model of the atom. The vector model is a represen¬ 
tation in terms of vectors of the coupling of the angular 
momenta of the electrons of the atom. The basis of the method 
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is the representation of a state of ^angular momentum of 
magnitude [/j + 1)] by a vector j| of length [/, + 1^ 

with an appropriate orientation. If the component of 
angular momentum on some arbitrary z*axfs is well defined 
and has the value mh the orientation of the vector is drawn so 
that its component on this axis is of length m. Since such an 
angular momentum “precesses about the ^^axis, the vector is 
drawn so that it lies on a cone at some arbitrary but indeter¬ 
minate azimuth (Fig. V3h 



FIG, V3, The basic vector model of angular momenlum. 

If a second sourceis present, the total angular momentum 
of the system may be constructed as the resultant of the two 
vectors representing the two momenta: since the length of the 
resultant vector must be [/(/' 1)] ^, with the value of / selected 

from the set/i +/ 2 ,/i +/2 “ 1, * < - l/i -"Af (see ‘‘angular 
momentum), only a few orientations of the three vectors 
ji, h, arid their resultant j are permitted. In accord with the 
algebraic theory of angular momentum the vectors j i and h 
precess around their resultant, and the latter precesses around 
some arbitrary z-axis. This situation is represented by a vector 
diagram of the type shown In Figs, V4 and V5. The process of 
coupling the mon^nta together may continue until all the 
individual spin and orbital contributions have been combined 
into the one resultant representing the total angular momentum 
of the whole atom. Fortunately this formidable exercise can be 
simplified by a number of approximations. The first simplifi¬ 
cation is to note that the core of the atom (the electrons In 
other than the valence shells) has zero angillar momentum 
because all its spins are paired and the shell is complete. The 



FtG. V4. Coupling of and 12 in the vector model. 



FIG. V5. Coupling of /| ^2 and /2 ® ^ to 9ive/= 3, 2. 1. A vector 
construction is shown in black, and a simple rule of thumb, which 
uses lines of length/|,/ 2 ,/. is shown in colour. 


next approximation supposes that there are two extreme cases 
of coupling, 

t, The first, the RusseU-Saunders coupVmg case or LS-coupimg 
case, assumes that the ^pin-orbit coupling is so small that It is 
effective only after all the orbital momenta have been summed 
into some resultant L, and all the spins summed into another 
resultant S. The electronic orbital motions are dominated by 
































the electron-electron eJectrostatic rnteractions, and this Is the 
source of their coupling energy* For two electrons the coupling 
of and I 2 would be represented by a diagrant of the type In 
Fig* V6 a* The two spins also couple to give a definite resultant 
S: the coupling energy for this interaction arises from the 
spin-dependent “exchange energy, and so it too is an electro¬ 
static phenomenon. At this stage the two resultant momenta 
L and S couple together to form a resultant J, the total angular 



FIG* V6. (a) Russefl-Saundersor LS-coupling. ib)y/^:oup|ing. 
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momentum, and the strength of this interaction depends on 
the strength of the spin-orbit coupling* 

2* When the spin-orbit coupling is stronger than the eiectro- 
static interaction the Russel I-Saunders scheme breaks down 
because the spin and orbital angular momenta of individual 
electrons attempt to organize themselves into satisfactory 
mutual orientations. The j/coupfing scheme describes the 
extreme situation of this kind* in it each electron's spin is 
allowed to couple with its orbital momentum; thus 1| and 
Si couple to form ji* The two components "precess strongly 
around their resultant in the manner characteristic of a 
strongly interacting pair of momenta* This ii is now coupled 
to another 12 , and the total angular momentum J constructed: 
the latter coupling Is relatively weak, for it depends on the 
electrostatic interactions of the electronic orbitals. We see 
that, although the total angular momentum obtained in this 
way might be the same as the total in the Russell-Saunders 
scheme, the states of the atoms are different, and their 
energies also differ. 

Neither scheme is an exact representation of the true state 
of affairs because there is always some competition between 
the different types of interaction, and indeed it is quite 
possible for some electrons in the same atom to be coupled by 
one scheme and the remainder by the other* Nevertheless 
for light atoms, which have small spin-orbit coupling 
constants, the Russell-Saunders scheme is often a good 
description of the valence electrons. Heavy atoms, which have 
large spin-orbit coupling constants, are often predominantly 
//-coupled* It follows that the wavefunctlons corresponding to 
the Russell-Saunders scheme are a good starting point for 
more elaborate calculations on light atoms. 

The angular momenta that one is led to by the vector 
model are the bases of the labelling of the state of atoms by 
nerm symbols. 

Ouesthns. What is the vector model of the atom? What are 
its basic features? What is the length of the vector that would 
represent the orbital angular momentum of an electron in an 
s-orbEtal, a p-orbital, and a d-orbitat? What is the length of the 
vector representing the “spin of an electron? Construct vector 
diagrams for the coupling of the spin and orbital angular 
momenta of an electron In a p-orbitaL What Is the energy of 
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vibrational spectroscopy: a synopsis 


Interaction? What approximations may be introduced to 
simplify the discussion of the coupling of angular momenta in 
atoms? By a vector construction show that the angular 
momentum of a complete K*sheJI (1s^ ) is zero. What Is the 
source of the coupling energy between the orbital momenta 
of electrons? What is the source of the spin coupling energy? 
When is it appropriate to use Russell-Saunders coupling? When 
should//-coupling be used instead? Are there any alternatives? 
Is it possible to use the Russell-Saunders term symbols even 
when the//-coupling predominates? 

Further mformathn. See MQM Chapters 6 and 8 for a further 
discussion of the vector model of the atom and the two 
coupling schemes. Good accounts are given In §11.2 of 
Herzberg (1944), Chapter V of White (1934), §3.4 of King 
(1964), and Chapter 12 of Kuhn (1962). Candler's book 
(1964) concentrates on the vector-model description of atoms. 
The molecular situation is outlined in the section on the “Hund 
coupling schemes. 

vibrational spectroscopy: a synopsis. As a first approxi* 
mation the vibrations of molecules are assumed to be simple 
•harmonic. The frequency depends on both the •force-constant 
and the mass of the vibrating object according to a>= (Wm)^ 
in radians per second. Molecular force-constants and masses are 
such that vibrational frequencies fall in the infrared region of 
the spectrum, and so obtaining a vibration spectrum is an infrared 
spectroscopic technique. Vibrational structure also appears in 
an •electronic spectrum, for during an electronic transition 
vibrations may be excited: the spacing of the fines of this 
vibrational structure is of the order of an infrared frequency* 

As a rough guide, weak bonds between heavy atoms vibrate in 
the region of several hundred cm"' [the 1—1 bond in I 2 vibrates 
at 214 cm"', 6-4 X 10'^ Hz, or 4-67 X 10'* nm, in units of 
wave number, circular frequency, and wavelength respectively), 
and stiff bonds between light atoms vibrate in the region of 
several thousand cm * (the H—H bond in hydrogen vibrates at 
4395 cm"*, or 1*3 X 10"* Hz, or 2280 nm). Bond stretches 
tend to be at higher frequency than bond bends. See Table 10 
for the vibrational frequencies of some diatomic molecules, 
and Table 24 for the typical frequencies of groups in molecules. 


A vibration is active— im. observable—in the infrared if 
during it the dipole moment of the molecule changes. This 
implies that diatomic molecules absorb in the infrared only 
if they are polar. In more complicated molecules it is 
necessary to scrutinize the form of the mormai mode in 
order to see whether the vibrations of several atoms 
jointly lead to an oscillating dipole. This may often be done 
by inspection, but more positively one should take into 
account the symmetry of the system by using •group theory. 

If the vibration is active the selection rule for the transition is 
that the vibrational quantum number for that transition may 
change by ± 1, At normal temperatures the Boltzmann 
distribution ensures that essentially all molecules are in their 
ground vibrational state: this implies that the spectrum should 
consist of a single fine for each vibrational mode of the 
molecule, and correspond to the excitation of the mode of 
vibration from its ground state to its first excited state. Such 
a line is the fundamental and is denoted (1'<—0), 

The vibration of a molecule is not strictly harmonic because 
the potential in which the atoms move is not strictly parabolic: 
the deviations are greater at large displacements from equilib¬ 
rium. This •anharmonicity has several consequences. First, the 
selection rule for the transition fails to a degree that depends 
on the amount of anharmonicity. Instead of a single line for 
each mode one sees the fundamental (1^0), or the first 
harmonic, accompanied by weaker overtones, or second-, 
third -,,.. harmonics corresponding to the •progression of 
transitions (2-^^—0), (3^^—0),. *.. These should appear at the 
frequencies 2u), 3co,.. * but not exactly because of the 
anharmonicity. It is possible for two modes of a molecule to 
be excited simultaneously if they are not entirely independent 
(that is, if there is present anharmonicity which is able to mix 
together the two modes): the absorption that is responsible for 
this appears as a combination band. When the energy of a 
combination level lies close to the energy of an unexcited 
mode, which may be unexcited because it is inactive in the 
infrared, there may occur a Tesonance Interaction between 
them by virtue of the anharmonicity present. This Fermi 
resonance causes the lines to shift, and the active bands donate 
intensity to the inactive, which therefore appear in the spec¬ 
trum (this is intonsity borrowing, brought about by the inactive 









mode acquiring some of the properties of the active modes : 
see “superposition principle). 

When B vibrationai transition occurs it may be accompanied 
by a “rotational transition of the molecule. This gives rise to a 
structure in the spectrum which Is observable when the sample 
is gaseous; in a liquid collisions with the solvent blur the 
structure by reducing the lifetime of the rotational states. In 
an “electric dipole transition the “rotational “quantum number 
J may change by 0 or ± 1; consequently there are lines at the 
position of the pure vibrational trar>sition (A/ = 0) which 
constitute the Q-^branch of the spectrum; a series of lines at 
lower frequency (AJ = —t), the P-branch, ar\<j a series at higher 
frequency IAJ= + t), the R-branch. A series of lines rather 
than a single line Is observed because the Boltzmann distri¬ 
bution permits a number of rotational levels to be occupied 
in the Initial state, and each one of these gives rise to a line 
in the branch. The branches may pass through a bead if the 
rotational constant of the upper vibrational level Is signifi¬ 
cantly different from the rotational constant in the lower 
level (see “branch); this is especially important when the 
vibrational transition is part of an electronic transition for then 
the rotational constants may be very different. 

The other features that affect a vibrational spectrum in¬ 
clude “Inversion doubting (for example, in NH^) and i2-type 
“doubling In linear triatomic molecules. See “Coriolis inter¬ 
action, 

The main pieces of chemical information that one may 
obtain from a study of vibrational spectra include the elemen¬ 
tary but important one of the identification of a species by 
using its vibrational spectrum as a fingerprint, The major quan¬ 
titative information that may be obtained is the rigidity of 
bonds under the stresses of stretching and bending: the 
force-constant is an important feature of a chemical bond. The 
anharmonicities show how far the true potential differs from 
an ideal parabola. The rotational structure on vibrational 
transitions enables the molecular geometry to be determined 
in different vibrational states (bond-angle and bond-length 
dependence on vibrational state}, and the vibrational and 
rotational structure of electronic transitions enables the same 
kind of information to be obtained about electronfcally 
excited states. This information enables one to build up a 
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full picture of the potential-energy curves of molecules In 
different electronic states. 

We have concentrated on electric dipole absorption spectra: 
vibrational transitions may also be observed in “Raman 
spectroscopy. 

Further in format ton. See MOM Chapter 10 for a discussion of 
vibrational and rovlbrational spectra in more quantitative 
terms, and with the use of group theory. An introduction to 
the vibration of molecules may be found in Barrow (1962), 
Whiffen (1972), and King (1964). The characteristic frequencies 
of many bonds are listed in Bellamy (1958, 1968) who also 
describes infrared spectroscopy as an analytical tool. More 
advarrced discussions are given by Gans (1971), Herzberg 
(1945), Wilson, Declus, and Cross (1955), and Allen and Cross 
(1963). See also Gaydon (1968). 

vibronic transition.. The word 'vibronic' is an amalgam of 
wAration and electror?/c, and implies that the transition involves 
both modes of excitation simultaneously, A vibronic state is 
the name applied to a state of the molecule when it is improper 
to view the electronic and the vibrational states as independent. 

In order to elucidate this description consider an octahedrai 
complex and an electronic transition of a d^electron. In the 
“crystal-field or Higand-field theories of transition-metal 
complexes the d-orbitals are split into two groups sep¬ 
arated by a small energy difference; therefore it is tempting 
to ascribe the colours of transition-metal complexes to a 
transition of an electron from one set of d^orbitals to the other. 
The problem that immediately confronts us is the Laporte 
“selection rule, which forbids d-d transitions because it forbids 
“gerade-gerade (g^g) transitions. Most rules can be evaded, and 
one of the rules for looking for ways of evading rules is to 
seek the approximation on which that rule might be based, 
and then to repair the approximation. The Laporte selection 
rule is based on the existence in the complex of a centre of 
symmetry, and only if the complex is strictly octahedral Is the 
rule strictly valid. But the complex may vibrate, and some of 
the vibrational modes destroy the centrosymmetric nature of 
the molecule. Now consider the unexcited, vibrationally 
quiescent molecule, and a photon approaching It, Let the 
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photon excite simultaneously a d-electron and a vibration of 
the complex. Then If the excited vibration is one that destroys 
the centrosymmetry of the complex, the Laporte rule will 
be slightly but sufficiently broken, because the complex no 
longer possesses a centre of inversion in the initial and final 
states. 

The transition is allowed only in so far as it is proper to 
treat the vibration and the electronic motions as coupled 
together so that they jointly determine the symmetry of the 
object with which the light is interacting. Therefore the 
transition is vibronic and the states of the complex must be 
treated as vibronic states. This view leads to another way of 
looking at the nature of a vibronic transition. In this we 
consider the possibility of a transition from a d-orbital to a 
P'Orbital; this, being a g to u transition, is allowed. But why 
should the upper level be a p-orbital, or at least why should it 
possess some p-character? If the electrons follow the nuclear 
vibrations the electronic distribution in the upper state must 
follow the nuclear motion. To do so it must distort from the 
centrosymmetric distribution which dK}rbltals give rise to, 
and one way of achieving the distorted distribution is to mix 
in (^hybridize) some p-orbital character (Fig, V7). Therefore, 
when such an antisymmetric mode is excited the electronic 
distribution contains some p-character; and as d-p transitions 
are allowed, the transition from the quiescent ground state to 
the vibronic upper state is allowed in proportion to the 
amount of p-character the vibration introduces. 

Further information. See MOM Chapter 10 for a further 
discussion, and some group theory. Vibronic transitions are 
described in more detail by Orgel (1960), Figgis (1966), 

Ball hausen (1962), and Griffith (1964), When the rotational 
stales of a molecule must be considered too then a 



rovibronh trmsithn occurs, and the composite states are 
rovibronh states. 


virtal theorem* In its simplest form the virial theorem states 
that if the potential energy of a system follows a Mr law then 
the mean kinetic energy is related to the mean potential energy 
by the expression < jy = —\<V>. This in turn implies that 
the total mean energy of the system is simply equal to j<V>, 
or to *- < 7>. A more general form of the theorem states that 
if the potential energy follows the lawthen the mean 
potential energy and the mean kinetic energy are related by 
<7^ = |'rt< V>. Thus for an harmonic oscillator, in which 
the potential energy is parabolic (r? = -F 2), the mean potential 
and kinetic energies are related by <7^ = < V>, and this 
equality Is yet another manifestation of the peculiarly high 
degree of symmetry of the ^harmonic oscillator. The theorem 
applies to a bounded system, and one that is stationary in 
time; but if by mean value is also implied a time average, then 
it also applies to non ^stationary states. 

The name *virial' (which Is derived from the Latin m, vires; 
force, forces) comes from the classical mechanical form of 
the rate of change of the mean value of the product r.p, where 
r is a position coordinate and p is the linear momentum. This 
leads to the equation <7^ = “ j<F,r>, the viriaf theorem of 
Clausius, where F is the force acting. From this expression may 
be deduced the general form of the equation of state of a 
real gas in which forces operate between the gas particles: this 
gives rise to the viria! expansion and the viriai coefficient of 
^ thermodynamics. The viriai theorem may also be derived 
quantum mechanically and applied to a discussion of the 
structure and properties of atoms and molecules. For example, 
it is a test of the exactness of a calculated wavefunction that 



FIG, V7. An asymmetric vi¬ 
bration hybridises and d i and 
permits a d-d transmon via the d-p 
component. 














the expectation values of the potential - and kinetic-energy 
operators do indeed satisfy the viriat theorem. !t is essential to 
remember that the virial theorem imposes a connexion between 
the way that the kinetic and potential energies vary as wave- 
functions are distorted. The virial theorem may also be used as 
an alternative to the "variation theorem in some circumstances, 
A further generalization of the virial theorem may be made 
and the hypetYiris/ theorems obtained. These are a set of 
theorems based on the vanishing of the average value of the 
^commutator of an "operator with the "hamiitonian of the 
system when the system is in an "eigenstate of the hamiltonian. 

Questions. From the wavefunctions given inTables 11 and 15 
demonstrate the validity of the virral theorem for the ground 
states of the harmonic oscillator and the hydrogen atom. 

Return to the calculation of the ground state of the hydrogen 
atom in terms of the "variation principle, and investigate 
whether the viriat theorem is satisfied for the best gaussian 
approxrniation. 

Further mformetion. For a good discussion of the classical 
virial theorem, its deduction, and some applications, see 
Goldstein (1950) ; for the deduction of the gas laws see 
Lindsey (1941), The quantum-mechanical virial theorem is 
derived by Hirschfelder (1960), who also deduces and 
describes the hypervirial theorems. Application of the 
theorem to molecular- and atomic-structure caiculations are 
described by Coulson (1965), Deb (1973), and Feinberg, 
Ruedenberg, and Mehler (1970). 

virtual transition. When a system is ^perturbed, for 
example by the application of an electric field, it is distorted? 
the distorted system can be described by a "superposition of 
the "wavefunctions of the states of the originaf system, and 
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therefore the system behaves as though it contained features 
of the excited states? it has made a virtuai transition to the 
excited state. When a tight wave scatters from a molecule the 
distortion it induces can be envisaged as a series of virtual 
transitions to the excited molecular states caused by a virtual 
absorption of a photon. The distortion is immediately released, 
and the photon flies off leaving the molecule either in its 
original state (Rayleigh scattering) or in one of the excited 
states populated by the initial virtual transition (“Raman 
scattering). 

As the frequency of the incident light approaches one of 
the transition frequencies of the molecule the transition 
gradually loses its virtual character and becomes real: the 
molecule is really excited and the photon is really absorbed. 
Energy is conserved in real transitions; but as Virtual transition' 
is just a name for a way of describing a distortion and of taking 
into account the effect of a perturbation, for them it is not 
conserved. 

Questions. What is a virtual transition? In what ways does 
it differ from a real transition? When does a virtual transition 
take on the character of a real transition? Is energy conserved 
in a virtual transition? What virtual transitions are involved 
when an electric field is applied to a “hydrogen atom? 

Farther information. See MQM Chapter 7 for a discussion of 
perturbation theory and a concomitant discussion of virtual 
transitions. Books that deal with “perturbation theory perforce 
deal with virtual transitions, although the term is not always 
used. See Davydov (1965), Dirac (1958), Landau and Lifshitz 
(t958a), Messiah (1961), and Schiff (1968), See §16of Heitler 
(1954) and §7.5 of Hameka (1965) for a discussion of the 
transformation of virtual into real transitions. See "Raman 
effect and “Stark effect. 














wavefunction. The wavefunction for a system is a solution of 
its Schrodinger equation and is the function that contains all 
the information about its dynamical properties* If the wave- 
function that describes the state of the system is known, all the 
observable properties of the system in that state may be 
deduced by performing the appropriate mathematical 
“operation* The wavefunction may be a function of time, and 
is then often written ^(r,t)* When it is not a function of time 
(or when the time-dependence has been factored out) it is 
often denoted and is a function of all the coordinates of 
all particles that make up the system* Since the wavefunction 
depends on the state of the system it is often labelled with an 
index or set of indices {the “quantum numbers) that distinguish 
the state, Thus the wavefunction for a system containing N 
particles and needing M quantum numbers is the mathematical 
function ^ ^ (ri ,r 2 *«* As examples of wave- 

functions we may point to the wavefunction for a free particle 
travelling in the x-direction with a "momentum /rh, which is 
the function exp i/rx, and to the wavefunction for the ground 
state of the “hydrogen atom, which is the simple function 
exp(^r/ao). The wavefunction has an interpretation, must obey 
some restrictions, and contains information* We describe these 
aspects below* 

1* fnterpretatfon of the wa^efuncthn. We concentrate on a 
system containing one particle with the coordinate x* The 
Born interpretation of \//(x) is that it is the amplitude for 
the probability distribution of the position of the particle* 
According to this interpretation the probabiiity of finding 
the particle in the infinitesimal range dx surrounding the 


pointx is proportional to The probability 

density at the pointx is therefore proportional to 
^*(x)^(x). If we were dealing with a three-dimensional 
system the wavefunction would be interpreted as follows: 
\{/*{r)^{i)dT is the probability of finding the particle in an 
infinitesimal volume element dr surrounding the point r* The 
interpretation may be pictured in terms of inserting a probe 
sensitive to the presence of the particle, and which samples a 
volume dr in the system; as the probe is moved to different 
points r the meter reading is proportional to the volume of 
the probe and to the value of As an example, the 

wavefurtction for the “hydrogen-atom ground state is a 
decaying exponential function of r] therefore the meter reading 
for the electron density will fall according to exp(^2r/5o)dT as 
the probe of volume dT is moved out along a radius. In the case 
of the other wavefunction referred to above (expiA:x) the meter 
would give the same reading wherever the probe is inserted 
because {expiA:x)*{expi^x) = 1 and is independent of x. This 
function corresponds to an even spreading of the particle 
throughout the universe, whereas for the hydrogen atom the 
electron is densest close to the nucleus* 

2. Limitations on the wavefunction. If the wavef unction is to 
be interpreted as an amplitude for the probability density for 
the distribution of the particle is must be constrained in a 
variety of ways. 

(a) It must be finite everywhere, for otherwise there would 
be an indefinite accumulation of probability density at the 
points where it became infinite. (This requirement is really too 
stringent: all we need to impose Is the condition that the total 
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probabitity of the particle being within the universe is unity— 
thus we require the existence of the integral but 

our too-stringent requirement is a good guide in most cases.) 

(b) The probability density must be single-valued every¬ 
where, because it would be nonsense to say that the prob¬ 
ability density at a certain point is both 0-2 and 0-4. In most 
cases (systems invoiving “spin are exceptions which are easily 
accommodated in another way) this requirement is the same 
as requiring the wavefunction itself to be single-valued. 

(c) The wavef unction must be continuous, for it would be 
unreasonable to have a probability density of a particular 
value at a point and a finitely different value an infinitesimal 
distance away. 

The imposition of these limitations on the wavef unction 
Is severe, for it forces it to obey certain boundary conditions, 
and leads ineluctably to quantization {see “quantum) because 
only a very few of the solutions of the “Schrodinger equation 
survive when the conditions are imposed. 

3. information in the wavef unction. We have already seen that 
the wavef unction contains the information about the distri¬ 
bution of the particle. The mean gradient (slope, first 
derivative) of the function is the ^momentum of the particle 
in that state; this emerges from the quantum-mechanical 
rules about interpreting observables by “operators. The mean 
curvature {the second derivative) is the "kinetic energy of the 
state. The value of any observable Is determined by calculating 
the “expectation value of the corresponding "operator using 
the appropriate wavef unction. 

4. Time-dependent wavef unctions. If the wavef unction 
^^{x) corresponds to an energy ("eigenvalue) the time- 
dependent form of the wavefunctfon {x,r) is simply the 
product (x)exp(-i5^f/fi). This is a stationary state (even 
though t occurs) because the probability density l^^(x,f)P 
is independent of time* 

5. Pure states and superpositions. If It is certain that a 
system is in a state with well-defined quantum numbers then 
the wavefunction is that of a pure state. As an example, a 
hydrogen atom known to be in its ground state is in a pure 
state, and a particle with precisely defined momentum is also 
in a pure state and is described by a simple wavefunction. 

When the state of a system Is believed to be one of a range 
of pure states, for example, if the particle has a momentum 
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somewhere in the range (k — K:)h to [k + K)h then the wave- 
function for the system is a “superposition of the pure-state 
functions covering this range. Thus if the state is believed to 
be in the range of states spanned by the functions 

(x),,.the true state of the system is described 

1 "2 

by the linear superposition 0(x) = c, 0 (x) 0 (x) + , . 

where the coefficients determine the probability that the 
system is in one of the basis states: the probability that the 
system is in a state described by the wavefunction 0^(x) is 
proportional toc*c , or |c P. The coefficients may be 
time-dependent. An example would be the excitation of a 
hydrogen atom fay incident radiation: initiafly the atom is in 
the ground state described by the function 0 (r), but as 
irradiation continues it takes on more of the character of the 
2p^-state. Therefore during irradiation its state is described by 
the function Jr) (r), with 

c^^(O) = 1 and (0) = 0, and the probability that at a time 
t it has actually made the transition to the 2p^-state is 
proportional to k 2 p(f)P. The calculation of the coefficients 
is a task for "perturbation theory, and the example is described 
further under "transition probability. An example of a static 
superposition wavefunction ts that of a “hybrid orbital, and 
another is an "LCAO "molecular orbital. 

Questions, How is a wavefunction obtained? What is its 
interpretation? What is the difference between probability 
and probability density? Sketch the meter reading for an 
electron-sensitive probe when it is dipped into a hydrogen 
atom^ and pushed in towards the nucleus along a radius: 
first let the probe be a minute volume element, roughly a 
cube of volume dxdydz, and then let the probe be a spherical 
shell of area Airr^ and thickness dr (r is the radius, and so the 
shell gets smaller the closer it is pushed towards the nucleus: 
see "radial distribution function). What are the three 
constraints on the wavefunction? Is a wavefunction of the 
form exp(H’ax) a likely candidate for a wavefunction for a free 
particle? What about the function x/lx|? A particle is 
confined to a ring and the function exp im0 Is proposed for 
its wavefunction: vs4iat fimitation must be put on the values 
of m7 How is a time-dependent wavefunction for a stationary 
state formed? Suppose the energy E were replaced by the 
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complex quality ^’HhT; what would happen to the amplitude 
of the hitherto stationary state, and how could this be 
interpreted? How should the coefficients of a superposed 
wavefunction be interpreted? A wavefunction is written 

proportion of s- and p-character does it 
contain? Form an sp^ -hybrid. 

Further informathn. See MQM Chapters 1,2, and 3 for a 
detailed discussion of the solution of the Schrddinger equation 
for a variety of systems and an account of the properties and 
significance of their wavefu net ions. For a discussion of the 
interpretation of wavefunctions see Pauling and Wilson (1935), 
Landau and Lifshltz (1958a), and Schiff (1968), For questions 
about its interpretation see Bohm (1951), Jammer (1966), and 
Ballantine (1970). We have discussed elsewhere the question of 
the •normalization of the wavefunction, and the question of 
^orthogonality. Its interpretation as an eigenfunction of 
the •hamiltonian is important. See also the '‘superposition 
principle, "atomic orbitals, and the “hydrogen atom, 

wave packets, A particle that experiment or observation 
shows to be confined to a very smalt region of space must 
be described by a •wavefunction that Is strongly peaked 
within the region and virtually zero elsewhere, A wave- 
function corresponding to a sharply defined ^momentum 
has a well-defined wavelength, and so spreads over a large 
region (actually the whole) of the system; the only way of 
attaining localization is to take a •superposition of the 
latter functions and investigate their mutual interference, 
if the superposition has been well chosen all the construc¬ 
tive Interference occurs at a selected point and destructive 
interference eliminates the amplitude of the wavefunction 
everywhere else (Fig. W1). The square of the sharply 
peaked function is another sharply peaked function, and 
so the probability of finding the particle differs from zero 
only in the point-like region. Thus a wave packet describes 
a localized particle (and because we have a superposition 
of a vast number of energy states the momentum is 
correspondingly indefinite). 

The wave packet also moves, because all the component 
functions are time-dependent and the point of maximum 
constructive interference moves. It is possible to show that 
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FIG. Wl, Formation of a wave packet: (a) single momentum state, no 
localization; (b) several states, some localization; (cl many states, good 
localization: (d) Infinite number of states, perfect local izatton, 

when the wavef unctions are the solutions of a Schrodinger 
equation for a specified potential the motion of the wave 
packet corresponds very closely to the motion predicted 
for a classical particle In the same potential. Thus we see 
how the structure of quantum mechanics underlies the coarse 
description provided by classical mechanics. One important 
difference is that the wave packet tends to spread with time, 
but this tendency is very small for massive, slow particles. 

Further mformathn. The formation, significance, ana 
motion of wave packets are described in MQM Chapter 3, 
and made quantitative in Appendix 3,1, A good and instruc¬ 
tive discussion will be found in Chapter 3 of Bohm (1951), 
and those with tough teeth should consult Goldberger and 
Watson (1964), especially Chapter 3, 

Wigner coefficient, A Wtgner coefficient, or Clebsch-Gordon 
coefficient, or vector-coupling coefficient, is the coeff icient 


















in the expansion of a state of coupled "angular momentum in 
terms of its uncoupled components. 

As a specific example, consider the coupling of an ct- and a 
/3-electron "spin into a "singlet state. This spin-paired state may 
be expressed as a ^linear combination of the uncoupled states 
in which spin 1 has orientation a and spin 2 has orientation 
A and vice versa: the singlet state is represented by 
(1 //2) [q!( 1 )j3(2) — (3(1 )ct{2)]. The Wigner coefficient of the 
uncoupled state o:( 1)^(2) is therefore 1//2, and of the other 
uncoupled state /3t1)0E(2) is — 1//2* If we attempt to construct 
a component of the triplet state from the two uncoupled states 
we discover that taking both coefficients to be + 1//2 would 
give (1 //2) [o!( 1 )/3{2) + i3( 1 )a(2)], which should be recognized 
as the = 0 state of the triplet. Wigner coefficients enable all 
such linear combinations to be written for the coupling of 
arbitrary angular momenta into the desired resultants. 

The Wigner coefficients for the coupling of a state with 
quantum numbers/i, and /2 , into one with are 
written a modification of this coefficient, 

which being more symmetrical is easier to handle, is known as 
a 3/-symboL 

Further information. See Brink and Satchler (1968), Rose 
(1957), and Edmonds (1957) for the properties of Wigner 
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coefficients. A convenient list has been published by Heine 
(I960)- A collection of 3/-symbols in a convenient numerical 
form has been prepared by Rotenberg, Bivins, Metropolis, and 
Wooten (1959). 


work function. The work function of a metal is the energy 
required to remove an electron to infinity. The analogy with 
the "ionization potential should be noticed. Metals with small 
work functions can more easily lose their electrons than metafs 
with high work functions. A small list of work functions is 
shown in Table 25, 

The work function plays a role in the "photoelectric effect 
and in thermionic emission. The Schottky effect is the lowering 
of the effective work function in the presence of an applied 
electric field; this arises from the combined effect of the applied 
field and the mirror charge induced by the electron as it moves 
away from the surface of the metal. 

Further information. A very readable account of these matters 
will be found in Solymar and Walsh (1970). Comprehensive 
tables of work functions are given in S9 of the American 
institute of Physics Handbook (Gray 1972). See also 
'^photoelectric effect. 
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X-ray spectra. X-rays sre electromagnetic waves of the order 
of 0*T nm (1 A) wavelength, A principal terrestrial source is 
the bombardment of metals with high-energy electrons. The 
radiation so produced consists of two components: there is a 
continuous background of radiation on which rs superimposed 
a sequence of sharp lines. The latter constitute the X-ray 
spectrum. 

The continuous component, known as SremsstraNung, is 
formed by the deceleration of the electrons by the metal: as 
the negatively charged electron is decelerated when it plunges 
into the metal it radiates electromagnetic radiation, and if its 
initial energy is great enough there is a significant short- 
wavelength component. 

The discrete spectral lines arise from transitions within the 
core-leveis of the atoms that constitute the material: the 
incoming electron has enough energy to eject an inner-shell 
electron from the atom, either completely or Into some 
unoccupied upper level; one of the remaining core-electrons 
falls into the hole left by the ejected electron, and the energy 
difference is radiated. High-energy {'hard') X-rays are formed 
when the ejected electron comes from the K-shell — 1): an 
electron falling from the L-shell {f> — 2) gives rise to the 
K^-line, one falling from the M-shel! (n “ 3) gives the 
K^-line, and so on. Softer X-rays (longer wavelength) are 
formed when the electron is ejected from the L-shell, and 
the lines L., etc, are formed as electrons drop from the 
M- and N- shelfs. 

As a first approximation the K-radiation can be treated on 
the basis of the energies of the electron levels being hydrogen- 
like, with an effective nuclear charge of (Z— 1)e, to take into 


account the single electron remaining in the Is-shelL Then 
using the •'hydrogen-atom energy-level formula it is an easy 
matter to deduce that the frequencies of the K-radiation are 
given by (Z*” ^ (1/n^)], Similar expressions for 

other lines can be written, but they would involve different 
screening constants (T in Z — o. This expression shows that the 
square root of the X-ray frequency is proportional to the 
atomic number Z: this Is Mo^fey's faw, which enabled the 
elements to be put in an unambiguous order, 

Questfons. What different types of X-radlation can be 
observed when a metal is bombarded with high-energy 
electrons? What is the source of the continuous background 
radiation? Why are some sharp peaks observed? To what 
transitions do the peaks correspond? What is the source of 
K^-radiation? What is the dependence of the X-ray frequency 
on the atomic number of the atom? Why is it reasonable to 
treat the energy calculation of K^-radiation in terms of a 
hydrogen-like atom with atomic number Z^ 1? Caiculate the 
maximum frequency of the continuum X-radiation that might 
be expected when a 1 keV, 100 keV, IMeV electron beam 
strikes a target. The K^-radiation from copper has a wavelength 
of 1’541 A (154 pm) and from molybdenum 0*709 A(70*9 pm) 
compute their atomic numbers. Predict the wavelength in the 
case of aluminium. 

Further information. For an account of X-ray spectra see 
Chapter XVI of White (1934), § I VC of Kuhn (1962), §IV.2 of 
Herzberg (1944), and §13,9 of Condon and Shortley (1963), 
Tables of X^ray transition frequencies are given in §7 of Gray 
{1972), 
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Zeeman effect. The Zeeman effect is the splitting of spectral 
lines into several components by a strong magnetic field. In 
the normal Zeeman effect^ which is shown by atoms without 
spin, each line is split into three. In the aaomafous, but more 
common, Zeeman effect^ which is shown by atoms with net 
spin, the line structure is more complicated. 

In the absence of spin the only source of ^magnetic 
moment is the orbital angular momentum of the electrons; the 
applied field interacts with the orbital moment and the energy 
of the state with projection h changed from £ to f + 

The 2/. + ) states of a “term with orbital angular 
momentum L are therefore no longer “degenerate but are 
arrayed in a ladder with spacing JU_£, For example, a term 
will be split into 3 evenly-spaced components, and a *D term 
into 5 components with the same splitting. The “selection rule 
for an optical transition Is = 0, il, and so all transitions 

faM into three groups. The = 0 set is at the position of 

the original spectral line (see Fig. Z1), those with AW^ = —1 
are displaced to low frequency, and those with A/lf^ = +1 are 
displaced an equal amount to high frequency. Closer analysis 
of both theory and experiment shows that the light emitted is 
polarized: when viewed parallel to the magnetic-field direction 
the A/W^ = 0 line is absent, and the ±1 lines are 

circularly polarized (AA^^ = —t is left circularly polarized, 
A/l^^ = +1 is right circularly polarized). When viewed 
perpendicular to the field the AAf^ = 0 line is present and 
polarized parallel to the field (it is denoted a ?r-line); the 
=±1 lines are also plane-polarized, but perpendicular to 
the field (and denoted the cr-Mnes: senkrecht is German for 
perpendicular). With fields of the order of 30 kG the splitting 


is about t*5cm~*, and this is easily detectable. 

When a resultant “spin is present, so that the atom h in 
some “multiplet state, it is necessary to consider the effect of 
the magnetic field on each of the “levels of the term: the 
2i + 1 states Mj of a level with total angular momentum J 
have a magnetic moment and therefore an energy 

E + in a magnetic field. The ^^^factor takes into 

account the dependence of the magnetic moment of a state on 
the magnitudes of the contributing spin and orbital angular 
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FJG. Z1. The normal Zeeman effect (^D— 
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Zeeman effect 


momenta: it is the Lande R value. Sincedepends on 5, L, 
and^, tlw splitting of states is different in different terms, 
and aithough the same selection rules apply (and the 
polarizations are the same) the transitions no longer fall into 
three neat groups. As an example, consider the transitions 
^ The ^ term has a magnetic moment arising solely 
from its spin angular momentum, and since S 1 the field 



fMHdofr 




ri«ld cm 





T 

L 











FIG. Z2. The anomalous Zeeman effect pP— 


separates the states into three with separation (because 
gj = 2 when I = 0, S = 1,7 = 1). The term has three levels 
^ 0 , ^Pii and Since L — 1 and 5 = 1, ff, = 0 for 7 — 0, 

= § for 7 = 1, and Qj — j f or 7 = 2. The Vo term is therefore 
not split by the field, and the other two levels ^P] and are both 
split by the field, the former into 3 states with splitting 
(§)MqS and the latter into 5 states with the same splitting 
(Rg. Z2). On the application of the selection rules the 
spectrum is predicted to be of the form shown in Fig. Z2, and 
the considerable complexity of the situation is apparent. Note 
that the polarization characteristics of the lines can be used to 
disentangle the spectrum. At very high fields all anomalous 
Zeeman effects become normal because the field decouples the 
angular momenta: this is the ’Paschen-Back effect. 

A principal use of the Zeeman effect is the determination 
of the multiplicity of terms. The splitting of energy levels by a 
magnetic field is the basis of magnetic resonance techniques: 
see “electron spin resonance and “nuclear magnetic resonance. 

Questions. What is the Zeeman effect? Under what circum¬ 
stances are three lines seen? When does the anomalous effect 
appear? Account for the normal Zeeman effect. Discuss the 
Zeeman effefct for the transition ^ D ^ F and construct a 
diagram of the form of Fig. Z2 to illustrate the formation of 
the spectrum. What is the polarization of the lines in the 
*D — > ^F Zeeman spectrum? What would happen to the 
polarization if the direction of the magnetic field were 
reversed? What splitting would you expect in a 10 kG 
magnetic field? Why does the anomalous effect depend on 
the presence of spin? (Look at "^-value to convince yourself 
that the magnetic moment of a level of a term depends on S, 

Z., and 7.) Construct a diagram showing the expected 
anomalous Zeeman effect for the transition ^ ^F. Mark 
the polarization of the lines. What will happen to the spectrum 
when the field h markedly increased (to about 100 kG)? 

Further information. See MQM Chapter 3 for a more detailed 
discussion. Accounts of the Zeeman effect, and the use to 
which it can be put, will be found in SI 1-3 of Herzberg 
(1944), §3.15 of King (1964), §lil.A3 and gill.F of Kuhn 
(1962), and Chapter XVi of Condon and Shortley (1963). 

































































TABLE 1 

Physical properties of benzene 


C—C bond length 139-7 pm (1 -397 A) 

C—H bond length 108-4 pm (1 -084 A) 

enthalpy of 

formation AW®: 83-2 kJ mof* (19-820 kcal mol"*) 

resonance energy 150 kJ mof* (36-0 kcal mof*) 

first ionization 

potential 9-24 eV 

polarizability 0 ^ = 6-35X 10‘^cm^ 

(6-67 X 10“'** F m'^) 

= 12-31 X 10“*^ cm® 

(10-89 X 10"'“ F m'®) 

OL^ = 10-32 X 10"®^ cm® 

(9-13X 10"^* Fm"®) 

refractive index 

(20°C, D-line) 1-5011 

relative permittivity 
(20‘’C) = 2-284 

magnetic 

susceptibility v, =-3-49X10'® 

Xj^ =-9-46X10'® 

-7-47X10'® 

6-8 eV (E^ ^ A,^); 6 0 eV (E^ ^ A,^) 
6 0 eV (B,„ A^^); 4-9 eV (B^^^ A^^, 


absorption bands 


TABLE 2 

Bond-order—bond-length correla tions 
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Hydrocarbon 

Bond 

TT-bond order 

Bond distance (pm) 

ethene 


1*0 

133-5 

benzene 


0-667 

139*7 

naphthalene 

1,2 

0-725 

136-5 


2,3 

0-603 

140-4 


1,9 

0-554 

142-5 


9,10 

0-518 

139-3 

anthracene 

1,2 

0-738 

137-0 


2,3 

0-586 

140-8 


1,9a 

0-535 

142-3 


9,9a 

0-606 

139-6 


4a,9a 

0-485 

143-6 

graphite 


0-535 

142-1 


See Streitweiser (1961) and Daudel, Lefebvre, and Moser 
(1959) for more Information and analysis. 



TABLE 3 

Character tables 


C2v 

(2mm) 

E 

C2 


o'M) 


A, 

1 

1 

1 

1 

Z 


Aa 

1 

1 

-1 

-1 


xy 

Bi 

1 

-1 

1 

-1 


xz 


1 

-1 

“1 

1 


yz 


Ca. 

(3mm) 

E 

2C3 

CO 




Ai 

1 

1 

1 



z 

+ y^, 

Aj 

1 

1 

-1 





E 

2 

-1 

0 



{x.y){R^.Ry) 

{x^-y^,xy)(xz,yz) 


C4v 

E 

2C4 

C2 

20 

20 . 



(4mm) 




V 

d 



A, 

1 

1 

1 

1 

1 

Z 

x^ + y^,z'^ 

A2 

1 

1 

1 

-1 

-1 


1 1 

Bi 

1 

-1 

1 

1 

-1 


x—y 

B2 

1 

-1 

1 

-1 

1 


xy 

E 

2 

0 

-2 

0 

0 

{x.y)(R^,Ry) 

{xz, yz) 


Csv 

E 

2C5 

2C| 

5a 

V 


Ai 

1 

1 

1 

1 

z 

x^ + y^, z^ 

A2 

1 

1 

1 

-1 

R, 


El 

2 

2cos72° 

2cos144° 

0 

{x.y)(R^.R^) 

(xz. yz) 

E2 

2 

2cos 144° 

2cos72° 

0 

^ Y 

ix^-y^.xy) 


2cos72® = 0*61803 2cos144° =-1*61803 


(6mm) 

E 

2C6 

2C3 

Ci 

0^ 

CO 

3"d 


A, 

1 

1 

1 

1 

1 

1 

z 

x^ + z^ 

A2 

1 

1 

1 

1 

-1 

-1 

Rz 


Bi 

1 

-1 

1 

-1 

1 

-1 



B2 

1 

-1 

1 

-1 

-1 

1 



El 

E2 

2 

2 

1 

-1 

-1 

-1 

CM CM 

1 

0 

0 

0 

0 

{x,y){R^,Ry) 

{xz, yz) 

(x^-y^ xy) 
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^oov 

E 

2C0 

00 

... 

000 

V 




1 

1 

ft • • 

1 

z 


A 2 , 2” 

1 

1 

ft « ft 

-1 

R 


E,,n 

2 

2cos0 

ft • ft 

0 

{x.yHR^.RJ 

(xz, K^) 

E 2 , A 
E3,4> 

2 

2 

2cos20 

2cos30 

ft ft ft 

ft ft ft 

0 

0 

^ V 

(x^—K^XK) 



€ = exp (27ri/3) 


11 

E 

8C3 

3C2 

6S4 

6^d 


Ai 

1 

1 

1 

1 

1 


+ z^ 

A2 

1 

1 

1 


-1 



E 

2 

-1 

2 

0 

0 


(2z^ —x^-K^x^ —K^) 

Ti 

3 

0 

-1 

1 

-1 

(A?,./?,,/?,) 


T2 

3 

0 

-1 

<1 

1 

ix.y.z) 

(xy, xz, yz) 
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TABLE 4 

T-vatues for selected molecules 


CH 3 C 02 H* 

-1-37 

CH 3 I 

7'84 

CH3CH*0 

0-20 

CH 3 COCH 3 

7-91 

CsHfi 

2'73 

CH 3 CO 2 H 

7*93 

P-C6H^(CH3)2 

305 

CH 3 CN 

8-03 

CsHg 

4-31 

C 2 H 2 

8-51 

C 2 H 4 

4’68 

CftHu 

8-56 

H 2 O (0°C) 

4-68 

C 2 H 6 

9-11 

H 2 

5'66 

H 20 (vapour) 

9-26 

CeHsOCHj 

6-27 

CH 4 

9-86 

CHJOH 

6-62 

Si(CH4)4 

lO’OO (definition) 

C 6 H 5 CHICH 3 

7-38 

HCI 

10-31 

CgHsCHl 

7-66 

HBr 

14-21 

CHJCHO 

7-80 

HI 

23*11 


TABLE 5 

Colour, frequency, and energy of Ugh ft 


Colour 

Wavelength 

(nm) 

Frequency 

(Hz) 

Wave number 
(cm'M 

(eV) 

Energy 

(kJ mol 1 ) 

(kcal mopi) 

infrared 

1000 

3-00 X 10^^ 

1 * 00 X 10 ^ 

1-23 

120 

28*5 

red 

700 

4-28 

1*43 

1-77 

171 

40*8 

orange 

620 

4-84 

1*61 

2-00 

193 

46*1 

yellow 

580 

5-17 

1*72 

2-14 

206 

49*3 

green 

530 

5*66 

1*89 

2-34 

226 

53*9 

blue 

470 

6*38 

2*13 

2-63 

254 

60*8 

violet 

420 

7*14 

2*38 

2-95 

285 

68*1 

near ultraviolet 

300 

1-OOX 10^^ 

3*33 

4-15 

400 

95*7 

far ultraviolet 

200 

1*50 

5*00 

6-22 

600 

143 


t Adapted from Calvert and Pitts (1966) 



TABLE 6 

Dipole moments (debyes) 
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NH3 

1-47 

H20 

1-85 

HF 

1-91 

HCI 

108 

HBr 

0-80 

HI 

0-42 

HCN 

3*0 

NO2 

0-32 

N2O 

0-17 

SO2 

1*59 

CO 

0-10 


H 


2-1 


Li 

Be 

10 

1*5 

Na 

Mg 

0-9 

1*3 

K 


0*8 


Rb 


0-8 


Cs 


0*8 



CHCla 

CH2CI2 

CH3CI 

CH3OH 

CH3CHO 

CH3OCH3 

CH3CH2OH 

C6H5CH3 

0-C6H4(CH3)2 

CeHsCI 

CeHsBr 

0"C5H4Cl2 

m-C^H4C\2 

TABLE? 

Paufing electronegativities 


B 

C 

N 

2*0 

2*6 

3*0 

Al 

Si 

P 

1*6 

1*9 

2*2 


Ge 

As 


2*0 

2*2 


1*01 

H 

1*57 

2-1 

1*87 

Li 

1*71 

1*0 

2*72 

Na 

1*30 

0*9 

1*68 

K 

0*36 

0* 

0*62 


1*57 


1-70 


2-25 


1*72 



0 

F 

3*4 

4-0 

S 

Cl 

2-6 

3*2 

Se 

Br 

2-6 

3*0 


1 

2*7 


Dipole moment (in debyes) 

Ionic character (per cent) “Xq ^ ^ 

Covalent-ionic resonance energy (in eV) (X^ “ 

Mulliken scale ^ ^ 

'1 ^a=K+^a>- 

For a complete list of Pauling and Mul liken electronegativities 
see p. 114 of Cotton and Wilkinson (1972). 



270 


TABLE 8 

Oscillator strengths and molar extinction coefficients 


electric dipole allowed 
magnetic dipole allowed 
electric quadrupote allowed 
spin forbidden (S-T) 
parity forbidden 

Examples 

C=C 

C=C-C=C 
7r*^n C?=0 

N=N 

c=c-c=o 

N=0 


f 

e/cm"’ dm* mol 

1 

10“- 10® 

10"* 

o 

1 

d 

b 

10“’ 

10"“- 10"’ 

10"* 

O 

1 

b 

10“‘ 

10^ 


e/cm'^ dm^ mol 

180 

10 000 

220 

20 000 

280 

20 

350 

100 

320 

100 

660 

10 




TABLE 9 

Hyperfine fields and spin^orbit coupling in some atoms 


isotope 

Abundance 
(per cent) 

Spin 

il>„A0) 1^ 
ns 

(a.u.) 

np 

(a.u.) 

Isotropic 

coupling 

(G) 

Anisotropic 

coupling 

(G) 

(cm"M 


99-9844 

1 

2 



508 




00156 

1 



78 



‘Li 

7-43 

1 

0-1673 


39 


0-2 

\i 

92-57 

3 

2 



105 



*Be 

100 

3 

2 

0-5704 


130 


1 

lOg 

18-83 

3 

1-408 

0-775 

242 


11 

"B 

81-17 

3 

2 



725 

38 


13c 

1-108 

1 

2 

2-767 

1-692 

1130 

66 

29 

'“N 

99-635 

1 

4-770 

3-101 

552 

34 

76 

iSlSi 

0-365 

1 

2 



775 

48 


•’0 

0-037 

5 

2 

7-638 

4-974 

1660 

104 

151 

19f 

100 

1 

2 

11-966 

7-546 

17 200 

1084 

270 

3lp 

100 

1 

2 

5-6251 

3-3187 

3640 

206 

299 

335 

0-74 

3 

2 

7-9187 

4-8140 

975 

56 

382 

35c| 

75-4 

3 

2 

10-6435 

6-7095 

1680 

100 

586 

^■’ci 

24-6 

3 

2 



1395 

84 


39k 

93-08 

3 

2 



83 


38 

41k 

6-91 

3 

2 



45 



’®Br 

50-57 

3 

2 

19-4127 

11-8758 

7800 

456 

2460 

*'Br 

49-43 

3 

2 



8400 

564 



This Table is adapted from Atkins and Symons (1967) and Morton, Rowlands, and Whiffen (1962). 
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TABLE 10 

Diatomic molecules 


Molecule 

Vibration 
frequency 
(cm'^ ) 

Bond length 
(pm) 

Rotation 
constant 
(cm"i ) 

Dissociation 

energy 

(eV) 

Force-constant 
(N m“l} 

Br2(''®Br*‘Br) 

323-2 

228-3 

0-08091 

1-971 

245-8 


1641-35 

131-17 

1-6326 

3-6 

952-1 


564-9 

198-8 

0-2438 

2-475 

328-6 

12c 15o 

2170-21 

112-81 

1-9313 

11-108(?) 

1902 


892-1 

143-5 


<2-75 

718-6 

‘H2 

4395-2 

74-16 

60-809 

4-476 

573-4 

"H2 

3118-4 

74-16 

30-429 

4-553 

576-8 

‘HBr 

2649-67 

141-3 

8-473 

3-75 

411-6 

1 ^ssci 

2989-74 

127-460 

10-5909 

4-430 

515-7 

1H19f 

4138-52 

91-71 

20-939 

<6-40 

965-5 

1H127, 

2309-5 

160-4 

6-551 

3-056 

314-1 

127| 

'2 

214-57 

266-6 

0-03735 

1-5417 

172-1 

•'‘N2 

2359-61 

109-4 

2-010 

9-756 

2296 

‘“02 

1580-361 

120-739 

1-44566 

5-080 

1177 


These molecules have been selected from a longer list compiled by Herzberg (1950). 
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TABLE 11 

Hermits polynomials and oscillator wavefunctions 

Harmonic oscillator: mass m, force-constant k 
Schrodinger equation 

energies 

E^={v + ?)hcOo 
v=0,^.2,.(jJo=(klm)'''^; 
wavefunctions 

/ V 

ya 


(x) = (— 


/^Jf)expKV2) 


a = moJo/h f = / {mo)o/^)x = ot^x, are Hermite 

polynomials. 

Properties of Hermite polynomials 
satisfies 

w^ir) - 2fw;{r) + 2 w^(f) = o. 

Rodrigues’ formula 

d" 


WJf) = (-1)'' expf 


dr 


exp(-r). 


Recursion relations 

=zi'w _,<f) 


Integrals 

/r„d?exp(-i^ 


0 


Explicit forms 




= 1 



«i(r) 

= 2f 



«2(f) 

=4r- 

2 



=8r - 

12f 


/f4(r 

= i6r- 

+ 

00 

1 

12 

/^s(r 

=32r - 

-160?® + 

120? 

Hsit) 

=64r- 

-48or+ 

720?®-120 

Hi(^) 

00 

CN 

II 

-1344?® 

+ 3360?®-1680? 


= 256r 

-3584r 

+ 13440r- 13440?®+ 1680 


TABLE 12 

Some Debye temperatures of solids 


Li 

dJK 


dJK 


dJK 

344 

Cu 

343 

Al 

428 

Na 

156 

Ag 

226 

Ti 

420 

K 

9M 

Au 

162 

Hg 

71-9 

Rb 

55-5 




Cs 

39-5 





C (diamond) 

2230 






NaCI 321 

KCI 230 

KBr 177 

CaFj 570 
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TABLE 13 

Hybrid orbitals 


Coordination 

number 

Shape 

Hybridization 

2 

linear 

sp, dp 


bent 

p^ ds, d^ 

3 

trigonal planar 

sp^ dp^ ds^ d^ 


unsymmetrical planar 

dsp 


trigonal pyramidal 

p". d'p 

4 

tetrahedral 

sp®, d®s 


irregular tetrahedral 

d®sp, dp®, d®p 


tetragonal pyramidal 

d'' 

5 

bi pyramidal 

dsp®, d®sp 


tetragonal pyramidal 

d®sp®, d'^s, dV, d^p 


pentagonal planar 

d®p® 


pentagonal pyramidal 

d® 

6 

octahedral 

d®sp® 


trigonal prismatic 

dV, d®p 


trigonal antiprismatic 

d®p® 


TABLE 14 

Associated Laguerre polynomials and functions 


The Laguerre differential equation is 

x(d^f/dx^) + (1 —x)(df/dx) + nf=0, 

with n a non-negative integer. Its solutions are the Laguerre 
polynomials L^(x), 

= e^(d/dx)'’y’e"^. 

The associated Laguerre polynomials are related to L^(x] by 


differentiation: 


and satisfy 


Z.*(x) = d*Z._(x)/clx* 


xldV/dx^) + (/t + 1 -x)((!fl6x)+{n-k)f = 0 

The associated Laguerre functions are related to Z.* (x) as 
follows: , .V I, 

and satisfy the equation 

x(dV/dx^) + 2(d//dx) + [/j - -1) - jx - (A:^ -1 )/4x] ^ = 0. 

The normalized radial components of the hydrogen-atom wave 
functions are 

with p = TZrlna^ 

These wavefunctions are developed in Table 15. 



TABLE 15 

Hydrogen-atom wavefunctions 


General form: 


/?^£(r) are proportional to the associated Laguerre functions 
(see Table 14) and the (0,0) are the spherical harmonics 
(see Table 23). 


Specific form of radial equation; p = TZr/naQ. 


Is: 

2s: 

2p: 

3s: 

3p: 

3d: 

4s: 

4p: 

4d: 

4f: 


/?io(r) = 

/? 2 o(/') = (Z/ao)"^"(1/2/2)(2-p)e-P/^ 

RiAr) = {Z/ao)^^^(1/2/6)pe-'’^^ 

R3o(r) = (Z/ao)=‘''^(1/9v/-3)(6-6p + p^)e"'’''* 

/?3i(/-) = (Z/ao)^^ 11/9/61(4-plpe"'*/^ 

/?32(r) = (Z/ao)^^^(1/9/30)p^e"^^^ 

/?4o(r) = (Z/ao)^^^(1/96){24-36p+12p^-p*)e-'’/^ 
/? 4 i(r) = (Z/ao)^^(1/32/15)(20-10p + p^)pe"'’^^ 
/?42(/-) = (Z/ao)^'*{1/96/5)(6-p)pV'’''^ 

/?43('') = (Z/ao)*''^ (1/96/35) pV^^^ 
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TABLE 16 

The hydrogen atom 


Experimental data 
Spectral lines (X/nrn): 

Lyman series: 121*567(a), 102-572(^3), 97-253(7),..., 91-15 
Balmer series: 656-28(a), 486-13(j8), 434-05(7), • • 364-6 

Paschen series: 1875-1, 1281-8, 1093-8,..820-4 
Brackett series: 405T2, 2625-1,..., 1458-4 
Pfund series: 7451-2 ,.2278-8 
Humphreys series: 12 368,..3281-4. 

Ionization potential: 1 097 X 10^ cm‘\ 13-60 eV. 

Electron affinity: 0-77 eV. 

Lamb shift: (28,^ - 2P,,): 1-058 GHz. 

Hyperfine interaction (Fermi contact interaction): 

1420-4 MHz. 

Polarizability (ground state): 4-5aj, 8-7 X 10"^^ m^. 
Diamagnetic susceptibility (ground state): —3-97 X 10“^. 
Covalent radius: 30 pm (0-30 A). 

Electronegativity (Pauling): 2-1. 

Theoretical data 

Hamiltonian for the atom: H = — a^Mireor. 

Energy of state with quantum numbers n, 9., m^: 



n= 1, 2, 3, ...;£ = 0, 1,2,... a7““1 ; m^ = 9, £—1,... —9, 
p Is the reduced mass m m Km + m ) and is the 

^ e p e p H 

“Rydberg constant. 

Degeneracy of state with energy —R^ /n^: n^. 

H 

Wavefunctions (r, Q. (j>) = {d, 0). 


The angular functions are the “spherical harmonics, see 
Table 23; the radial functions are the associated Laguerre 
functions 

/?/,p(r) a (p) 

where p = TZrtna^ and L (p) is an associated Laguerre 
polynomial. See Tables 14 and 15 for their analytical form 
and normalization. 

Expectation values, etc. 

Mean radius, etc: f / 

<r^)=(3lnVZ^)U + |h- 

<r)={3y/Z) |l +j^1- 

<r"'> = Z/aon^ 

<r‘^> = ZVag/j® (8 + j) 

<r"3> = iZIaof/nHik + ^){S. + 1). 

Most probable radius (ground state): ao (Bohr radius, 
5-291 771 5X 10'" m). 

Spin-orbit coupling parameter: 

1 _ 

/7®C(£ +1^){£ + 1) 

a^Z^R h'^ 

_ 

/7®£{£-f ^)(£+ 1) ' 

a is the “fine-structure constant. 

Probability at the nucleus: I^^q(O) P = Z^/jtaon^. 






TABLE 17 

Selected nuclear-spin properties 
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Isotope 

(*: radioactive) 

Natural 
abundance 
(per cent) 

Spin 

Magnetic 
moment 
(u ) 

Electric 

quadrupoie 

moment 

(e X 10-24cm^2) 

n.m.r. frequency 
at 10 kG 
(MHz) 

‘n* 

— 

1 

2 

-1-9130 

— 

29-165 

‘H 

99-9844 

1 

2 

2-79270 

— 

42-577 


1-56 X 10"^ 

1 

0-85738 

2-77 X 10'* 

6-536 

3h* 

— 

1 

2 

2-9788 

— 

45-414 

*Li 

7-43 

1 

0-82191 

4-6 X lO"^ 

6-265 


92-57 

3 

2 

3-2560 

-4-2 X 10"^ 

16-547 

®Be 

100 

3 

2 

-1-1774 

2X 10"^ 

5-983 

lOg 

18-83 

3 

1-8006 

0-111 

4-575 

"b 

81-17 

3 

2 

2-6880 

3-55 X 10'^ 

13-660 

13c 

1-108 

1 

2 

0-70216 

— 

10-705 

14n 

99-635 

1 

0-40357 

2 X 10"* 

3-076 


0-365 

1 

2 

-0-28304 

— 

4-315 


3-7 X 10“"^ 

5 

2 

-1-8930 

-4 X 10“^ 

5-772 

19f 

100 

1 

2 

2-6273 

— 

40-055 

“Na*- 

— 

3 

1-745 

? 

4-434 

^Na 

100 

3 

2 

2-2161 

0-1 

11-262 

31p 

100 

1 

2 

1-1305 

— 

17-235 

33s 

0-74 

3 

2 

0-64274 

-6-4 X 10'* 

3-266 

35g* 

— 

3 

2 

1-00 

4-5 X 10'* 

5-08 

3Sc| 

75-4 

3 

2 

0-82089 

-7-97 X 10'* 

4-172 

36c|» 

— 

2 

1-2838 

-1-68X 10'* 

4-893 

"’Cl 

24-6 

3 

2 

0-68329 

-6-21 X 10'* 

3-472 

39k 

93-08 

3 

2 

0-39094 

? 

1-987 

40k* 

1-19X 10“^ 

4 

-1-294 

? 

2-470 

41k 

6-91 

3 

2 

0-21453 

? 

1-092 

«Ca 

0-13 

7 

2 

-1-3153 

? 

2-865 

’’Br 

50-57 

3 

2 

2-0990 

0-33 

10-667 

“Br 

49-43 

3 

2 

2-2626 

0-28 . 

11-498 
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TABLE 18 

First and second ionization potentials (in eV) of some elements 


H 


13-599 




Li 

Be 

B 

C 

5-392 

9-323 

8-298 

11-260 

75-641 

18-211 

25-156 

24-383 

Na 

Mg 

Al 

Si 

5-139 

7-646 

5-986 

8-152 

47-29 

15-035 

18-828 

16-346 

K 

Ca 



4-341 

6-113 



31-81 

11-872 







He 

24-588 

54-418 

N 

0 

F 

Ne 

14-53 

13-618 

17-423 

21-565 

29-602 

35-118 

34-98 

40-964 

P 

S 

Cl 

Ar 

10-487 

10-360 

12-967 

15-760 

19-72 

23-4 

23-80 

27-62 



Br 

Kr 



11-814 

14-000 



21-6 

24-56 



Gas lasers 
He-Ne 


Ne 

Ar 
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TABLE 19 

Some laser systems 


\/nm 

Power 

Mode and duration of pulse 

632-8 

100 mW 

CW 

1084 

10 mW 

CW 

1152 

20 mW 

CW 

3391 

10 mW 

CW 

540-1 

10 kW 

pulsed (3 ns) 

488-0 

10W 

CW 

514-5 

500 mW 

CW 

457-9 

40 mW 

CW 

465-8 

— 

CW 

472-7 

•— 

CW 

476-5 

100 mW 

CW 

496-5 

100 mW 

CW 

647-1 

5W 

CW 

568-2 

50 mW 

CW 

520-8 

50 mW 

CW 

476-2 

25 mW 

CW 

170-0 

— 


116-0 

— 


337-1 

0-2 MW 

pulsed (10 ns) 

10600 (10-6 Mm) 

1 kW 

CW 

694-3 

400 kW 

conventional pulsed (1 ms 


16 GW 

Q-switched (10-20 ns) 


16 GW 

mode-locked (10 ps) 

10600 

300 W 

CW 


10 MW 

Q-switched (10 ns) 


fOMW 

mode-locked (1 ps) 

905-0 

60 W 

pulsed (200 ns) 

845-0 

1 W 

pulsed (2 jJs) 

3150 

50 mW 

pulsed (2 ns) 


In As 
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TABLE 20 

Maxwell equations 


Basic definitions 

E : electriC'field intensity (V m”M 
H : magnetic-field intensity (A m"M 
D : electric displacement (C m“^) 

B : magnetic induction, flux density (T or Wb m’^) 
p : charge density (C m“^) 

J : current density (A m”^). 

P and B may be related to E and H respectively, through the 
polarization P and magnetization M: 

D = eoE + P B = PoH + PoM (Po^o = c"^). 
Maxwell equations 

V.D =p 
V.B =0 

VAE = -aB/at 

VAH = J + ao/ar. 

Potentials 


A : vector potential, 0 : scalar potential 
B = VAA 
E = -aA/at - V0. 

Gauge transformation: if A A + Vx and <t>^<j>— byjdt, 
where x is any differentiable function, E and B are unchanged. 
When X is chosen so that V.A = 0 we are in the Coulomb gauge 
and if V.A + (1/c^)(a0/at) = 0 we are in the Lorentz gauge. 

TABLE 21 

Slater atomic orbitals 


Values of 

eff 

= Z—G for s, 

H 

p-orbitals 

Is 

1 



LI 

Be 

Is 

2*70 

3*70 

2 s, 2p 

1*30 

1*95 


Na 

Mg 

Is 

10*70 

11*70 

2 s, 2p 

6*85 

7*85 

3s, 3p 

2*20 

2*85 


the neutral first- and second-row atoms. 


B 

C 

N 

4*70 

5*70 

6*70 

2*60 

3*25 

3*90 

Al 

Si 

P 

12*70 

13*70 

14*70 

8*85 

9*85 

10*85 

3*50 

4*15 

4*80 




He 



1*70 

0 

F 

Ne 

7*70 

8*70 

9*70 

4*55 

5*20 

5*85 

S 

Cl 

Ar 

15*70 

16*70 

17*70 

11*85 

12*85 

13*85 

5*45 

6*10 

6*75 



TABLE 22 

Spherical harmonics and Legendre functions 


The spherical harmonics <t>) satisfy 

v'o™ = -c(£ +1) Yo„ ■ 


^ ^ = C, £—1, 


Factorization 


7 k 

are the associated Legendre functions: 

p^{x) = [(1 


{cos0) 


d/” 

are the Legendre functions: 


D®. 


Properties of 
symmetry: 

V'£/„(7r-0,0 + 7r) 




vj„(9,<>) -1-1 (9.^1 


281 


orthonormality: 

/J'desine 5^'’ d^/^ (0, 4>)Y^^>(d. <t>) = Sgj'^/nm' 
(Sno'5 ^ = 1 if both £ = £' and m = m', and 0 otherwise). 

XX mm 

Recursion relations for P'P: 

{£ -m + 1)/’g+i(x) - (2C + DxP^’U) + (« + m)P^, ^{x) = 0 

xFf{x)-(S.-m+^)('^ = 0 

/>^iU)-x/>^(x)-(C + /rj)(1 -xV‘P^-^{x) = 0 

(fi-m + ^)P^^^^x) + (1 (x) - 

-(C + m + ^)xP^(x) = 0 

(1 -x^)'‘^P^*^{x)-2mxP^{x) + 

+ (C + m)(C-m+ 1)(1 - x^f^P^'^ (x) = 0 

(1 -xY‘ + 1)^£+r 

= (fi + /77)Pglj(x)-ex/’^{x). 

Integrals of P^: 

f^^dxP^ (xjP^lx) = 25gg'[(£ + m)!/{2£ + 1)(C —m)!] 

, {P^MP^lx}) 

;_\dxj [ = [(e + m)!/m(fi-m)!] . 
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TABLE 23 


Cartesian and polar forms of spherical harmonics 



m 

Cartesian form 

Polar form 

0 

0 

1/27r'^* 

1/271^ 

1 

0 

j(3/7r)''^* (z/r) 

j(3/7r)^cos0 


±1 

5^(3/27r)''^*(x ± \y)lr 

+j(3/27r)^sin0 

2 

0 

j(5/7r)'""* (2z^ — 

j(5/jr)^(3cos^0-1) 


±1 

15/27r)'^"z{x ± \y)lr^ 

+j( 15/277)’'^ cos 0 sin0 e“"^ 


±2 

^(15/27r)^*(x ± \y)^lr^ 

j(15/277)’'“ sin*0 

3 

0 

^(7/7r)^*z(2z^ - 3x^ - 3/^)/r^ 

j(7/7r)’'^ (2cos^0 — 3cos0 sin^d) 


±1 

+|-(21/7r)''^*(x ± i/)(4z^—x^ — /^)/r^ 

+^(21/77)’^(4cos^0 sin0 — sin*0)e*"*’ 


±2 

^(105/27r)'/*z(x ±i/)V/^ 

j(105/277)’^ COS0 sin^0 


±3 


+^(35/77)’'“ sin^e 



TABLE 24 

Vibration frequencies 


CH stretch 
CH bend 

C—C bend and stretch 

C=C stretch 

C=C stretch 

O—H stretch 

H—bonds 

C=0 stretch 

N—H stretch 

C^N stretch 

C=N stretch 

N=N stretch 

P—H stretch 

C—F stretch 

C—Cl stretch 

C—Br stretch 

C—I stretch 

coi” 

NO3 

NO2 

sor 

silicates 

See Bellamy (1958,1968) for 


2850-2960 cm'^ 
1340-1465 
700-1250 
1620-1680 
2100-2260 
3590-3650 
3200-3570 
1640-1780 
3200-3500 
2215-2275 
1480-1690 
1575-1630 
2350-2440 
1000-1400 
600-800 
500-600 
-^500 

1410-1450 

1350-1420 

1230-1250 

1080-1130 

900-1100 

thorough analysis. 


TABLE 25 

Photoelectric (and thermionic) work functions (eV) 


Li 


Be 


2-42 


3*9 




{3-67) 


Na 


Mg 


2-3 


3-7 


K 

Cu 

Ca 

Zn 

2-25 

4*8 

3-2 

4*3 


(4-5) 

(2-2) 


Rb 

Ag 


Cd 

2*09 

4-3 


4-1 


(4-3) 

Cs Au 

2-14 5'4 

( 1 - 86 ) ( 4 - 3 ) 
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TABLE 26 

Covalent radii 


Element 

H 

c- 

C= 

C— (benzene) 

0- 

0 = 

N— (amino) 
N— (nitrate) 
N= (nitrate) 

s- 

S= (sulphate) 

Cl- 

Br- 


/?/pm 

30 
77 
67 
60 
69-5 
66 
57 
70 
70 * 
65 
104 
95 
99 
114 
133 


TABLE 27 

Vector properties 


We deal with the vectors F and G, where 

F = F i + F j + F k 

X y* z 


Scalar product 


Vector product 


G-G^i + G^j + G^k. 


F.G=FG +FG +FG . 

XX y y z z 


I 1 


FAG= F^ F F^ =^AF. 

G G G 

X Y z 

Triple and quadruple products 

F.(G A H) = G.(H A F) = H.(F A G) = (F A G).H 
FA(G AH) = G{F.H)-H(F.G) 

(F A G) . (H A I) = (F.H)(G.I) ~ (F.I)(G.H) . 
gradient ' , , , , v 


grad U = VU 
divergence 


div F 


= V p I I + /_ )L\ ^ ^ 1 

Y 3x y \ \ / 


a vector. 


a scalar. 


curl F = VAF= \ b/dx 


i 

3/3/ 


k 

3/3z 


a vector. 


differentiation of products: 

V.(UV) = UV.9 + F.Vt/ 

V A (t/F) = L/(V A F) + (VL/) A F 
V.(F A G) = G.(V A F) - F.{V A G) 

\7A(VAF) =V(7.F)-'7^F 

V A (F A G> = F(V.G) - (V.F)G + (G.V)F - (F.V)G 
V(F.G) = (F.V)G + (G.V)F + F A (V A G) + G A (V A F) 
V^U= V.VU 

V A (Vi/) = 0 . 
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operator, 215 
potential, 

degeneracy, 107 
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monopole moment, 186 
peculiarities, 24,107,170 
repulsion, 224 

Coulson-Rushbrooke theorem, 2, 34 
coupling, 99 

Clebsch-Gordan series, 4 
Hund schemes, ”98 
//•coupling, 253 
i.S-coupling, 252 
Paschen-Back effect, ®167 
precession, °182 
Russell-Saunders, 252 
spin-orbit, ®225 
vector model, ®251 
WIgner coefficients, ®260 
covalent bond, 25 

ionic contamination, 26, 269 
covalent radius, 

hydrogen atom, 276 
selected values, 284 
covariant tensor, 235 
Craig's rules, 8 
Cramer's rule, 211 
creation operator, 210 
crystal-field theory, ®46, 66, 128 
colour, 38 

Jahn-Teller effect, ‘‘120 
magnetic properties, 47 
crystal lattice: result of ionic bonding, 
Cu^^: Jahn-Teller effect, 120 
Curie 

law, 136 

temperature, 138 
-Weiss law, 136,138 
curl, 284 

current (magnetic), 36,136 
curvature 

and kinetic energy, 9, 122, 158 
de Broglie relation, ®48 
particle in a square well, 166 
particle on a ring, 160 
Schrddinger equation, “207 
of distributions: Laplace equation, 
CW (continuous wave), 126 
cyclic 

hydrocarbons: energy levels, 8 
systems: uncertainty relations, 243 
cyclohexane, 202 
cyclohexatriene, 202 
cyclopropene anion: antiaromaticity, { 

d-electrons, 9, 105,106 
angular shape, 222 
colour, 38 

crystal-field theory, “46,66 
hyperfine interaction, 72 


Laporte selection rule, 59, 255 
d-d transitions, 38,59, 255 
d^ -configurations, 

Jahn-Teller effect, “120 
low and high spin, 121 

5- function normalization, 154 

6- scale (NMR), 36 
6^^(Kronecker delta), 139 
dative bond, 25, 27, 132 
Davydov splitting, 69 

de Broglie relation, “48,122,149, 151,198,208 
orbital angular momentum, 160 
particle in a square well, 166 
photons, 178 
debye, 50 
Debye 

equation, 179 
model (heat capacity), 93 
temperature, 94, 273 
decomposition of representation, 33 
decoupling, 99 

Paschen-Back effect, “167 
defect in ionic lattice, 180 
degeneracy, “48 

accidental, 48,107, 111 
aufbau principle, 12 
character of representation, 33 
crystal-field effects, “46 

27 dimension of representation, 33 

double well, 118 
doubling, “54 
hydrogen atom, 107 
inversion, 118 
Jahn-Teller effect, “120 
metals, 17 

orthogonal functions, “161 
Renner effect, “200 
rotational states, 204 
torsional barriers, 238 
degradation 

of branches, 31 
of energy, 75 

124 degrees of freedom, 152 

delayed fluorescence, 77 
delocalization 

energy, 8, 96, 202 
on to ligands, 128 

delocalized orbitals: benzene, 19,148 
density 

I matrix, “49 

of radiation, 57, 58 
depolarization ratio, 196 
desh ielding, 36 
determinant of matrix, 139 
deuteron ( H ), 
boson,30 


nuclear statistics, 157 
tunnelling, 241 
Dewar structures, 19, 249 
diamagnetic 
current, 36 

susceptibility, 135, 276 
diamond, 38 
diatomic molecules, 

Hund coupling cases, “98 
molecular orbitals, 144 
Paschen-Back effect, 168 
selected properties, 272 
spectra, 245 
dichroism, 21 
dielectric 

breakdown, 18 
constant, 51, 179,199 
difference density, 7 
diffraction of particles, 56 
diffuse series, 217 
diffusion equation, 207 
dimension of representation, 33 
dipole 

-dipole interaction, 112, 115 
-induced-dipole interaction, 116 
moment, “50,96 
asymmetry, 51 
atomic, 51 
charge density, 34 
chlorobenzene, 50 
dependence on displacement, 5,6 
electronegativity, 65, 269 
energy in electric field, 50,179 
field, 50 

hybridization, 51 
infrared activity, 153 
instantaneous, 53, 180 
interaction energy, 50 
Langevin function, 50 
normal-coordinate dependence, 153 
orientation polarization, 178, 179 
polarization of medium, 179 
rotational transitions, 203 
selected values, 269 
Stark effect, 230 
-point-charge interaction, 115 
Dirac 

bracket notation, 30 
equation, “52, 110 
gF-value, “82 
picture, 141 

spin-orbit interaction, “225 
theory of electron, 24, “52, 82, 192, 223 
directional properties of bonds, 26, “101 
dispersion 

forces, “52,116 
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-free states, 70 
optical rotatory (ORD), 21 
polarizability, 180 
refractive index, 180, ®199 
relations (Kramers-Krdnig), 21,199 
displacement (electric), 280 
divergence, 284 
dissociation, 6, 13, 66 
energy (diatomics), 272 
limit, 183 

domain (magnetic), 137 
double bond, 28, 145 
chemical shift, 36 
chromophore, 38 
doublet term, 127,149, 237 
doubling, **54 

inversion, 55, ®117 
C-type, 44, 55 
A-type, 54,61 
ft-type, 55 

Dq (d-orbital splitting), 129 
duality, *«6, 192, 242 
ductility of metals, 14 
Du long and Petit's law, 92 
dynamic Jahn-Teller effect, 121 

e-orbitals, 128 

eclipsed conformation, 238 

effective 

atomic number, 219, 262, 280 
magnetic moment, 82 
nuclear charge, 262 
quantum number, 189 
effects. 

Auger, ®12 
Baker-IMathan, 111 
Compton, ®39 
Cotton-Mouton, 21 
Faraday, 21 
hyper-Raman, 198 
inverse Raman, 198 
Jahn-Teller, **120 
Josephson, 189 
Kerr, 21 

Paschen-Back, ®167 
photoelectric, ®176 
Raman, ®195 
Ramsauer, ®198 
Renner, "200 
Schottky, 261 
Stark, "228 
stimulated Raman, 197 
Zeeman, "263 
eigenfunction, "57 

commuting operators, 39 


orbital angular momentum, 161 
orthogonality and hermiticity, 96 
eigenstate, "57, 158 
eigenvalue, "57 

angular momentum, 161 
equation, "57 
hermitian operators, 96 
eigenvector, "57 
Einstein 

coefficients, "57, 71, 239 
oscillator strength, "162 
model (heat capacity), 92 
elastic scattering, 195 
electric 

dichroism, 21 
dipole, "50 

hamiltonian, 90 
dipole transitions, 10, 38, "58 
correspondence principle, 60 
Einstein coefficients, "57,162 
exciton, "68 
Fermi's golden rule, 239 
fine-structure constant, 75 
g, u-classification, "85, 86 
oscillator strength, "162, 270 
parity, 59, 86 
polarization, 59 
selection rules, 59,86, "212 
solids, 68 
displacement, 280 
field effect: polanzation, "178 
gradient, 187 
hyperfine interaction, 113 
multipole moment, "186 
permittivity, 51 
quadrupole moment, "186 
atomic spectra, 10 
carbon dioxide, 186 
nuclear, 113, 188, 277 
quadrupole transition, 59, "133, 270 
susceptibility, 179 
anharmonicity, 5 
conduction in metals, 14,18 
electromagnetic 
field, 

black-body radiation, 21 
quantization, 22, 82, 190 
quantum electrodynamics, "190 
interaction, 75 
electron, 75, 223 
affinities, "60 

atomic spectra, 11 
bond formation, 26 
electronegativity scale, 65 
hydrogen atom, 276 


affinity spectroscopy, 60 
attachment measurements, 60 
classical radius, 75 
correlation, 42,45, 148 
configuration interaction, 40 
correlation energy, 42 
Hartree-Fock method, 215 
hyperfine interaction, 63 
density, 95; see charge density 
distribution, 63 
-electron repulsion, 

Hund rules, "100 
hydrogen molecules, 247 
spin-correlation, "224 
valence bond, 247 
exchange, 68 
-hole pair, 68 
impact, 60 

-repulsion integrals, 97 
slip, 55, "61, 72, 82, 84 
spectroscopy for chemical analysis (ESCA), 
177 

spin, 223 

spin resonance (ESR), 11, "61, 128, 134 
Fermi contact interaction, "72 
^-value, 62, "82,83 
hyperfine interactions, 62, 72, 112 
line shape, 63 

mechanism of phosphorescence, 175 
rate of processes, 64 
saturation, 64 
triplet states, 175 
Zeeman effect, 264 
velocity in atom, 75 
electronegativity, "65 
atomic spectra, 11 
bond formation, 26 
charge density, 34 
electron affinity, 61 
Mulliken scale, 65 
multipole moment, 186 
Pauling scale, 65, 269 
selected values, 269 
electronic 

polarizability, 178 
spectra of molecules, "66,86 
Franck-Condon principle, "78 
progression, "184 
selection rules, 213 
sequence, 216 

vibrational structure, 78, 216 
transitions, 96, 183 
electronvolt, "67 

electrostatic Hell man n-Feynman theorem, 95 
ellipticity, 21 
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emission, 

fluorescent, 76 
spontaneous, 57, 71 
stimulated, 57, 71 
energy 

density, 23, 39 
-matching criterion, 145 
operator, 70, 89 
-time uncertainty relation, 243 
ensemble average, 49 
entropy, 1,64 

EPR (electron paramagnetic resonance); see 
electron spin resonance, ®61 
equipartition principle, 22, ®67, 92 
equivalent orbitals, °67 
ESCA (electron spectroscopy for chemical 
analysis), 177 

ESR (electron spin resonance), “Ol 
ethane, CH 3 CH 3 , 
bond order, 29 
spin-spin coupling, 227 
torsional rigidity, 145 
ethene, 146, 265 ^ 

ethyne (acetylene), CH=CH, 29 
eV (electronvolt), ®67 
exchange 

energy, 8 ,45, ‘•67, 95, 138, 253 
Pauli principle, 68 
spin-correlation, ®224 
integral, 215, 247 
operator, 215 
excimer, 77 
exciplex, 77 
excitations in solids, 68 
exciton, 66 , ‘* 68 , 77 
band,69 

Davydov splitting, 69 
Frenkel, 68 
Wannier, 68 
exclusion 
principle, 

aufbau principle, 12 
Slater determinant, 220 
see Pauli principle 
rule, 196 

expectation value, 35, ®70, 250, 259 
Hellmann-Feynman theorem, ®95 
rate of change, 42 
exponential operators, 39 
extinction coefficient, 70 
oscillator strength, ®162 

f (oscillator strength), ®162 
f-orbital,9, 105, 106 
^(azimuth), 221 
Faraday effect, 21 


Fermi 

contact Interaction, ®72, 113, 226, 276 

energy, 15 

golden rule, 239 

heap, 225 

hole, 151,225 

level, 15 

resonance, 5, 254 
sea, 15 

-Dirac statistics, 73, 223 
fermion, ®73, 223 

superfluidity of ^He, 30 
Pauli principle, *"168 
ferromagnetism, 137 
fine structure, 10, 35, ®73, 87, 110 
constant ( 0 £), “74, 190 
doubling, °54 
Hund rule, 74 
inversion, 74 
Landd interval rule, 74 
nuclear magnetic resonance, 155 
spin-orbit coupling, ''225 
flooded planet, 223 
fluctuations, 

correspondence principle, ‘*43 
dispersion forces, ®52 
electromagnetic field, 190 
perturbation theory, 35 
polarizability, 35, 180 
relaxation, 63 
vacuum, 190 
fluorescence, 66 , ® 75, 79 
slow, 175 
spectrum, 76 

forbidden transitions, 5, 213 
force-constant, 66 , 70, ‘’78,89, 153, 255 
diatomic molecules, 272 
effect of correlation energy, ‘*42 
Hellmann-Feynman theorem, 95 
Raman spectra, 197 
formaldehyde (HCHO), 
spin-spin coupling, 227 
fourth picture in quantum mechanics, 141 
Franck 

-Condon principle, 66 , 76, ‘*78, 183 
-Hertz experiment, '*80 
free 

-electron model, 15, 16 
particle, 

classical limit, 43 
hamiltonian, 90 
valence, ‘*80, 96 
frequency-sharing, 197 
fundamental 
series, 217 
transition, 254 


g {gerade), “85 
ff-value, 11, “82, 134 

Dirac equation, “52, 82 
electron spin resonance, “62, 83 
Land^, 82 
local field, 62 
molecular, 84 
nuclear, 63, 72, 84 
tensor, 236 
Zeeman effect, “263 
g-g transitions, 255 
gap, “14; see band theory 
gauge transformation, 280 
gaussian atomic orbitals, “85, 215 
gedanken experiment, 242 
geometry of molecules, 42 
gerade, “85 
glass colouring, 38 
GO (group orbital), 111 
gold, 38 

gradient of wavefunction, 148 
gradient (vector), 284 
graphite, 265 
gross selection rule, 213 
Grotrian diagram, “86 
group 

orbitals (GO), 111 
theory, “87 

atomic spectra, 11 
character, “33 
degeneracy, 33, “48 
dimension of representation, 33 
matrix representation, 33 
order of group, 33 
orthogonal functions, “161 
Raman scattering, 198 
selection rules, 214 
GTO (gaussian type orbitals), “85 
gyromagnetic ratio, 82, 134 

halogen bond energies, 65 
hamiltonian, “89, 95, 250 
constant of motion, 42 
eigenvalue equation, 57 
perturbation, 171 
symmetry operation, 234 
virial theorem, 257 
harmonic 

oscillator, “89 
anharmonicity, 5 
correspondence principle, “43 
electromagnetic field, 190 
equipartition, 67 
forbidden transitions, 5 
force-constant, “78 
hamiltonian, 90 
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harmonics, b 
normal modes, ®152 
properties, 90, 273 
quantization, 188 
torsional oscillations, 238 
virial theorem, 256 
wavefunctions, 90, 273 
perturbation, 173 
harmonics, 5, 254 
hartree {energy unit), 206 
Hartree 

method, 215 
-Fock (HF), 

correlation energy, ®42 
equations, 215 
method, 98, 215 
He: boson, 30 
He2, 

bond order, 28 
molecule, 6 

head formation, 31, 66 , 255 
heat capacity, 91, ®92, 192, 206 
Debye model, 93 
Dulong and Petit law, 92 
Einstein model, 92 
electronic contribution, 18 
T -law, 94 

heat combustion and hydrogenation, 202 
heavy atom effects, 11,99,175, 218, 253 
Heisenberg 

mechanics, ® 140, 192 
picture, 141 
helium 
atom, 

electron correlation, 225 
hamiltonian, 90 
Pauli principle, 169 
spectrum, 169 
united atom, 244 
-neon laser, 125 

Hellmann-Feynman theorem, “95 
Hermite polynomials, 90, 273 
hermitian 
matrix, 139 
operator, “95 

orthogonality of eigenfunctions, 161 
quenching, 192 

heterogeneous perturbations, 225 
heteronuclear bond, 26,143 
hexadecapoie moment, 186 
HF (Hartree-Fock) method, 98 
h.f.s. (hyperfine splitting), 63, “111 
high-frequency paramagnetism, 136 
high-spin complexes, 46,121 
Hilbert space, 30 
H 2 O, H 3 Q, H 3 O*, 27 


hole, 

electron, 52,68,83 
exciton, “68 
g-value, “82 

homogeneous perturbations, 220 
homonuclear diatomics, 
charge density, 34 
g, u classification, “85 
see diatomic molecules 
Hiickel, 

Coulomb integral, M 6 
An + 2 rule, 8 
method for metals, 19 
method for molecules, “96, 146, 212 
resonance energy, 202 
Humphreys series, 276 
Hund 

coupling cases, 11,55, “98 
Paschen-Back effect, 168 
Rydberg levels, “206 
selection rules, 213 
rules, 12,83, “100, 127 
aufbau process, 12 
configuration interaction, 40 
cj^stal’field theory, “45 
a -configurations, 121 
electron pairing, “165 
fine structure, “73 
hyperfine interaction, 63 
molecular orbitals, 145 
spin-orbit coupling, 74 
spin-spin coupling, 227 
hybrid orbital, 101, 274 
hybridization, 67, “101, 145 
atomic spectra, 11 
benzene, 20 
bond angle, 103 
dipole and dipole moment, 51 
effect on bond order/bond length 
correlation, 29 
electronegativity, 65 
H 2 O, 27 
NH 3 , 103 

quadrupole interactions, 114 
Stark effect, “228 
valence state, “250 
hydrogen atom, “103 

adiabatic perturbation, 1 
Bohr model, 9, “24 
degeneracy, “48,107 
energy, 104, 107 
excitation, 239 
experimental data, 276 
Grotrian diagram, “86 
hamiltonian, 90 
hyperfine interaction, 72 


ionization potential, 278 
kinetic energy, 122 
Lamb shift, 190 
orbitals, 105 
overlap integral, 164 
polarizability, 276 
polarization, 171 
quantum numbers, “190 
s-orbitals, 9, 105 
spectrum, 6(3, 104 
structure, 105. 109 
theoretical data, 276 
wavefunctions, 274, 275, 276 
hydrogen molecule, 

bond formation, 26, 143 
length, 247 
order, 28 

configuration interaction, 40 
dissociation energy, 247 
electron slip, “61 
g, u-classification, “85 
ion (H 2 ) 

bond, 25, 144 
detailed analysis, 27 
hamiltonian, 90 
molecular orbitals, 144 
LCAO, 130 

molecular integrals, 247 
magnetic moment, 61, 84 
orbitals, 144 
nuclear statistics, “155 
ortho- and para-hydrogen, 156 
parity, 85 

rotational constant, 247 
spin-spin coupling, 227 
united atom approach, 244 
valence bond, “246 
vibrational frequency, 247 
hyper-Raman effect, 198 
hyperchromism, 69 
hyperconjugation, “111 
hyperfine 

interactions, 62, 226, “111 
electric, 113 
Fermi contact, “72 
hydrogen atom, 276 
ligand, 62 
magnetic. 111 
selected values, 271 
spin-spin coupling, “226 
structure, 10 , 128 
hyperpolarizability, 179 
hypervirial theorems, 257 
hypochromism, 69 
hypsochromism, 70 
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identification of elements, 10 
identity operator, 33 
impenetrability of matter, 7 
impulsive perturbation, 1 
indistinguishabiiity of electrons, 215 
IN DO (intermediate neglect of differential 
overlap) method, 97 

induced dipole-induced dipole interaction, 52, 
116 

induced predissociation, 184 
induction (B), 135 
inelastic scattering, 195 
inert gas configuration, 25 
infrared 

active vibration, 153, 254 
spectroscopy, 254 
inorganic radicals, 62 
insulators, 14, 18 
colour, 38 
intensity, 

borrowing, 254 

electric quadrupoie transitions, ^133 
Franck-Condon principle, ®79 
light, 70 

magnetic dipole transitions, °133 
interaction picture, 141 
interelectronic repulsions, 9,32 
Brillouin's theorem, ''32 
correlation energy, ®42 
Coulomb integral, ®45,67 
exchange integral, 67 
self-consistent fields, 10, *214 
interference, 
antibonding, 6 
bonding, 144 
overlap, *162 

superposition principle, *231 
transmission resonance, 199 
wave packet, *260 
intermolecular forces, *115 
dispersion forces, *52 
London formula, 53 
retardation, 53 
internal 

conversion, 77 
energy iU), 67 

intersystem crossing (ISC), 11,175, 218 
interval, 74 

interval rule (Land^), 74 
inverse 

matrix, 139 
Raman effect, 198 
inversion 

doubling, 55, *117,255 
frequency, 118 
levels, 100 


symmetry operation (/), 85,86, 234 
inverted term, 74, 83 
ionic 

bond, 25, 26,144 

directional properties, 26 
formation of ionic lattice, 27 
character, 65, 248, 269 
-covalent resonance, 202, 248 
lattice, 

defect, 180 
polaron, *180 
vibrations, 174 
resonance energy, 65 
ionicity, 65, 114 
ionization 
limit, 12 

potential (IP), *115 
atomic spectra, 11 
bond formation, 26 
dispersion forces, 53 
electron affinity, *60 
electronegativity scale, 65 
hydrogen atom, 276 
Koopmans" theorem, *123 
selected values, 278 
work function, *261 
IP (ionization potential), *115 
irreducible 

representation, 33, 87 
orthogonality, 161 
selection rules, 214 
spherical tensor, 235 
ISC (intersystem crossing), 11,218 
isotopic abundance, 271,277 


Jacobi identity, 39 
Jahn-Tel Ier effect, *120 
/y-coupling, 253 
Hund rule, 253 
Josephson effect, 189 


K^, Kg lines (X-rays), 262 
K“helT,40, 170, 262 


Keesom forces and potential, 116 
Kekuld structures, 19,148, 201, 248 
Kerr 

cell, 126 
effect, 21 

kinetic energy (T1, 89, *122 
bond formation, 25, 27, 144 
curvature of wavefunction, 9,48,122, 208 
de Broglie relation, *48 
electrons in atoms, 9 
Franck-Hertz experiment, *80 
hydrogen atom, 109, 122 
hydrogen molecule, 247 


in a box, 165 
negative, 241 
nodal structure, 151 
on a sphere, 222 
operator, 122,124, 158 
particle in a square well, *165 
Schrddinger equation, 208 
valence-bond, 247 
virial theorem, *256 
Klein-Gordon equation, 52 
Klein-Nishina formula, 40 
klystron, 61 

Koopmans'theorem, *123 

Kramers-Kronig dispersion relations, 21,199 

Kronecker delta (6 ), 139 
rc 

Kuhn-Thomas sum rule, 162 

lines (X-rays), 262 
40, 170, 262 
fi-type doubling, 44, 55,255 
A-doubling (lambda doubling), 54,61 
Lamb shift, 110, 190, 276 
Landd 

flf-factor, 82, 264 
Interval rule, 74 
Langevin 

contribution, 179 
-Debye equation, 50 
function, 50 
-Pauli equation, 136 
Laplace equation, 124 
laplacian, *124,208 
Laporte selection rule, 59, 255 
Laguerre 

functions, 106, 274 
polynomials, 274 

Larmor precession frequency, 182, 218 
laser (s), 30, 58, 77, *124 
chemical, 127 
helium-neon, 125, 279 
liquid, 77, 127 
mode-locked, 127 
Q-switched, 126 

Raman effects and spectroscopy, 197 
ruby, 126, 279 
selected systems, 279 
lattice 

distortion, 181 
energy, 60 
vibrations, 18, 173 
phonons, *173 

LCAO (linear combination of atomic orbitals), 
*130 

legendre functions, 281 
legendrian, 124,161, 221 
Lennard-Jones potential, 53, 116 
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lepton, 135 
level, M27 
doubling, °54 

effect of magnetic field, 263 
fine structure, ®73 
Hund rules, ®100 
Inversion, 100 
multiplicity, *149, 263 
sodium, 54 
Lewis base, 132 
life-time, 244, 255 
ligand-field theory, 46, *127 
light, 

colour, *37, 268 
polarized, 21 
line-shape, 155 
line-width, 244 
linear 

birefringence, 21 

combination of atomic orbitals (LCAO), 87, 
96, 129, *130, 232 
bond order, 28 
charge-density, 34 
molecular orbitals, 144, 210 
secular determinant, *210 
superposition principle, 232 
variation theory, 251 
equations, 140 
molecules, 203 

Jahn-Teller effect, *120 
Renner effect, *200 
rotation, 203 
momentum, *148 
conservation, 42 
de Broglie relation, *48,149 
expectation value, 70 
Newton's laws, 42 
operator, 148 
response, 179 
liquid 

crystals, 21 
lasers, 77,127 
local 

electric field, 179,199 
magnetic field, 62 
chemical shift, "35 
^-factor, 62 
hyperfine, 72 
shielding constant, 37 
localization, 260 
localized orbitals, 20, *131,146 
London 

dispersion force, *52,116 
formula, 53 

lone pair, 102,128, *138 
chromophore, 38 


H 2 O, 27,132 
long-range forces, 115 
longitudinal 
phonon, 173 
relaxation time (Ti), 64 
Lorentz 
gauge, 280 
local field, 179,199 
-Lorenz equation, 179,199 
low-spin complexes, 46 
Jahn-Teller effect, 121 
lower bound, 251 
lowering operator, 161 
LS-coupling, 252 
Lyman series, 104, 276 

M-shell, 40, 170, 262 
magnetic 

dipole moment, 
effective, 82 
p-value, *82 
hamiltonian, 90 
Hund rules, *100 
hyperfine interaction, *111 
interactions in atomic spectra, 10 
molecular, 61,84 
nuclear, 62,63, 72 
orbital, 73, 82 
spin, 61,82 

dipole transition, 59, *133, 270 

domain, 137 

field, 

effect on spectra, 10, 263 
local, 35, 62, 72 
hyperfine interaction. 111 
properties, *135 

crystal-field theory, *45 
quenching of angular momentum, 193 
susceptibility, 236 
transition metal complexes, 46 
quantum number, 159, 223 
susceptibility, 135 
chemical shift, 36 
Curie law, 136 
Langevin-Pauli formula, 136 
perturbation theory, 136 
phosphorescent materials, 175 
ring current, 37 
magnetizability, 179 
magnetization (M), 136 
magnetogyric ratio, 73,82,134 
malleability of metals, 14 
manganate (Vtl) Ion, 38 
maser, 124 

Mathieu equation, 238 
matrix, *139 


closure, 35 
density, *49 
element, 139 

angular momentum, 161 
Brillouin's theorem, 32 
perturbation, 171 
mechanics, 30, *140,192 
representation, 87 
special forms, 139 
Maxwell equations, 280 
Maxvy^llian molecules, 116 
mean values, 70 
mechanical anharmonicity, 5 
metal, 

band theory, *14 
colour, 38 
conductivity, 14,18 
ductility, 14 
malleability, 14 
reflectivity, 14 
thermal properties, 14,18 
work function, *261, 283 
methane (CH 4 ), 67 
bond length, 205 
bonding, 102 
hybridization, 102 
magnetic moment, 84 
. Raman activity, 196 
valence state, 250 
microwave spectra, 61,202, 229 
MINDO (modified INDO,q.v.), 97 
minimal basis set, 131 
MO (molecular orbital), *141 
mode-locking, 127 
modified Buckingham potential, 116 
molar orientation polarization, 50 
molecular 
beams, 231 
energy, 40 
geometry, 197 

magnetic moment, 61,84,113 
-orbital (MO), 87, *141,210 
antibonding, *6 
benzene, 20 
coefficients, 2, 3 

comparison with VB theory, *147 
Coulomb integral, *46 
electron pairing, *165 
He2,6 
metals, 14 

repulsion of closed-shell species, 115 
secular perturbation approach, 212 
superposition principle, 232 
united atom, *244 
potential energy curve, 29,66, 78 
structure computation, 1,96, 214 
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moment of inertia, 

angular momentum, ‘’S 
branch structure, °31 
Coriolis interaction, ®44 
diatomic molecule, 205 
effect of anharmonicity, ®6 
electronic spectra, "*66 
linear molecule, 205 
pyramidal molecule, 205 
Raman spectra, 197 
rotational motion, ®202 
momentum, ®148, 159 
commutator, 140 
de Broglie relation, M8 
expectation value, 70 
fundamental relations, 140, 158 
matrix, 140 
nodal structure, 151 
photon, 178 
representation, 159 
uncertainty relation, “242 
wavefunction, 258 
Moseley's law, 11,262 
Mul liken 

electronegativity scale, 65, 269 
“Parr resonance energy, 202 
multi-configurational calculation, 40 
multi-centred orbitals, 85 
multiplet, 74 
multiplicity, 127, ®149 
Hund rule, ®100, 127 
Kasha's rule, 77 
phosphorescence, 175 
term symbol, 236, 237 
multipole moments, *^186 
muon, 135 

naphthalene, 29, 265 
natural line-width, 244 

nearly-free electron (NFE) approximation, 15 

Ndel temperature, 138 

negative 

energy states, 52 
kinetic energy, 241 

neighbouring group effect (in NMR), 36 
neutrino, 73 
neutron, 73 
Newton's laws, 42 

NFE (nearly-free electron) approximation, 15 
NMR (nuclear magnetic resonance), *"154 
node, 86,91, “151 

angular momentum, 9, 151, 160 
atomic orbitals, 9, 105, 109 
effect of rotation, 55 
effect on penetration, 169 
ground state, 151 


group orbitals. 111 
hyperfine interaction, 72 
kinetic energy, 9, 151 
united atom, 245 
nonadiabatic process, 1 
nonbonding orbital, 132 
alternants, 2 
linear chains, 15 
non-crossing rule, “151,244 
non-com mutative algebra, 140 
non-secular terms, 212 
normal modes, “152, 254 
anharmonicity, 5 
asymmetric stretch, 44 
Coriolis interaction, “44 
linear and bent molecules, 153 
rotational effects, 44 
selection rules, 87 
symmetric stretch, 44 
symmetry, 87 
normal Zeeman effect, 263 
normalization constant, 154 
normalized function, “153 
NQR (nuclear quadrupole resonance), 188 
nuclear 

electric dipole moment, 113 
interaction, 75 

magnetic moment, 63, 72, 84 
magnetic resonance, (NMR), 11, 134, “154 
chemical shift, “35, 154 
contact interaction, “72 
fine structure, 155 
line-shape, 155 
Zeeman effect, 264 
magneton, 84, 135 
quadrupole resonance (NQR), 188 
spin, 99, 154, 223 

hyperfine interactions, “111, 271 
selected values, 271, 277 
statistics, “155 

and para-hydrogen, 157 
rotational spectrum, 156, 206 
thermal properties, 155, 157, 206 
nucleophilic centre, 132 

0-branch, 30 

n-doubling (omega doubling), 55 
w-technique, 97 
oblate (molecule), 204 
oblate (quadrupole), 113 
observables, 70, 89, 158, 210 
conjugate, 242 
expectation value, 259 
uncertainty principle, “242 
octahedral complex, 
crystal field, “46 


g, u-classification, “85, 86 
Jahn-Teller effect, 120 
ligand field, “127 
parity, 86 

vibronic transition, “255 
octet completion, 25 
octopole moment, 186 
one-electron energies, “123 
operators, 89, “158, 258 
angular momentum, 4 

annihilation and creation operators, 91, 210 
commutation relations, “38, 158 
conserved property, “40 
eigenvalues and eigenstates, 57, 70, 158 
energy, 89 

expectation value, 158 
exponential, 39 
hamiltonian, “89 
hermitian, “95, 158, 161 
identity, 33 
kinetic energy, 124 
matrix, 140 
projection, 33 

simultaneous eigenfunctions, 39 
wavefunction as an operator, 210 
optical 

activity, 21 
birefringence, “21 
branch, 174 
density, 71 

properties of solids, 21 
rotatory dispersion (ORD), 21 
orbit, 9, 24 
rosette, 24 
orbital, 

angular momentum, “159 
commutation rules, 161 
curvature, 160 
Hund rule, “100 
hydrogen atom, 104 
magnetic moment, 73, 82 
number of nodes, 9, “151, 160 
operators, 161 
precession, “181 
quantization, 3 
quantum number, 3, 86, 159 
quenching, 83 
space quantization, 3, 159 
spherical harmonics, “221 
term symbol, 236 
uncertainty principle, 159, “242 
vector model, 160, “251 
atomic, “9 
contraction, 27 
correlation diagrams, 244 
delocalized, 19 


Index 


303 


equivalent, ®67 
gaussian, °85 
hybrid, 67, 101 
hydrogen, 105 
molecular, ®141 
nodes, “151 

radial dependence, 106, 218 
Slater type, 85, ®218 
s, p, d, f, 105 

ORO (optical rotatory dispersion), 21 
order of group, 33 

orientation polarization, 50, 159, 178, 223 
Langevin contribution, 179 
ortho-para hydrogen conversion, 157, 218 
orthogonal 

function, 96, 154, ®161 
transformation, 235 
orthonormal function, 154 
oscillator strength if), 58,69, 71, ®162 
extinction coefficient, 162 
selected values, 270 
sum rule, 162 
overlap, 128, ®162 
antibonding, 6 
asymmetry dipole, 51 
bond order, 28 
bonding, 144 
Franck-Condon rule, 79 
hybridization, 102 
hydrogen atoms, 164 
hyperconjugation, ®111 
integral, 161, 163, 164 
s, p orbitals, 163 
overtones, 254 

oxygen atom: valence state, 250 
oxygen (O 2 ), 
bond order, 28 
molecular orbitals, 144 
paramagnetism, 137 

P branch,30, 66, 213, 255 
effect of A-doubling, 55 
p-band, 15 
p-orbital, 9, 105 
angular form, 222 
degeneracy, ”48 
hyperfine interaction, 72 
penetration, 169 
s, p-overlap, 163 
rr-electrons, 144 
benzene, 19, 28 
chemical shift, 36 
chromophore, 38 
degeneracy, ”48, 54 
effect of rotation, 54 
Hiickel method, ”96 


metal-ligand, 128 
parity, 86 
ring current, 37 
torsional rigidity, 145 
TT-lines 

Stark effect, 228 
Zeeman effect, 263 
K*^n transition, 38, 66,132, 270 
7r*-<-7r transition, 38, 66, 270 
pairing of electrons, 7, 26, 147, ”165, 218, 

223, 246 
bonds, 165 
Hund rule, ”100, 165 
molecular orbital, 144, 165 
singlet and triplet states, 218 
parafermions, 223 
parallel spins, 218, 224 
paramagnetic 
current, 36 
intercept, 138 
material, 62 
paramagnetism, 135 

spin-only paramagnetism, 137 
temperature-independent, 136, 137 
Pariser-Parr-Pople (PPP) method, 97 
parity, 

g, u-classification, ”85 
electric dipole transition, 59 
electric quadrupole transition, 134 
magnetic dipole transition, 133 
partial valence, 81 
particle 

in a box (see particle in a square well), ”165 
on a ring, 160 
in a spherical well, 165 
in a square welt, ”165 
adiabatic perturbation, 1 
energy levels, 166 
hamiltonian, 90 
hidden symmetries, 49 
model of a metal, 15 
momentum, 149 
particle correlation, 225 
properties, 166 
quantum number, 190 
two particles in a well, 225 
wavef unctions, 167 
zero-point energy, 166 
interchange, 7,8, 1^, 

-wave duality, ”56, 149 
partition function, 23 
Pascal's rules, 136 
Paschen 

-Back effect, ”167, 264 
series, 104, 276 
passive convention, 232 


Pauli principle, 100, ”168, 215 
atomic spectra as evidence, 10 
bond formation, 26,144 
bosons, ”30, 168 
electron pairing, ”165 
exclusion principle, 168, 220 
fermions, ”73, 168 
impenetrability- of matter, 7 
indistinguishability of electrons, 168 
metals, 15 

MO and VB theories, 148 
nuclear statistics. ”155 
periodic table, 12 
short-range forces, 115 
Slater determinant, ”219 
spin-correlation, ”225 
spin of particles, 223 
symmetry of states, 8 
transition metal complexes, 128 
penetration and shielding, 115, ”169 
quantum defect, ”189 
radial distribution function, 195 
perfect pairing, 148, 246 
periodic table, 10, 12, 168, 170, ii 
periodic lattice, 15 
periodicity, 168, 170 
permanganate ion (Mn04),38 
perturbation, 
adiabatic, 1 
doubling, ”54 
heterogeneous, 220 
homogeneous, 220 
impulsive, 1 
nonadiabatic, 1 
second-order, 171 
secular, 212 
spectroscopic, ”220 
spin-orbit coupling, 12, 54, ”225 
theory, 

closure approximation, ”34 
convergence, 173 
first-order, 170, 171 
formulae, 172 
orders of magnitude, 171 
polarization, 179 
predissociation, 183 
Rayleigh-Schrddinger, 173 
second-order, 171 
time-dependent, 172, 259 
virtual transitions, ”257 
Wigner-Brillouin, 173 
PES (photoelectron spectroscopy), 176 
Pfund series, 104, 276 
phase (absolute), 49 
phenylmethyl radical, 3 
phonon, ”173 
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phosphorescence, 66, 75, ®174 
heavy-atom effect, 11, 175 
mechanism, 174 
photochemistry, 11 
photoelectric effect^ *176, 178, 192 
duality, *56 

quantum interpretation, 176 
photoelectric work function, 283 
photoetectron spectroscopy (PES), 176 
photolysis, 38 
photon, *177 
boson,30 

Compton effect, “39 
correspondence principle, *43 
electric dipole transition, 59 
emission, 75, 125 
energy and colour, 37 
quantum electrodynamics, *190 
selection rules, 59, 213 
spin, 59, 213 
picosecond flashes, 127 
Planck 

constant, 22, 188 
correspondence principle, *43 
distribution law, 22 
quantum hypothesis, 22 
plane wave, 244 

PMR {proton magnetic resonance) (see 
nuclear magnetic resonance), *154 
Pockels ceil, 126 
point 

centres potential, 116 
-charge model, 50 
Poisson bracket, 39 
polar molecules, 115 
polarizability, 95, *178, 235 
atom, 178 
electronic, 178 

fluctuation of electron density, 35, 53 
frequency-dependence, 180 
hydrogen atom, 276 
intermolecular forces, 53, 116 
molar, 179 
orientation, 50, 178 
Raman spectra, *195 
refractive index, 199 
tensor, 236 
polarized 

bond, 27, 227 
light, 

circular, 21, 178 

electric dipole transitions, 59 

elliptical, 21 

laser emission, ^25 

linear, 21 

photon spin, 178, 196 


Raman scattering, 196 
Stark effect, *228 
superposition of states, 70 
Zeeman effect, *263 
polarity of bonds, 26, 34 
polarography, 60 
polaron, *180 
population analysis, 34 
population inversion, 125 
position, 52 

position: uncertainty principle, *242 
potential 

barrier, 118, 240 
electromagnetic, 280 
energy, 89 

bond formation, 25 
harmonic oscillator, *89 
virial theorem, *256 
energy curve, 66, 255 

Born-Oppenheimer approximation, *29 
correlation energy, “42 
Franck-Condon principle, *78 
energy surface, 29 
PPP (Pariser-Parr-Pople) method, 97 
pre-ionization, *12 

precession, 3, 82, 99, 160, *181, 218, 229 
cone, 181 
frequency, 181 
pure precession, 168 
Thomas, 226 
vector model, 252 
predissociation, 66, *183f 
induced, 184 
principal 
axes, 235 

quantum number (/?), 104 
Bohr atom, 24 
degeneracy, 49 
significance, 190, 191 
series, 217 
principles, 

aufbau (building-up), *12 
combination, 10, 212, 236 
complementarity, *39, 56 
correspondence, *43 
duality, *56 
equipartition, *67 
exclusion, 12, 168, 200 
Franck-Condon, *78 
Pauli; *168 
Ritz combination, 236 
superposition, *231 
uncertainty, *242 
variation, *250 
probability 

amplitude, 130, 232 


at nucleus, 106 
density, 258 

progression, 66, 76, 183, *184 
projection operator, 33 
prolate, 

molecule, 203 
quadrupole, 113 
promotion energy, 102, 103 
propene (CH 3 CH=CH 2 ), 2 
proportion of mixing (perturbation theory), 
171 

proton, 73, 135 

proton magnetic resonance (PMR) {see 
nuclear magnetic resonance), *154 
pseudoaromaticity, 8 
pulsed lasers, 126 
pure state, 70, 259 

Q-branch, 30, 66, 213, 255 
linear molecules, 30 
A-doubling effects, 55 
Q-switching, 126 
quadrupole moment, *186, 188 
carbon dioxide, 186 
nuclear, 113, 188 
quanta, 

electromagnetic radiation, 22, 176 
lattice vibrations, *173 
photons, *177 
quantization, 

angular momentum, 3 
atomic spectra as evidence, 10 
Bohr atom, 24 
boundary conditions, 259 
electromagnetic field, 22, 176 
experimental evidence, 192 
first quantization, *210 
Franck-Hertz experiment, *79 
hydrogen atom, 104 
particle in a square well, *165 
second quantization, 91, *210 
space, 3, 159, 224, 230 
quantum, 90, 176, *188 
defect, *189 

Rydberg level, *206 
electrodynamics, 110, *190 
anomalous ^-value, 190 
Lamb shift, 190 
Zitterbewegung. 190 
fluctuations, 42,43 
hypothesis, 22, 176, 189 
number, 86, *190, 258 
angular momentum, 191 
azimuthal, 104 
component, 191 
effective, 189 
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good, 99 
yW, “120 
magnetic, 191 
principal, 104, 191 
spin, 191 

total angular momentum, 191, 120 
F, t. J, h L, % M, m, N, n, S, s, Oc, /3, 
A, v, 2, a , n, (jj, 191 
quark, 169, 223 


R-branch, 30, 66, 213, 255 
degrading to red, 31 
effect of A'doubling, 55 
radial 

distribution function (RDF), ®194 
functions, 106 
node, 151 
radiation, 

density, 57, 58 
pressure, 43 
quanta, 177 

radiationless transitions, 

Auger effect, 12 
fluorescence, ®75 
laser action, 126 
phosphorescence, 175 
predissociation, 184 
radio discharge, 125 
raising operator, 161 
Raman 
effects, 

conventional, ®195 
hyper, 198 
inverse, 198 
stimulated, 197 
virtual transition, 257 
spectra, ®195 

O, S-branches, 197, 213 
rotational, 195 
selection rules, 197, 213 
vibrational, 196, 255 
Ramsauer effect, ® 198 
rate of processes, 64 
Rayleigh 

-Jeans law, 22, 23,43 
ratio, 250 

scattering, 195, 257 
-Schrddinger perturbation theory, 173 
RDF (radial distribution function), ®194 
reactivity, 

aromatic. 111 
charge density, 34 
free valence, ®80 
hyperconjugation. 111 
real transition, 257 


recursion relations, 273, 281 
reduced mass, 24 
reduction of representation, 33 
reflection operation (a), 234 
reflectiv/ity of metals, 14 
refractive index, 21, 179, “199 
dispersion, 180, 199 
refractivity, 199 
regular term, 74 
relative permittivity, 179, 199 
relativistic effects, 123,192, 225 
Bohr-Sommerfeld atom, 24 
correlation energy, ®42 
Dirac equation, ®52, 82, 223 
electrons in atoms, 75 
^-value, 82 

Klein-Gordon equation, 52 
spin, 223 

Thomas precession, 226 
relaxation processes, 63, 77 
dependence on motion, 64 
direction of relaxation (entropy), 64 
nuclear magnetic resonance, 155 
spin-lattice (ri),63 
spin-spin (r 2 ), 63 
thermal, 76 

Rellich-Kato theorem, 173 
Renner 

effect, 120, “200 
-Teller effect, 200 
representation, 
group theory, 33 
theory, 30,141 
resonance, “200 
condition, 83 
benzene, 19, 201,248 
electron spin, “61 
energy, 8, 96, “201, 265 
Fermi, 5, 254 
fluorescence, 77 
integral, 19, 96 

ionic-covalent, 65, 148, 201, 248 
light and atoms, 201, 239 
nuclear magnetic, “154 
stabilization, 8 
transmission, 198 
VB theory, 148, 246 
vibration, 152 

resonant transfer of energy, 76 
rest energy, 75 
retardation, 53 
rigid 

rotor hamiltonian, 90 
sphere potential, 116 
rigidity of bonds, 255 
ring current, 137 


Ritz procedure, 251 
Rodrigues' formula, 273 
rotating frame, 44 

rotary-reflection operation (S^), 234 
rotation of molecules, “202 
asymmetric tops, 202, 204 
coupling of momenta, 98 
linear molecuies, 202, 203 
magnetic moment, 84 
nuclear statistics, “155 
spherical tops, 202, 204 
Stark effect, 229 
symmetric tops, 202, 203 
vibrational motion, 91, 255 
rotational 

constant, 203, 272 
spectra, “202 

anharmonicity, 6 
branches, 6, “30 
Coriolis effects, “44 
electric dipole transition, “58 
Raman, 195 

selection rules, 203, 213 
rotor hamiltonian, 90 
rovibronic 
state, 256 
transition, 256 
ruby laser, 126 
Rumer diagrams, 249 
running waves, 17 
Russeli-Saunders coupling, 252 
Rutherford atom, 9,104 
Rydberg 

constant, 104, 189, “206 
atomic unit, 11,206 
Bohr's calculation, 24 
level, “206 

rydberg (energy unit), 11, 206 

S-branch, 197, 213 
s-band, 15 
s-orbital, 9, 105 
angular shape, 221 
contact interaction, 72, 113 
Fermi contact interaction, “72 
hyperfine interaction, 72 
Lamb shift, 190 
overlap, 163 
penetration, “169 
quadrupole interactions, 114 
quantum defect, 189 
o (screening constant), 219 
a (shielding constant), 37 
a-electrons, 20, 85, 103, 144 
(7-lines, 

Stark effect, 229 
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Zeeman effect, 263 
a-TT overlap (hyperconjugation), 111 
saturation, 64 
scalar 

potential, 280 
product, 284 
quantity, 235 

SCF (self'Consistent field), *214 
Schmidt orthogonalization, 161,219 
Schottky effect, 261 

Schrodinger equation, 1, 42, 89, 192, *207, 258 
approximate solutions, *170 
deficiencies, 52 
eigenvalue equation, 57 
harmonic oscillator, *89 
harmonic potential, 238 
hydrogen atom, 104 
separation of variables, 207, 208, 209 
time 

'dependent, 208 
'independent, 207, 208 
torsional oscillations, 238 
Schrodinger picture, 141 
screening constant. 

Slater-type orbitals, 219 
X-ray spectra, 262 
secular 

determinant, 96, *210 
benzene, 249 
elements, 249 
Hiickel problem, *96 
linear chain, 19 
valence-bond, 249 
variation theory, 251 
equations, 210 
perturbation, 212 
selection rule, 100, *212 
atomic spectra, 10 
characters of representation, 33 
conservation of angular momentum, 59 
correspondence principle, 43 
effect of spin-orbit coupling, 60 
electric dipole transition, *58, 213 
electric quadrupole transition, 134 
forbidden transitions, 213 
Franck-Condon, *78 
g, u classification, *85, 86 
gross, 213 

group theory, 33, *87, 214 
Laporte, 59, 256 
magnetic dipole transitions, 133 
molecular electronic spectra, *66 
parity, 59, 86, 133 

photon angular momentum, 59, 178, 213 
Raman, 197 

rotational spectra, 204, 230 


spin of photon, 59, 178, 213 
term symbols, *236 
vibrational spectra, *254 
self-adjoint matrix, 139 
self-consistent field (SCF), 1, 10, 85, 97, 146, 

148, 209, *214 

ab initio methods, 1, 215 
Briliouin's theorem, *32 
configuration interaction, *40 
correlation energy, *42 
gaussian orbitals, *85 
Hartree method, 215 
Hartree-Fock method, 215 
Koopmans'theorem, *123 
multicentred integrals, 85 
semi-empirical methods, 1, 97,146, 215 
unrestricted Hartree-Fock method, 215 
semiconductor, 19 
semi-empirical methods, 1,97, 146 
sensitized fluorescence, 77 
sequence, *216 
series, 96, *217 
progression, *184 
sequence, 216 

sharp, principal, diffuse, and fundamental, 217 
shape, 

molecular, *42 
spectral lines, 63 
shielding 

constant (a), 36, 37, *169 
Sternheimer, 114 
penetration, 15,115, *169 
shift operators, 161 
short-range forces, 115 
Sidgwick-Powell rules, 132 
silicon, 38 

similarity transformation, 33 
single bond, 28, 29, 145 
singlet state, 174, *217,261 
singlet-triplet 

energy difference, 100 
transitions, 11, 182, 218 
phosphorescence, 174 
singular matrix, 139 
size of atoms, 74 
Slater 

determinant, 215, *219 
-type orbitals (STO), 10, 85, 215, *218, 280 
slip, 55, *61,84 
slow fluorescence, 175 
sodium, 

fine structure, 54, 73 
Grotrian diagram, *86, 87 
penetration and shielding, *169 
sp, sp^, sp^ hybrids, 67,101 
valence state in methane, 250 


space quantization, 3, 159, 223, 231 
spectra synopses, 
atomic, *10 

electron spin resonance, *61 
electronic molecular, *66 
nuclear magnetic resonance, *154 
Raman, *195 
rotational, *202 
selection rules, *212 
vibrational, *254 
spectral transitions, 

combination principle, 10, 212, 236 
selection rules, *212 
spectroscopic perturbations, *220 
spherical 
box, 166 

harmonics, 105, *221 

angular momentum eigenfuctions, 161, 
221 

atomic orbitals, 9, 86, 219 
auxiliary function, 221 
equation, 221, 281 
explicit form, 282 
properties, 281 
representation, 219 
Slater-type orbitals, 219 
polar coordinates, 221 

angular momentum operators, 161 
laplacian, 124 
tensor, 235 
top, 202, 204 
spin, *223 
boson, 30 
classical limit, 44 
correlation, 100, 151, 224 
density, 63 
Dirac equation, *52 
electron, 61, 134, 223 
fermion, “73 
^-value, *82,134 
hyperfine interactions, *111 
-lattice relaxation time (Tj), 63 
magnetic moment, 82, 137, 263 
nuclear, 99, 111,223 
orbital, 220 

-orbit coupling, 10, 73, 75, 137, *225, 253 
Auger effect, 12 
constant, 225 
doubling perturbation, 54 
fine structure, *54 
^-value in ESR, 83 
Hund coupling cases, *98 
Hund rules, *100 
hydrogen atom, 276 
Jahn-Teller effect, 121 
precession, *181 
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selection rules, 60 
singlet-triplet transitions, 218 
-other-orbit interaction, 225 
pairing, 7, 223 

parannagnetism, spin-only, 137 
photon, 59, 178 
polarization, 63 
precession, ®181 
proton, 154 
quantum number, 191 
relaxation, 63 

-resonance (see electron spin resonance), *^61 
nuclear magnetic resonance, ®154 
selection rules, 59 
singlet and triplet states, 217 
-spin 

coupling, 11, 73, 155, ^226, 227 
relaxation time (72), 63 
spinor description,.236 
Stern-Gerlach experiment, 236 
Zeeman effect, 263 
spinor, 236 

spontaneous emission, 57 
square-well potential, 149 
stability, 

alternants, 2 
anions, 61 

aromatic molecules, 8 
atoms, 74, 75 
Brillouin's theorem, 32 
electron affinity, 61 
octet, 25 

staggered conformation, 237 
standing wave, 17,149 

quenched angular momentum, *^192 
Stark 

effect, 10,51, '»228 
first-order, 228 
hydrogen atom, 171,228 
molecular, 229 
polarization, 229 
second-order, 229 
modulation, 230 
state, 

amplitude, 232 
classification, 87 
term, 127 

symbol, 236, 237 
stationary state, 236, 259 
Bohr atom, 24 
statistics, 

Bose-Einstein, 30, 223 
Fermi-Dirac, 73, 223 
nuclear, ®155 
Stefans 

constant, 22 


law, 22 

Stern-Gerlach experiment, 224, ®230 
Sternheimer antishielding, 114 
stiffness of bonds, 66, 76 
stimulated 

absorption, 57 
emission, 57 

Einstein coefficient (^), 57 
laser, ®124 
Raman effect, 197 
STO (Slater-typeorbital), 85, *218 
Stockmayer potential, 116 
Stokes line, 195 
strain 

in bonds, 147 
-stress relations, 236 
streaming birefringence, 21 
strong 

-field case, 128 
interaction, 75 
superconductivity, 30 
superfluidity, 30 

superposition, 91,118, 209, *231 
benzene, 19, 201 
configuration interaction, 40 
covalent and ionic structures, 26 
de Broglie relation, *48 
expectation value, 70 
hybridization, *101 
hydrogen molecule, 130,147 
LCAO, 130 

MO and VB theories, 147 
overlap, *162 

perturbation theory, 171, 257 
polarizability, 180 
resonance, 201 
valence state, *250 
virtual transitions, *257 
wave packet, *260 
wavefunction, 259 
susceptibility, 

chemical shift, 36 
electrical, 179 
ring current, 37 
tensor, 236 

Sutherland potential, 116 
symmetric 

function (Pauli principle), 169 
stretch, 44,153 
top, 202, 203 
symmetry, 87, *232 
angular momentum, 4 
anharmonicity, 6 
atomic spectra, 11 
configuration interaction, 40 
conservation laws, 42 


criterion for bonding, 145 
degeneracy, *48 
hidden, 49 
hybridization, 103 

operation or transformation, 87, *232 
active and passive convention, 232 
inversion, 85, 86 
parity, 85 

Raman spectra, 196 

Ti (longitudinal or spin-lattice relaxation time), 
64 

To (transverse relaxation or spin-spin time), 64 
r law (heat capacities), 94 
t-orbitals, 128 
T-scale (NMR), 36 
selected values, 268 
6 (colatitude), 221 
tautomerism rate, 64 
TBA (tight-binding approximation), 15 
temperature-independent paramagnetism 
(TIR), 136,137 
tensor, 235 

term, 10, 86, 100, 216, *236 
configuration, *40 
fine structure, *73 
inverted, 74 
levels, *127 
missing, 169 
multiplicity, 127, *149 
regular, 74 

Ritz combination principle, 236 
symbol, 87, *236 

tetrahedral hybrid or molecule, 102 
theorems, 

Brillouin, *32 

Coulson-Rushbrooke, 2, 34 
equipartition, *67 
Hellmann-Feynman, *95 
hypervirial, 257 
Koopmans', 123 

no nodes in the ground state, 151 
nth-order energy, 172 
orthogonality and hermiticity, 96 
quenching of momentum, 192 
reality and hermiticity, 96 
Rellich-Kato, 173 
simultaneous eigenstates, 89 
virial, *256 
thermal properties, 
conduction, 14,18 
heat capacity, *92 
hydrogen molecule, 155 
nuclear statistics, *155 
thermionic work function, 283 
Thomas precession, 226 
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Thompson scattering, 40 
^/-symbol, 261 
three-level laser, 125 
tidal motion, 223 
tight-binding 

approximation (TBA), 15 
exciton, 68 
time-dependent, 

perturbation theory, 172 
Schrodinger equation, 207 
state, 141 

wavefunction, 208, 259 
TIP (temperature-independent paramagnetism) 
136 

torsional 

barrier, 118, ‘*237 
rigidity, 145 

total angular momentum U), 

Clebsch-Gordaa series, 4 
Hund coupling scheme, **98 
Landd ff-value, 82 
magnetic moment, 82 
vector model, “251 
trajectory, 9, 24, 192 

correspondence principle, “43 
uncertainty principle, “242 
transformation theory, 30 
transition 

dipole moment, 162 

electric, 10, 53, 69, 71, 79, 239 
in solids, 68 

intermolecular forces, 53 
magnetic, 133 
polarization, 58, 179 
transition probability, “239 
-metal complexes, 
colour, 38 

crystal-field theory, “4€ 

ESR, 62 

ligand-field theory, “127 
magnetic properties, 46, 127, 135, 193 
probability, 71, 172, “239 

electric dipole transitions, 239 
Fermi golden rule, 239 
fine-structure constant, 75 
time-dependent wavefunction, 259 
transitions, 

atomic spectra, 10, 86 
Auger, 12 

Bohr frequency condition, 189 

charge transfer, 38 

d-d, 38, 255 

dipole moment, 10, 58 

Einstein coefficients, “57 

electric 

dipole, 10, 38, 57, “58 


quadrupole, 59, “133 
exciton, 68 

Franck-Condon principle, “78 
g-g, 255 

Grotrian diagram, “86 
magnetic dipole, 59, “133 
nonadiabatic processes, 1 
TT*^, 38 

polarization, 58 
radiationless, 12 
real, 257 
resonance, 201 

selection rules, 10, 59, 87, “212 
sol ids, 68 
terms, 236 

time-dependent perturbation theory, 172 
vertical, 78 

vibronic, 38, 59, “255 
virtual, “257 
translation operator, 234 
transmission resonance, 198 
transposed matrix, 139 
transverse 

phonon, 173 
relaxation time, 64 
trial function, 250 
triple bond, 28, 29, 145 
triplet 

-singlet separation, 100 
state or term, 149, 174, 217, 237, 261 
tunnelling, 118, 229, 238, “240 
turning point, 91 

u iungerade), “85 

UHF (unrestricted Hartree-Fock) method, 215 
ultraviolet catastrophe, 22 
ultraviolet spectroscopy (see electronic spectra), 
“64 

uncertainty principle, “242 

angular momentum, 3, 159, 181,243 
commutation relations, 39, 158, 243 
concept of trajectory, 9, 24, 43, 192, 242 
cyclic systems, 243 
duality, “56 
electrons in atoms, 74 
energy-time, 243 
harmonic oscillator, 90 
hydrogen atom, 109 
lifetime broadening, 229, 243 
momentum-position, 149,243 
negative kinetic energy, 241 
precession, “181 
Stark effect, 229 
width of spectral line, 13, 63 
uncertainty product, 242 
ungerade (u), “85 


unit and unitary matrix, 139 
united atom, “244 

unrestricted Hartree-Fock (UHF) method, 215 
unsaturated molecules, 19 
upper bound,251 

vacuum, 190 
valence, 
atom, 27 

atomic spectra, 11 
-bond, “246 
benzene, 248 
bond order, 28 
canonical structures, 248 
comparison with MO method, “147 
Coulomb integral, 46, 247 
exchange integral, 247 
perfect-pairing, 246 
resonance, 8, 246 
Riimer diagram, 249 
secular determinant, 249 
free, “80 
partial, 81 
shell, 99 
state, “250 

van der Waals forces, 52, 116 
variation principle, 85,96, 171,209, 211, 
248, “250 

configuration interaction, 40 
Ritz procedure, 251 
secular determinant, 211 
vector, 235 

-coupling coefficients, 4, “260 
model, 3, 160, “251 

addition of momenta, 252 
effective magnetic moment, 82 
//-coupling, 253 
Land^ flf-factor, 82 
precession, 3, 82, 160, “181 
Russell-Saunders coupling, 252 
singlet and triplet states, .“217 
spin, 223 
Stark effect, 228 
potential, 280 
product, 284 
properties, 284 

velocity of electrons in atoms, 75 

Verdet constant, 21 

vibration 

-electronic interaction, 200 
of molecules, 91, 254 
degrees of freedom, 152 
double-well, 118 
electronic spectrum, 216 
normal modes, “152 
selected values, 283 



sequence, ''216 
of spherical shell, 223 
vibrational spectra, '*254 
anharmonicity, 5, 254 
branches, 6, ®30, 254, 255 
combination band, 5, 254 
Coriolis effects, ®44 
effect of mass, 78 
electric dipole transition, **58 
electronic spectra, 78, 183, 254 
Fermi resonance, 5, 254 
fluorescence, ®76 
forbidden transitions, 5 
force-constant, ®78 
Franck-Condon principle, ®78 
group theory, 254 
harmonics, 254 
intensity, 5, 254 
intensity-borrowing, 254 
normal modes, ®152, 254 
overtones, 254 
Raman, 196 

selection rules, 87, 213, 254 
uses, 255 
vibronic 

state, '*255 

transition, 38, 59, °255 
virial 

coefficients, 117, 256 
expansion, 117, 256 
of Clausius, 256 
theorem, ®256 
virtual transitions, 212, "*257 
visible light, 37 

Walsh diagrams, 244 
water (H 2 O), 

dipole moment, 51 
normal modes, 153 
properties, 27 


valence state of oxygen, 250 
wave 

equation, 207 
mechanics, 140, 141,207 
packet, 70, ®260 

correspondence principle, ”43 
duality, ”56 

inversion of molecule, 118 
localization of particle, 149 
particle in a square well, 167 
uncertainty principle, 243 
wavefunction, ”258 
absolute phase, 49 
as an operator, 210 
Born interpretation, 9 
charge density, 34 
curvature and kinetic energy, 9, 122 
de Broglie relation, ”48 
degeneracy, ”48 
density matrix, ”49 
dipole moment, ”50 
eigenfunction, 89 
electrons 

in an atom, 9 
in a metal, 15, 16, 17 
in a molecule, 142 
fermion, ”73 
g, u symmetry, “85 
gradient and momentum, 148 
harmonic oscillator, 90 
hydrogen atom, 105, 258 
information contained, 259 
limitations, 258 
linear momentum, 48, 258 
molecular orbital, 26, 142 
nodes, ”151 
normalized, ”153 
orbital angular momentum, 221 
perturbation theory, ”170 
running waves, 17 
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Schrddinger equation, ”207,258 
self-consistent field, ”214 
spherical harmonics, ”221 
standing waves, 17 
superposition principle, ”231 
time-dependent, 258, 259 
valence-bond, ”246 
vibrational, 79 
wavelength, 260 
weak-binding exciton, 68 
weak-field case, 128 
Wien's displacement law, 22 
Wigner 

-Brillouin perturbation theory, 173 
coefficients, 4, ”260 
-Witmer spin-correlation rule, 245 
Woodward-Hoffmann rules, 244 
work function, 176, ”261 
selected values, 283 

X-ray 

scattering: charge density, 34 
spectra, 11, ”262 

atomic numbers, 11 
Auger effect, 13 
Bremsstrahlung, 262 
Moseley's law, 262 

0) (spherical harmonics), ”221,281,282 

Zeeman effect, 10, 168, ”263 
anomalous, 168, 263 
normal, 168, 263 
polarization, 263 
zero-point energy, 

electromagnetic field, 190 
harmonic oscillator, 90 
particle in a square well, 166 
Zitterbe\A/egung, 190 
zone boundary, 17 
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SI units 


Greek alphabet 


Physical quantity 

Old unit 

Value in SI units 

A 

alpha 

a 

energy 

calorie (thermochemical) 

4-184 J (joule) 

B 

beta 

2, 


♦electronvolt—eV 

l-602xl0-‘’J 

F 


*electronvolt per molecule 
erg 

96-48 kJ mol-‘ 

10"^ J 

r 

gamma 

y 


♦wave number—cm“ ‘ 

1-986 X 10-23 j 

A 

delta 

S 

entropy (S) 

eu = cal g“^ 

4184 J kg- 



force 

dyne 

IQ-® N (newton) 

E 

epsilon 

t 

pressure (P) 

atmosphere 

1-013 X 10^ Pa (pascal). 





or N m-2 

Z 

zela 

5 


torr = mmHg 

133-3 Pa 




dipole moment (/i) 

debye—D 

3-334x10-30 Cm 

H 

eta 


magnetic flux density (H) 

♦gauss—G 

10"^ T (tesla) 

0 

theta 


frequency (v) 

cycle per second 

1 Hz (hertz) 

e 

relative permittivity (f) 

dielectric constant 

1 


iota 


temperature (T) 

♦°C and 

1 K (kelvin); 

0°C = 273-2 K 

I 

K 

J 

kappa 



K 

(* indicates permitted non-SI unit) 








A 

lambda 

A 

Multiples of the base units are illustrated by length 


M 

mu 

P 

fraction 10^ 10® 10^ 

1 (10-2) J0-3 J0-6 JO-9 (JO-10) JO-12 




prefix giga- mega- kilo- 

metre (centi-) milli- micro- nano- (♦Singstrom) pico- 

N 

nu 

V 

unit Gm Mm km 

m (cm) mm fim nm (♦A) pm 








xi 


The fundamental constants 



0 

omicron 

0 

Avogadro constant 

L or 

6-022x10^’mor' 

n 



Bohr magneton 

Pb 

9-274xlO"“JT-' 

pi 

TT 

Bohr radius 


5-292 X 10-"m 


rho 


Boltzmann constant 

k 

1-381 X 10““ JK' 

p 

P 

charge of a proton 

€ 

1-602 X 10“'’C 

V 

sigma 


(charge of an electron = — 

e) 


2j 

a 

Faraday constant 

F 

9-649 xlO-'C mor' 

T 

tau 


gas constant 

R 

8-314JK-'mor' 

j. 

T 

nuclear magneton 

Pn 

5-051 X 10-”JT-' 

T 

upsilon 

V 

permeability of a vacuum 

permittivity of a vacuum 

Po 

47ixl0-'’Hm-' 
or N A - ^ 

8-854xl0-'^Fm-' 

0) 

phi 


^0 


Planck constant 

h 

6-626 xl0-”Js 

X 

chi 

X 

(Planck constant)/27r 

h 

1-055x10-^*3 8 



/V 

rest mass of electron 


9-110x10-^'kg 


psi 

■A 

rest mass of proton 

nip 

1-673x10-2" kg 




speed of light in a vacuum 

c 

2-998x10® ms' 

Q 

omega 

O) 


In 10 = 2-303 In X = 2-303 Ig x Ig e = 0-4343 n = 3-142 
«In 10 = 19-14 J K-' mor ’ Hrf-' In 10 = 59-16 mV at 298-2 K 
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